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Abstract

One of the principal concerns in the research area of Regg@atiout Action and
Change is determining the ramifications of actions in chapgimvironments. A partic-
ular tendency emerging in recent literature endorses thkcéxncorporation of causal
knowledge in logic-based action theories. It is argued tiaaisal extensions not only
enhance the expressive power of theories of action, but hsaypaovide more concise
and intuitive representations.

This dissertation investigates semantics for causal réagabout action and change.
It does so by exploring the role of several fundamental ugiohey principles, such as the
Principle of Minimal Changeand thePrinciple of Causal ChangeThe development
of this work culminates in a general unifying semantics farlass of action theories
represented by a number of recent and influential approaches

We focus on three of the most prominent causal frameworksdarReasoning about
Actions literature: the causal systems with fixed-poinggg@sted by McCain and Turner,
the causal relationship approach of Thielscher, and Saaitiewausal propagation se-
mantics (also known as the transition cascade semantiash i studied via a semantics
which includes a preferential component augmented withuaalaelation.

The foregoing results are used to develbgeneral augmented preferential-style
semanticshat subsumes the causal systems with fixed-points and tisala&lationship
approach. The causal propagation semantics of Sandewghlbign to be a special case
as well, characterised under certain uniformity assumgtio

The unifying general augmented preferential semanticergimg as a result of this
study, captures both Principles of Change and shows their afed distinct roles — they
are not inter-reducible but go hand-in-hand in causal adteories. Furthermore, the
general semantics emphasises the role of contextual iatowmaffecting both minimal-
ity and causality, and provides a means for balancing @iffecontributing factors. It is
argued that hidden or less immediate forces shaping ouvatioiiy approaches become
transparent with the help of the general semantics. Iniaddiit is hoped that the uni-
fying semantics would provide further insights into viewsaausation and minimality,
shared by these and other approaches.
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Chapter 1

Introduction

Reasoning about Action and Change is one of the most intrigambfundamental is-
sues in Artificial Intelligence. An intelligent agent, beaitrobot, cyborg or synthetic
software agent (softbot), is expected to interact with igirenment and reason about
the interactions. Sometimes, the effects of an agent'®mr&ttan be traced relatively
easily. On other occasions, an action may result in inegieatd convoluted ramifica-
tions. Arguably, agents’ ability to reason about direct artirect effects of actions is a
distinguishing feature of intelligence. Ultimately, a¢ggrexistence and survival in the
environment depends on their competence in reasoning abanges in the environ-
ment.

Reasoning about actions and change may take many forms. &opéx behaviour
of simple biological organisms and basic situated artifiaigents embeds reasoning
about change in low level reactions. In particular, trapi¢and hysteretic) reactions
map sensory inputs (and the agent’s internal state) intbcpéar actions available to
the agent, producing an adequate reactive behaviour [16Mre complex life forms
(natural or synthetic) are able to represent the enviromnmeadel it and reason about
consequences of their actions. One fundamental charstatesf such representations is
anexplicit notion of change, or in other words, an incorporation of &isnarrow” (the
temporal asymmetty.

Let us briefly illustrate this point with reasoning aboutibasovement. While an

LFor example, an agent may consider that events depend déer eénts in a way in which they do
not depend on later events, and subjectively deliberatinéofuture on the basis of information about the
past.
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ability to detect a change in direction may be deeply embedde sensory level (there
are direction-sensitive retina cells in rabbits’ eyes, dgample), a measurement of a
shift in observed positions would seem to require a rudiamgmeasoning process, deal-
ing with at least two time points, states of affairs or everitarthermore, a notion of
object velocity emerges after a series of measurementd)ecaimes a powerful tool in
modelling the dynamics of the world.

Basically, an agent becomsguated in timan addition to beingsituated in space
before it develops a higher reasoning level. Not unlike thenting ability that grows
into arithmetic and then algebra, some convention on “Srae’ow” underlies increasing
levels of reasoning about change.

It is well recognised that intelligent tasks such as praéalictplanning, explanation
assume some distinctions between the past, the preserti@hdure and involve some
form of temporal reasoning. Obviously, temporal reasomsnmt restricted to reasoning
about time itself. It “also includes reasoning about pheaoathat take place in time,
I.e. reasoning about actions and chari¢®5]. Whether an artificial agent is expected to
calculate a moving object’s position over time, determhneedtate of an electric circuit,
or find out a reason for the fire that destroyed a house, it nasstrae (among others)
some notion of change, action and causation. Ideally, #oeeng is expected to be con-
sistent and systematic, these notions should be formalisading to reproducible and
comparable results across agents. In other words, anigateflagent has to incorporate
a formal reasoning system that produces inferences ab®effécts of actions.

The Reasoning about Action research area primarily invatgtsgformal logic-based
approaches describing the effects of an agent’s actionseartvironment. It is impor-
tant to realise, however, that a unique and completely géiperpose logic of reasoning
about action and change is no longer perceived as the masotolg. It has been argued
that “perhaps the logic of common-sense reasoning, ratiaer being unified and con-
cise, will have the character of a Swiss army knife and cordae tool for each purpose”
[55]. In other words, various reasoning systems may be baseatifferent theories of
action. This highlights the role of a systematic methodglttat allows us to analyse
and compare action theories — with respect to some undgrgmantics.

One particular trait emerging in recent literature on Reampabout Action attempts
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to explicitly embody a notion of causality (causation) igilmbased action theoriéslt

is argued that such an extension would not only enhance giregsive power of theories
of action, but may also provide more concise represen&{®n, 33, 63]. What seems
to be lacking so far is a general semantic framework thatrsowes particular class of
action theories.

This dissertation is a semantic investigation into the mieausality in reasoning
about action and change. It attempts to examine some of pectsof “time’s arrow”
and causality, explores the role of several important uhdeg principles, and intro-
duces a general semantics for a class of action theoriesesgmted by a number of
recent and influential approaches.

1.1 Preliminaries and Background

The area of Reasoning about Action has grown considerabligariast decades, and
overlaps now with many other fields, as diverse as philos@bhiyne and causation and
robotic soccer. This can be partially explained by the faet imany related, though
distinct, areas share some essential problems, crysthliad investigated under the
heading of Reasoning about Action (such as planning, exfiamarediction).

Following Sandewall and Shoham [55] we say that a reasorask typically in-
volves “(1) designation of certain actions which have bewetl be, may be) performed,
as well as their order of execution; (2) statements abousthie of the world before
the actions; (3) statements about the state of the world @féeactions.” In a planning
task, (2) and (3) are given and (1) is sought, while a prashctask uses (1) and (2) in
determining (3).

A more general interpretation is the (extended) predicfiooblem, referred to by
Shoham [59] as a problem of “how to reasefficientlyabout what is true over extended
periods of time”, while maintaining “certain tradeoffs iveten risk avoidance and econ-
omy”:

The most conservative prediction refers to a very shortvateof time,

2Here, by “causality” we mean @itegory of causal connection (causation), rather thamaciple
(the general law of causation) stating the form of the camsabr adoctrine of causal determinism
(causalism) asserting that everything happens accorditigetcausal law [5, p. 3].
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in fact an instantaneous one, but that makes it very hardasore about
more lengthy future periods. For example, if on the basidskoving a ball
rolling we predict that it will roll just a little bit furtherin order to predict
that it will roll a long distance we must iterate this procesany times (in
fact, an infinite number of times).

The disadvantages of the conservative prediction whiatrseb only a
short time period suggest making predictions about morgthgnintervals.
For example, when. . you throw a ball into the air you predict that it will
have a parabolic trajectory. The problem with these moreitzonbk pre-
dictions is again that they are defeasible, since, for exangneighbor’s
window might prevent the ball from completing the paraliola.

In summary, the general extended prediction problem isathaigent needs to make a lot
of predictions about short future intervals before predgsomething about the more
distant future.

It is interesting to note that two challenging problems in $teang about Action —
the FrameandRamificationproblems — are related to (and arguably, can be subsumed
by) the extended Prediction problem. Informally, the Frarablem is concerned with
what does not change when an event occurs or an action igpedo Sometimes, the
term “Frame problem” is given a broader scope, but typiciliy used in the restricted
sense of théersistencgroblem: assuming that properties of the world do not change
unless affected by an action (an event), the aim is to budaoning system that models
the dynamics of the world in an efficient and convenient (csejovay.

The Persistence problem may seem to be quite artificial eaat formalism-specific;
however, difficulties arise when an agent is faced with cexphdirect effects of ac-
tions. In this case, it is not sufficient just to update dixeaffected properties and leave
the rest unchanged — some action consequences may spréafhgaind affect seem-
ingly remote and unrelated properties (for instance, tharitho effect” scenario). In
other words, the agent also faces Bemificatiorproblem — how to formalise all of the
things that do change as the result of an action. Ginsberdgsarith [17] describe the

problem as follows:
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The difficulty is that it is unreasonable to explicitly redall of the conse-
guences of an action, even the immediate ones.For any given action,
there are essentially an infinite number of possible coresops that de-
pend upon the details of the situation in which the actioruosc

Itis precisely a combination of the Frame and Ramificatiotbams that makes a search
for a concise solution extremely challenging and non-fivi

Typically, the Reasoning about Action tradition suggestepresent domain knowl-
edge declaratively in a formal language capable of infgrfithat a certain strategy
will achieve its assigned goal” [39]. Logic has traditidgabeen chosen as the rep-
resentation language and various reasoning systems hawediesigned to address the
Frame and/or Ramification problems: situation calculus,[88]ault logic [52], circum-
scription [40, 27], temporal logic of chronological ignace [59, 60], action languages
[18, 23, 19, 31, 67], fluent calculus [63], features and flaé&r@mework [54] procedures
such as STRIPS [11], the Possible Worlds Approach (PWA) [th4,Possible Models
Approach (PMA) [70], causal fixed-points [37], causal nelaships approach [62, 63],
etc. Historically, there is an agreement that “the ‘knowedontent’ of a reasoning
program ought to be represented by data structures intaljpeeas logical formulas of
some kind” [53].

We shall postpone a formal description of our motivatingrapphes till sections 2.7
— 2.9, and shall try to use, in this section, only informataibns to various concepts
of action theories. This will allow us to highlight these cepts and the underlying
principles in a natural and intuitive way, thus clarifyingronain objective — a general
semantics for a class of action theories embodying caysalit

Usually, most solutions require that action specificatjpridedirect (most signif-
icant, immediate, etc.gffectsexplicitly, and employ domain constraints of some form
for specifying additional (indirect) changes that may oabue to the action.

However, there are different methodologies for deterngimuich propositions hold
after performing an action. The monotonic situation calstdnd some non-monotonic
logics (default logic, circumscription, logic of chrongjical ignorance, action languages)
try to infer what propositions are true once the events hacemed (actions have been
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performed), and thus answer queries about the theory withziually updating it. Fol-
lowing McCarthy and Hayes [39]: the facts about situatiores“ased to deduce further
facts about that situation, about future situations andiabibuations that persons can
bring about from that situation”. An alternative way to false reasoning about change
was proposed in the STRIPS approach [11] and extended in thedPdthe PMA. “The
basic insight . . is that the world does not change much from one instant to ¢x€ n
[17]. So itis possible to maintain a current state of the diarhd incorporate an update
procedure constructing “the nearest world to the currestiorwhich the consequences
of the actions under consideration hold”.

In other words, an agent follows tHerinciple of Minimal Change According to
this principle, the world changes as little gassiblewhen an action is performed. Basi-
cally, this principle enables the agent to reduce the amaofustplicit information about
what changes and what persists through an action. While thepimgsical status of the
Principle of Minimal Change is an unsettled topic (that wal briefly discussed later),
a precise definition of minimal change depends on the p#atiéormalism in question.
Often, it is defined by set inclusion, and presumes that tta et of changes result-
ing from an action contains those changes that are explsjtcified as direct effects
of the action, and aninimal set of other changes required by the domain constraints.
Sometimes, a particular measure of minimal change assifasedt degrees of inertia
to properties under consideration (a policycategorisatiof), which allows a reasoning
system to assume persistence for more basic (independep8rpes and apply domain
constraints to secondary (derived) properties. In gepnanagent uses a preference rela-
tion in accepting outcomes (states, sets of states, im@twns, models) that are strictly
closer to the initial one than other possibilities (whick egjected).

In addition, some action theories embody background in&tion in the form of
domain “causal rules” or constraints, and apply Bréenciple of Causal Changeln-
formally, these approaches specify how changes in one pyofstate variable, state
of affairs, event, state) may “cause” changes in anotheenTh reasoning system is
expected to produce (in response to an action) the outconuhwhtisfies the action’s
direct effects and the domain constraints, while incorfogeonly justified changes. In-
tuitively speaking, all the accepted properties (statesffairs) must be justified by the
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underlying causal constraints.

Sometimes, the Principles of Minimal and Causal Change ariedppgether, re-
sulting in policies of causal minimisation. Let us illugea variant of such a policy with
an informal example borrowed from Umberto Eco’s “The NaméhefRose” [9, p. 91]
— the example is concerned with possible causes of Adelmbittegian’s death. The
puzzle is that Adelmo’s corpse, lacerated by rocks, is fanrelheap of straw below a
high (east) tower.

“And so, think whether it is not less — how shall | say it? — lesstly for

our minds to believe that Adelmo, for reasons yet to be asiced, threw
himself of his own will from the parapet of the wall, strucletiocks, and,
dead, wounded as he may have been, sank into the straw. Tehiamdslide,
caused by the storm that night, carried the straw and palrteofetrrain and

the poor young man’s body down below the east tower.”
“Why do you say this solution is less costly for our minds?”

“Dear Adso, one should not multiply explanations and caus#ésss it is
strictly necessary. If Adelmo fell from the east tower, hesibave got
into the library, someone must have first struck him so he daifler no

resistance, and then this person must have found a way dicighup to the
window with a lifeless body on his back, opening it, and pitgfthe hapless
monk down. But with my hypothesis we need only Adelmo, his sieai,

and a shift of some land. Everything is explained, using allemaumber

of causes.”

In other words, an agent reasons that the world changedf@as$ihecessaryhen an
action is performed. One particular approach following #ind of causal minimisation
Is McCain and Turner’s approach [37] that introducesisal fixed-points Intuitively,

a causal fixed-point is an outcome incorporating the diretts of actions, where all
other changed properties are causally justified (in a cesi@mnse). In other words, every

3We follow here a rich tradition of assassination example&énarea of Reasoning about Action, and
believe that this one may serve as a good illustration of arfroessarily precise) causal minimisation

policy.
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Figure 1.1: The electric circuit with Light Detector.

detail in the outcome must be “explained” either as persistiirough the action, or as

a direct effect, or as a causal ramificationotifier properties contained in the outcome
— hence the fixed-point flavour. Obviously, a possible outedhat contains at least

one detail without such justifications is rejected, even ddes not violate the domain

constraints. It is not hard to observe that causal fixedtppindeed, incorporate only

necessary changes.

It has been argued in some recent proposals that the PerafiMinimal Change can
be replaced or subsumed by the Principle of Causal Changesanieg about actions:
“the aim of generating ramifications is not to minimize chaibgt to avoid changes that
are not caused, which . need not be identical” [63]. These approaches allow a rea-
soning system to propagate beyond just nearest possibds stavards states where all
changes are justified. One interesting example is the Lighe@or example, proposed
by Thielscher [63]. This example illustrates that somesimee possible successor to an
initial state of the world may have strictly more changesithaother successor, while
both of them seem to be intuitive.

Delaying a formal description of the example for subsequ@ections, we merely
sketch it here. An electric circuit includes three switcleerelay, a light bulb and a light
detector device (Figure 1.1). Initially, both the light buidnd the detector are off. The
circuit is specified in such a way that it is possible (by tagglone of the switches)
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to activate both a relay and a sub-circuit involving the fighlb for an instant — be-
fore another switch jumps its position as a ramification divating the relay, and turns
the light off. It is argued in [63] that at this brief instatiet detector may react to the
light. Despite the fact that the light bulb itself does natysactivated, the detector may.
Therefore, two outcomes are presented as possible: onehetight is off, and the
detector is not activated, and another, where the lightfis®fvell, but the detector is
activated. Obviously, the second outcome has strictly mbamges (with respect to the
initial state) than the first — the change in the detectogsests an extra ramification.
Importantly, this change is justified “during” some dynamiocess employing causality
(eg., propagating from “no light and no detector” to “ligimdano detector” to “light and
detector” to “no light and detector”). Unlike fixed-pointtdés, the presence of the ac-
tivated detector is justified not by other “contemporarydperties (statically) contained
in the outcome, but rather by some (dynamic) propagatiomange.

The causal relationship approactiescribed in [63] formalises a proposal capturing
both successors in this example, and argues that the Remdipinimal Change “is not
always adequate for distinguishing between possible ectlieffects on one hand, and
unfounded changes on the other hand” [63].

As an aside, it should be noted that this type of “causal’oesgy may still be im-
plicitly based on some preference relation. For examplegamt may “prefer sequences
of world states in which one world state leads causally tothé, rather than sequences
in which one world state follows another at random and witlvawsal connection” [61].

We do not intend here to discuss the questions on how inguitie “non-minimal”
successor is in the Light Detector example, and whethee thier some hidden (tempo-
ral) dependencies in the specified circuit. What seems to lve mgortant, however,
Is a relationship between the Principle of Minimal Change @nedPrinciple of Causal
Change. Can the former indeed be subsumed by the latter? Areteereducible?

Not surprisingly, the ontological status of the PrincipfeaCausal Change is unclear
at least as much as that of Minimal Change. For a long time ibleas grounded in an
open-ended debate on the metaphysics of Causation. Thecsubll be revisited in the
following chapters. At this stage we simply argue that itegus to be extremely hard to
compare the roles of the two principles of chamgthin particular action theories. Not
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only are there different interpretations across the fialdiiee principles’ manifestations
are often limited by the operational mechanics of partictéasoning approaches. One
attractive option is to offer a general semantics for a obdisgtion theories and explore
the roles of the underlying principles, highlighting diéat perspectives on “time’s ar-

row".

1.2 Overview

While this work is not intended to shed new light on the metapis/of causation and
minimality, it aims to investigate the common ground takgrdifferent approaches to
reasoning about action and change. In Chapter 2, we shatiatite set a framework for
a general semantics, relying on certain fundamental giesi(such as the Principle of
Minimal Change and the Principle of Causal Change), and clénré@yeasons that allow
us to hope that our motivating approaches can be represiaraashifying setting.

As a next step, we intend to study possible areas of interadietween diverse
characteristics of action domains, such as inertia andatiysin the context of ac-
tion languages with different commitments towards catysahd categorisation policies
[18, 23, 31, 67]. This investigation, in Chapter 3, is not tediedirectly to our quest to-
wards a unifying semantics, but is a necessary step pamnii8 to dismiss a particular
categorisation policy in action theories operating with<lity.

In the two following chapters, 4 and 5, we shall attempt tosjute a preferential-style
semantics (augmented with a causal relation on states)ufometivating approaches:
the causal fixed-points framework of McCain and Turner [3 #e causal relationship
approach of Thielscher [62, 63]. The attempts will redugesgaetween the approaches
and draw attention to remaining (contextual) differences.

Then, in Chapter 6, a variant of the augmented preferentrabaécs will be re-
lated to the causal propagation semantics (the transiiscaexle semantics) of Sandewall
[56, 57], subsuming it under certain assumptions. Herepthmeary target would be to
discover the role of minimality in action invocations.

Finally, Chapter 7 will introduce a general augmented pesfeal semantics, and

summarise the reductions obtained in the earlier chaptérs. general semantics will
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emphasise the role of contextual information affectinghbminimality and causality,
and provide a means for balancing competing and collalmydéictors. Discovering
hidden or less immediate forces shaping our motivating@agres, would allow us to
make their differences transparent in the general sensantic

The unifying semantics, emerging as a result of this stumytres both principles of
change and shows their clear and distinct roles. They anateotreducible but go hand-
in-hand in causal action theories. This may indicate th#t panciples are required to
solve the Frame and Ramification problems oacisefashion.



Chapter 2

Framework

An agent reasoning about action and change may represemaanéyworld in many

ways, choosing certain components and discarding othertkid chapter we shall dis-
cuss different aspects of world dynamics and its repreienta while trying to develop
our framework incrementally.

2.1 Fluents, States and Actions

How can an agent represent change? What are the aspects afréérapd causal
asymmetrieSthat the agent may perceive, represent and reason aboute fhes-
tions lie at the very core of Reasoning about Action, and ngirgingly, are typically
answered from very different philosophical viewpointssésially, “almosi@anychange
can be thought of both historically (in terms of sequencdatks, i.e., a change of state)
and experimentally (as a nekind of state, a state of change)” [12].

Let us begin with the first viewpoint. Representing actiond ahange in terms
of states and state-transitions is a well-establishedtiwadin Artificial Intelligence.
Informally, “a state is a snapshot of the underlying dynagyistem, i.e. the part of the
world being modeled, at a particular instant of time” [63].

Sometimes, a state is completely described by all relewauts fabout it — the in-
tensional view, that refers to “internal structure of woskdtes in terms of objects and

! As mentioned in [47], “There are a number of apparently dgstivays in which the world we inhabit
seems asymmetric in time. One of the tasks of an account gideahasymmetry is thus a kind of
taxonomic one: that of cataloging the different asymmetfie ‘arrows’, as they have come to be called),
and sorting out their family relationships.”

12
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relations specific to the representation scheme at handl’ [d4his case, state variables
or featuresbecome basic primitives. Features may be formed constelgty starting
with a finite number of individually named objects [58], argkd in conjunction with
fluentsthat represent functions from features to values (for exeyriputh-values, real
numbers or integers). Occasionally, the term “fluent” isitsamean “feature”, similarly
to a function being identified with its symbol.

Some authors treat states of the whole universe as uniatedopoints, and without
necessarily describing their internal details — the extarad view, that “does not rely
on the choice of the specification language, which can onladieeved if we model
properties without referring to the internal structure airla states” [44].

In either case, a “world-state” can be assigned to a timatporhen it could be
argued that “change arises as a by-product of the assignohetates to times” [12],
meaning that the history of the world is a (temporally) oedkset of states.

Our goal is to describe a general semantics for a class afrattieories. We are
bound, therefore, to take the extensional view and avoidraggons about the internal
structure of world states. More precisely, we shall denb&get of all world states
defined for a specific representation schéfmg )V, and consider a world state as an
uninterpreted point in the spad¢®. While it may sound as a limitation on a class of
potentially definable action theories, we intend to denranstthat most of the crucial
concepts can be captured in this representation-indepestjde.

The state-based account of change is not entirely unaveidah alternative would
be to postulate a notion of event which is distinct from ardependent of the notion
of a state. This can be taken to the extreme by recognisingtbose states which can
be characterised in terms of events — an event-based aczicimnge. More realistic,
however, is “amixedaccount, in which both states and events are admitted agiggm
terms. In such a model, one has to specify the logical andataektionships which
hold between states and events” [12].

Another interesting refinement is a distinction betweeniratvents and volitional
actions (that involve free-will based decisions). Both égeand actions may lead to
changes of world states, and it was argued that sometimedidtiection is necessary

2For our purposes, it is sufficient to consider this set to baitefset.
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to improve event minimisation strategies aiming to différate between caused and
unmotivated event occurrences [64]. However, we would ntaistrong an assumption
by splitting events into these two types (volitional andunal) before exploring a weaker
option. More precisely, following the mixed account of chanwe introduce a finite set
of events (or actionsy, without speculating about the internal structure or typthe
events.

While precise specifications of logical and causal relatigmeswhich hold between
states and events belong to a particular representati@mssiwe now need to indicate
how event (action) effects can be reflected in the stateespc Arguably, without
such a link it is not possible to express much about stategdsanOne natural way
is to introduce the post-condition of an actienc £ as the property that directly
brings about with its occurrence. We shall denote the postitions of the actior
by [e]. Since we do not wish to commit ourselves to particular repméation details,
we represenfe] as a subset ofV. Intuitively, the post-condition of is precisely the
properties common to all states|i]. It is important to realise that post-conditiofa$
are not made conditional on the initial states where theoaatay be executed, and
therefore, are captured unvaryingly and uniformly by a stilo$)V. In other words,
whenever the action is performed, an agent considers states in thge$eds states
compatible with the action’s direct effects. Formally, wefide[e] to be a function from
£ to 2"V (the power-set ofV), such that for all actionsin &,

[e] CW, [e] # 0.

Our choice to define the effects of actions via states follawgntirely extensional
approach, while an intensional alternative would be to ifp&dich fluents (state vari-
ables) must change in order to incorporate action postitond. This is not surprising
given our objective — a general semantics for a class of mttieories.

In summary, in introducingV, &, and[e] we follow a mixed account of change
(state-based and event-based), while staying totallyimilie extensional approach. The
only assumptions we have made so far are that state-spacacaod-space are non-
empty, and any action’s post-condition is a non-empty sutifdbe state-space (i.e., itis

satisfied by at least one state).
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Figure 2.1: Branching tree of state transitions.

2.2 Possible, Legitimate and Successor States

2.2.1 Domain Constraints and State Transitions

The state-spac®V contains, in principle, altonceivablestates of an underlying dy-
namic world (system). Given a particular representatidreste and a choice of state
variables (fluents or state functions), one may form a spsee intensionally (in other
words, by referring to the internal structure of states) +ecample, as “the Cartesian
product of the finite range sets of a finite number of stateatdes” [56]. In other words,
each conceivable combination of variable components &edkas a possible state, and
together they make up the conceivable state-space.

This view makes use of the idea of a model of the world thasBasi the requirements
of Logical Atomisn{69, p. 110]. There is a set af basic features (or states of affairs),
and a state of the world, at any given time, is a conjunctiah witerms such that each
of the basic features or its negation appears as a term. Himece are™ states that are
logically possible. Given a sequencekoévents (actions) or “occasions” following von
Wright’'s terminology [69, p. 108], forcing state transitgrthe number of all possible
successions (histories) of the world2¢'. The possibilities of state transitions can be

depicted in a topological figure, as a branching tree (Figute
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However, since the basic components may be inter-relatédrariually restricted,
not every combination represents a nomologically (lawjylossible state. This conjec-

ture definitely presupposes the existence of underlying [&lv

Only those values of the components of the total state fon¢kiat are com-
patible with the laws will be really (not just conceptualpgssible. In other
words, because the laws impose restrictions upon the statgidns and
their values, hence upon the state spaces, only certaietsutisthe latter
are accessible to the thing represented. We shall call ttesaible part of
the state-space thawful state spacef the thing in the given representation

and relative to a given frame.

In short, the lawful state-space igpepersubset of the state-spak®. The elements of
this subset (lawful states) are sometimes referred edastted[56] or legitimate[44]
states. In the context of many logics of action, legitimateld/states are defined as the
elements oV satisfying certain conditions known demain constraintsThe domain
constraints are often specified through given fluents anthgyaslependent relations, and
therefore, shall not be used directly in our representatidependent, extensional ap-
proach.

Instead, we introduce the s&t of legitimate states explicitly — as a proper non-
empty subset ofV (Figure 2.2). Ideally, given a particular scheme represgrdomain
constraints, our semantics will identify the elements & setD with the states satis-
fying these constraints. Importantly, the semantics israti&nt on what kind of con-
straints (logical, functional, causal, etc.) makes a paldr state illegitimate (unlawful
or inadmissible). In other words, the forces that shaperiteenal structure of a world
state may require specific representations, obscuringeauck for weakest semantical
assumptions, covering more classes of action domains.

We have committed so far to saying that not every elemenYaépresents a nomo-
logically possible state. Moreover, not every state titansis a possible development.
Again, there may be multiple reasons for this, dependentaielying laws. A discus-
sion on the nature of such laws (functional, causal and sessanjtside the scope of this
work, and we will only briefly address this issue in Sectiob.2. At this stage, we just
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Figure 2.2: The legitimate states (members of th&yedre depicted as filled circles.

point out that the number of all really possible state tamss for & actions is less than
the number*” of all conceivable histories.

What is needed, therefore, is a concise way to specify thesstasulting from an
actione € &£ executed at an initial state € ¥V (or more precisely, at a state € D,
as we do not wish to entertain the possibility of being in &gitimate state in the first
place — actually, we are not concerned with what happenkegitimate states). In other
words, we need to describe tbaccessostate(s), where the underlying system moves
to as a result of an actionperformed at a state. Formally, we define aelectionor
resultfunction Res(w, e) to be a function fromly x £ to 2"V, mapping a state and an
actione to a set of (legitimate) successor states.

An example of the selection function is a simple function ating all legitimate

states compatible with the action’s direct effects:
Res,(w,e) =DnNlel.

Obviously, this particular function would not, normallgtsfy an intelligent agent
engaged in reasoning about actions — as successor statesentipsen without any
connection to the initial state, shown as the left-most circle in Figure 2.3.
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Figure 2.3: The states compatible with direct effects ofatione are enclosed within
the polygon areg]|, and the simple selection functidtes. (w, e) chooses all three states
depicted as filled circles, inside the polygon.

2.2.2 Systematic Methodology

Ideally, the definition of the functioiRes(w, ¢) must be intuitively convincing since it
Is intended to capture common-sense notions of system dgeamNot only should it
be plausible semantically (in an abstract sense), but alswmst allow us to verify it
with concrete examples. The latter objective has been gigteously pursued in Rea-
soning about Action research. However, the hope that a nuathedicative examples
of common-sense inference will facilitate an extractioraafommon-sense reasoning
logic, applicable to many other “similar” examples, hasgfaavith time. In short,

...the methodology of common-sense examples has resnltesamewhat
chaotic development: logics, examples, and counter-elestpave been
confronted, and it has not always been clear which propdrtggic was

to be given the credit for its successes, or the blame foaitsrés. It has
not even always been clear what was a success or a failurems @& the

proposed reasoning examples [55].
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In other words, the selected examples may not reveal alldgpects of the reasoning task

under consideration. Moreover,

...even if one has very strong intuition and chooses a setprEsentative
examples that covers every aspect of the problem, leaditigetdevelop-
ment of a logic that works for the general case, we will notehany means
of formally proving the correctness the proposed logic; with the method-
ology of representative examples one can only be provedg\reti.

The systematic methodologyoposed by Sandewall [54] suggests, instead, to pro-
gressively investigate classes of domains, providing eaehwith an applicable action
theory. For each class we may build an abstraction (a secsaspecifying, for exam-
ple, how to obtain successor states or which logical modelgwended [55]. Then, we
may design a reasoning system that operates accordingspdidication, in a provably
correct way.

Let us briefly illustrate the systematic approach in the extrf first-order logic. Let
A be a set of formulae, and I&{ A) denote the set of classical models for The set of
intended models, denoted B$A), is then specified as a subsetdafA). This leads to
the question of how to obtaii(A) or the correspondingonclusiongformulae that are
true in all members oE(A)) in terms of operations on formulae ik [55]. OnceX is
defined, one may introduce a variety of entailment methoflaetkas functions from a
set of axioms\ to a set of model¥'(A), and pose questions as to correctness, soundness
and completenes of a particular entailment methfdd\) with respect tox(A). More

precisely, following [55]:

e For a given entailment methddl and a given:, does the method obtain exactly
the intended models, i.e., B(A) = X(A) forall A ?

e For a given entailment methdfl and a given:, does the method obtain at least
the intended models, i.e., (A) D X(A) forall A ?

e For a given entailment methdfl and a given:, does the method obtain at most
the intended models, i.e., B(A) C X(A) forall A ?
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A positive answer to the first question asserts correctrie¥swith respect ta-. An
entailment of all intended models with some not intendedsqftiee second question)
guarantees that the methodsmund— it may fail to obtain all intended conclusions, but
avoids unintended conclusions. And finally, an exclusioalbfion-intended models, at
the price of possibly missing some intended ones (the thiektion) ensures that the
entailment method isomplete— it captures all the intended conclusions, together with
some unintended.

2.2.3 Selection-equivalence

In the spirit of the systematic methodology we would like &dide the selection function
Res(w, e) in an abstract way — as a function that specifigendedsuccessor states
according to fundamental principles. This will allow thesagjto maintain a variety of
entailment methods. Then, a particular entailment meth@ice., an action theory from
a certain class) capturing particular successor states (w, e) may be analysed with
respect to the successor states(w, e).

Following [46], we shall say that an action theory (or a red@sg system based on
an action theory) with a functioRes; (w, e) is selection-equivalerto an action theory
with a function Ress(w, ) if and only if Res;(w,e) = Ress(w,e), for every action
e and statew. In other words, action systems using different definitiohselection
functions may be inter-translatable. Ideally, in order &véawell-defined translations,
we need to provide a general unifying semantics for a classctbn theories. Then
it would become possible to achieve a selection-equivaldretween a generic action
system based on the abstract selection funcites(w, ¢), and each one of the action
systems of our motivating approaches. Perhaps, more iangtytit would allow us to
compare various action systems and gain insight into plessiderlying mechanisms.

In this section we argued for the explicit inclusion of theBeof all legitimate states
in our semantical framework, and introduced the functitar(w, ¢) selecting successor
states. A precise definition of this function, ensuring tbselection-equivalence, will
be given later. Before we proceed towards a further discnssiothe principles of
change underlying our general unifying semantics, let ukenwear that we have not
restricted the selection functidRes(w, e) in any way.
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First of all, we did not assume that for any actioand statev,
Res(w, e) C [e].

In other words, we do not require that a successor state sedgssatisfies the action’s
direct effects. Although this is a very sensible assumpitamas argued in some propos-
als that a successor state may be a result méigheredby an action’s post-conditions
[63]. We will refer to the view that a successor state mussfyathe action’s direct
effects asonservativeand highlight this distinction in further analysis.

In addition, we do not make another intuitively appealinguasption that for any

actione,

DN [e] # 0.

This means that we do not impose the requirement that, fayeaxaion, there must
always be a state where the action post-conditions co-@itbt domain constraints.
This requirement may, however, become quite reasonabke ifbnservative view on
successor states is accepted. Other possible constrdlinte wonsidered later.

2.3 Information States

It would be too unrealistic to assume that an agent’s reagaatbout changes occurring
in the external environment, replicates exactly the exestate transitions. It is well
known in the reasoning about change research field that opelistanguish two distinct
transitions: the transition between the world stateandr,, brought about by an event
e, and the transition between the agarfbrmation statesy; and~,, triggered by the
perception of the event or execution of the actiom. For example, the distinction
has been identified by Peppas [44] who distinguished betwegameral process called
system dynamiaescribed as “the process by which a dynamic world changessstiue
to the occurrence of the events”, and another general seediedknowledge dynamics
explained as “the process by which an agent changes behefs #he current world

state, in the light of information about the occurrence oéaant”.
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In other words, system dynamics relates to transitions éetvwvorld state®V, and
knowledge dynamics is a cognitive process involving triamss between information
states. While this distinction has been identified in [44§ thformation states were
not included in the formal consideration. Instead, theed#hce was related to different
forms of belief change — revision and update. We suggest thiathe purposes of a
unifying semantics for reasoning about action and changettar way to capture this
fundamental distinction is to explicitly introduce the faiset of all information states,
denoted a$'.

Intuitively, an information state is a state (or a stage) fagent’s reasoning pro-
cess. While reasoning, the agent may consider previous amentstates of the ex-
ternal world, contemplate potential histories of statedrgons, contextualise causal
knowledge, and so on. All these rather partial informationrses contribute to the
reasoning process and fuse into more comprehensive inflamstates. Therefore, in
a typical case, an information state has more dimensions dhstate of the external
world entertained by the agent. Although the tanformation statehas undoubtedly
a cognitive flavour, we do not intend here to associate thimmavith any particular
neuro-biological concept, such as conscious, mental,anstates. What is important
is the distinction between knowledge dynamics in the infaion state-spacg, and
system dynamics in the state-spate

It is also important to realise that we do not necessarilystioe the view of logical
atomism, or the position that a world state can be completescribed by all relevant
facts about it, or the agents’ ability to reason about boticetvable and nomologically
possible world states. Rather, we extend these views by ialipilie agent to entertain
information states with entirely different dimensions. $flonportantly, an information
state does not have to be uniquely associated with a timesrefe. Intuitively, the agent,
motivated by a single action (evemrt)may imagine a whole series of state transitions in
the information state-spadebefore making a judgement on the world transition from
w € W to one of the successor statesiins(w, e). In short, information states armt
the agent’s beliefs about the state of the world, &ostract points in the information
space that the agent’s reasoning may navigate through

From a technical point of view, some action domains may atteéddistinction, re-
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sulting in equating the world and information state-spadads = I'. In other words,
each information state entertained by an agent correspaxaigly to one world state.
This approximation may well be the reason for fusing thenmfation state-space with
the external world state-space in many various approacd®@s.e recent proposals dis-
cern the difference by employing concepts of hyper-st&i@$ 4nd power-states [51],
but without giving a clear intuition on the nature of theseitdnal concepts. We will
demonstrate that some action theories may be captured semantics while staying
with the approximationVV = I', whereas others requii® # I'.

The inclusion of the information state-spalcen our framework suggests that we
also define some auxiliary concepts. First of all, we intcedaprojectionfunction P
from I' to WW — this function maps an information stajec I" to a world statev € W.
Intuitively, the projection function “extracts” the worktate “component” from a more
convoluted information state. We require that for any statec )V there exists an
information statey € I' such thatP(y) = w. In other words, the functio® : I' — W
Is a surjection (i.e., the function’s image is its codomaingi can return any value in
W).

We also derive &et-projectiorfunction X mapping sets of information states onto
sets of world states fromy. In other words, the functio®’ : 21" — 2" is defined as
follows: X ({71, ...,7}) = {P(1),..., P(7a)}. Itis clear that for any sdil C I', we
obtain that

W = X(I) U XTI\ II) = X(D),

although, in general,
X(I) N X(T\ II) # 0.

In addition, we define a set of information statel$ as{y € T : P(vy) € [e]}. In
other words|e]" denotes the set of information states whose world stateespajec-
tions are contained in the set. By definition, X ([e]") = [e].

The following abbreviation will also prove to be useflil = {y € " : P() € D}.
The setD' contains all the information states that would project ®ldyitimate states
in D. Again, by definition, X (DY) = D. It is worth pointing out that the information
states outsid®' are not illegitimate information statger se— the notion of being
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legitimate applies only to the states)iti. In fact, the information states outsi@® are
quite acceptable and useful in the reasoning process,dangvimportant intermediate
steps for state transitions.

Figure 2.4 illustrates the information state-spaqgghe top part of the figure), while
showing the states i®" as filled circles, and enclosing elementg«f in the polygon.
The projectiornP of some information states onto the state-spatéhe bottom part of
the figure) is shown with arrows.

Clearly, one may derive even more structures on the infoonegpace using the pro-
jection function”. However, we will postpone further definitions till techaichapters.
At this stage, we just emphasise a new component of our framkew the information-
spacd’, together with the projection functioh.

Let us also illustrate how these notions can be used in tleetsah function. Con-
sider again the simple function choosing all legitimatéest@ompatible with an action’s
direct effects. Now, we can represent this in terms of infron states as

Res*(w,e) = X(D" N e]") = DN [e] = Res.(w,e).

In other words, this function selects projections of thederimation states that are com-
mon to both set®" and|e]".

2.4 Preference Relation on States

One of the problems with the selection function choosintggitimate states compatible
with an action’s direct effects is that successor statd#eist (w, ¢) are not related to the
initial statew. It is hard to imagine that, in general, an action results state which
may be arbitrarily different form the initial one. As was ntiened in previous sections,
one way to address this question is to assume, in some skasxistence of inertia and
apply the Principle of Minimal Change.

There are, at least, two interpretations of this princiglecording to the first view,
the Principle of Minimal Change is antrinsic property of reality, described by Peppas

[44] as follows:



2.4. PREFERENCE RELATION ON STATES

e o w
e o
®
O..
o e
"o e oo,
e e 4
©)
e ®@ O
e ©

Figure 2.4: The information state-spdceand the projection functio®.
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The universe develops in time in such a way that, its stateyatiae point
is a minimal change of its state at the previous time poingmihe entirety
of events that have occurred. Minimality is defined with exgpgo some

globalmeasure of change.

Moreover, as noted in [44], any dynamic system (world) is lastraction of only a very
small part of the entire universe, and therefore,

...in order to establish that minimal change in the univa@eesponds
to minimal change in a dynamic world, we need to assume tleaglibbal
measure of change decomposel®tal measures of change for the different
parts of reality, so that a transition between two stateshefuniverse is
globally minimal if and only if the transitions between theresponding

parts of the two states are locally minimal.

The second interpretation rejects the intrinsic naturdefRrinciple, and argues for
its introduction during the reasoning process agjgoroximationof the system dynam-
ics. Following Peppas [44], such an approximation shoulédmirate for the chosen
level of abstraction, and, moreover, should provide somettre to world state transi-
tions, facilitating the task of reasoning about action.

The formalisations of dynamic worlds advanced in [44] did depend on which
interpretation is preferred (although, informally, thesed reading was favoured). The
reason was that in both cases (either an intrinsic ontadgimperty of the world or
an epistemic approximation of the world’s dynamics) theé&lgle of Minimal Change
reads the same: whenever an evemiccurs at some world state, a successor state
r € Res(w, e) must satisfy the post-conditiga] and differ as little as possible from
with respect to some (local) measure of change. Constrigtihere exists an ordering
on states<,, reflecting the comparative degree of change betweeand a potential
successor state. This allows an agent to judgerthat,, - if and only if the degree of
change between andr, is at least as greass the one betwean andr;. It should be
clear that an agent normally maintains a different ordetingor each statev, resulting
in a set of orderings (a preferential structure).

3For simplicity, we shall use the notatienfor a non-strict ordering.
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The question that naturally arises now is whether we wislotwicler a preferential
structure only on world states W or on information states ifi as well. This would not,
of course, identify minimal change in the world with miningddange in the agent’s be-
liefs about the worltl— simply because information states are different from leeks
and may be entitled to their own preferential structure. @esia preferential ordering
on information states would not introduce syntax-depehderasures of change.

Therefore, it is quite permissible, we believe, to consalset of orderings on world
states or a set of orderings on information states — eithénadecaptures the Principle
of Minimal Change in its own way. It also appears that one gshetdrt with a weaker
assumption that only one such set is needed in a general sesaaormally, it should
be possible to derive one preferential structure from aroth in other words, a combi-
nation of the two may be redundant. More precisely, for aqatipn function, and a
given specification of an ordering,, (for eachw) defined oV x W, one may produce
an ordering<, (for eachy) defined onl’ x I, and vice versa. Of course, future de-
velopments may highlight a possibility that two indeperdaeferential structures are
required — one for each of the state-spaces.

In this work, we choose to operate with a preferential stmec® = {<,: v € I'}
defined on information states, without making the claim thiatricher or more intuitive
than a structure on world-states. In fact, when we discuestsen-equivalence with
an action theory that needs the distinctiah # I' (Chapter 5), we derive preferential
orderings for information states., out of simple orderings:,, defined for world states.
In short, the inclusion of a preferential structure on infation states in our framework
Is a matter of choice, and one can obtain equivalent charsatiens with a preferential
structure on world states.

Before we apply the new concept to construction of some sefefiinctions, let us
briefly discuss some natural properties of an ordetingregardless of its domain. The
following properties seem to be intuitive, and were sugepkst the past:

(O,) Reflexivity: P <, p.

4This was, in fact, the main reason for a failure of the Possilibrlds Approach [17], as shown by
Winslett [70].
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(Oy) Transitivity: if p<,q andq <, z thenp <, x.

(O3) Discreteness: r is the single minimal element in its state-space with

respect to<,.

(O4) Minimality: every non-empty subset of the state-spaceshasnimal
element with respect tac,..

The reflexivity condition is straightforward. Transitiyialso seems to be very intu-
itive: if the degree of change betweerandp is no greater than the degree of change
between- andq (represented gs <, ¢), and the latter is no greater than the degree of
change between andx (represented ag <, x), then it is quite safe to assume that a
change fromr to p is no greater than a change fronto = (represented gs <, ).

The last two conditions make explicit use of minimality wrésspect to an ordering
<,. This minimality is defined in the usual way: given an ordgrin., a statep is
<,-minimal in a subse# of its state-space if and only if there is no other elemeatA
such thaty <, p.

In general, we may define a sein(<,, A) as a subset ofl containing states nearest
to the stater in terms of the ordering<,. In other words;min(<,,A) = {p € A :
-dq € A, ¢ # p, q <, p}. Then, any element ofiin(<,, A) may be referred to as a
state<,.-minimal in A.

Now, the third condition specifying that any states the single minimal element
with respect to an ordering, centered on itself has the intuitive justification that no
state is “more similar” to- thanr itself. It is also related to the assumption that change
Is discrete, or in other words, that there are no state tiansiwith an infinitesimally
small change: .. <, r3 <, ry <, r [44]. This assumption, in fact, allows us to justify
the last condition on minimality as well — every non-emptypset of the state-space
has a minimal element with respect to each

These conditions imply, in particular, that an orderingis an inductive partial pre-

order withr as its first element [44].



2.4. PREFERENCE RELATION ON STATES 29

One interesting ordering type satisfying the conditiof®s)(- (O,) is the so-called
PMA ordering, based on the Possible Models Approach [70].orbter to describe
this ordering constructively, we need to assume certaiermal structure for states.
For instance, let us consider basic truth-valued fluents, and let each state be a set
with n elements such that each of the basic features or its negapiogars as an ele-
ment. We also define the symmetric difference between twesstaandy to be the
setDiff(z,y) = (x \ y) U (y \ =), wherex \ y denotes set subtraction. For example, if
r = {a,b,c}, p = {a,—b,c}, andq = {a, b, ~c}, we obtainDiff(r, p) = {b,-b} and
Diff(r, q) = {b, ¢, =b, —c}.

Now, we shall say that a stageis preferred to a staterelative toz in terms of the
PMA ordering<,, denotedy <, z, if and only if Diff(z,y) C Diff(z, z). Intuitively,
it means that statg differs less fromz than the state does fromz in terms of basic
features. Continuing the example with three statgs and ¢, we immediately obtain
thatp <, ¢q. Obviously, the PMA ordering is not a total order. For exaggiven a state
s = {a,b,~c}, we cannot say i <, p orp <, s, because neither of the symmetric
differencesDiff(r,p) = {b,—b} or Diff(r,s) = {¢,—c} is contained in each other.
Figure 2.5 depicts direct PMA preferences for 8 states degnaith 3 truth-valued
fluentsa, b and ¢, with respect to the state = {a,b,c} (more distant states appear
further to the right fromr). Note that states in each vertical layer are not mutually
comparable in terms of the PMA ordering — in other words, PMéering is not total.
Figure 2.6 shows a subset of the original ordering, suchdstaaes from different areas
enclosed by pseudo-concentric dashed curves are PMA-cabipa

Having introduced the concept of a preferential structire: {<,: v € I'} defined
on information states, we may now discuss a preferentiahséios in general. One of
the important developments in the field of Reasoning aboubAatas Shoham’pref-
erential semanticf60] for a class of non-monotonic logics. Under this idea edeang
is placed over the class of interpretations. The modelsespanding to a particular
inference are then identified as the minimal models undsrdidering that satisfy the
premises. In an intuitive sense, the ordering representsfarpnce over interpretations
with only the most preferred (most plausible) being toledads serious possibilities.

In terms of our framework, the preferential structdtesuggests a very intuitive way
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a b—c a, b —c

—a b —c —a, T b—c

O O

—a b, c —a, b c

Figure 2.5: A partial PMA ordering: arrows point to more drst states.
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to define a selection functioRes(w, ). Specifically, for a simple case approximating
W = T, the functionRes(w, e) should choose those legitimate states compatible with
the post-conditiore] that are nearest to in terms of<,,. More precisely,

Resi(w,e) = min(<,,D N [e]).

Figure 2.7 illustrates this selection (again, more dissates, enclosed in the ex-
panding minimality-driven circles, appear further to tight from the left-most initial
statew).

We should point out that there exists a stronger versioneptieferential selection
function:

Reso(w, e) = min(<,, [e]) N D.

Here, an agent first selects thg-minimal states among the post-condition stétes
and then chooses legitimate states out of the selectidrerétare any (Figure 2.7). If, for
example, the statg was legitimate, then it would be (uniquely) selecteditws,(w, €)
as well asRes; (w, e). The functionRes,(w, e) may result in no selection, while the
condition (0,) ensures thaRes; (w, e) always selects at least one state, if thel3et ]

IS non-empty; otherwise it also selects no states. Clean\ariy statev and actiore,

Resg(w, e) C Resi(w,e) C Res.(w,e).

Informally, we may refer to the selection functidtes,(w, ¢) as thefirst boundary
andRes; (w, ) as thesecond boundargf successor states.

We assumed here an approximatidh = I', and used a preferential structure over
world-states. Similar “boundary”-setting preferentialection functions can be defined
for the case whehV # I'. Let an information state(w) be such thaP («(w)) = w for
a statew € . Then we may specify the following selection functions.

Res'(w,e) = X(min(<agw), D" N[e]")).

and
Res(w, e) = X(min(<aw), [e]") N D).
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Figure 2.7: The selection functioRes; (w, ) contains two states and ¢, while the
selection functionResq(w, e) = ), given that the setin(<,, [e]) = {x,y, z} contains
no legitimate states.



2.4. PREFERENCE RELATION ON STATES 33

Here, the agent selects minimal states in the informatiatestpace by using the
preferential structur€® on information states, and then projects them onto successo
world states. The functiomes!(w, e) is analogous to the functioRes; (w,e) — it
selects the information states that are closest to some stat) among the informa-
tion states whose projections are both legitimate and stergi with the action’s di-
rect effects, and then projects the selections to the waalg-spacd?V. The function
Res(w, e) is analogous to the functioRes,(w, e) — it selects the information states
that are closest to some statév) among the information states whose projections are
consistent with the action’s direct effects, then choosdg those selections that project
onto legitimate world states, and finally projects the remma selections to the world
state-spaceV.

Figure 2.8 illustrates the expanding minimality layershndtashed curves. It does
not matter which of the information stateéw) such thatP(a(w)) = w is chosen to fix
the preference ordering, (.. Again, it is obvious that, for any stateand actiore,

Res’(w, e) C Res'(w, e) C Res*(w, e).

A minimisation in the information state-spacdollowed by a projection onto world
state-spac®V may obviously result in different outcomes compared withraa min-
imisation in)}. For example, letv, s andq be the only legitimate world states, and
$ and~ be information states such thR{(«) = w, P(5) = s andP(y) = ¢. Letus
also assume that(s <,, ¢) and—(¢ <., s), in other words, neither of the statesind
q is closer tow than the other. For simplicity, let <, ~ be the only preference in the
information state-space with respectdo Consider now an actioa such that onlys
andg satisfy its post-condition and belong to the k&t ThenRes; (w, e) = {s,q}, SO
that boths andq are selected as successor states, bejpgninimal legitimate states in
[e]. However, the only<,,-minimal state inD" N [e]" is 3, ruling out statey. There-
fore, Res'(w,e) = {s}, selecting only one successor statéa projection of3), and
leaving outq. Of course, other examples may show tRat' (w, ¢) chooses more suc-
cessor states thaRes; (w, e). In short, neither domain of minimisatio{ or I') leads
to stronger successor selections in general.

Another important aspect is that, regardless of the domfaiheopreferential struc-
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Figure 2.8: Minimisation in the information state-spaced arojection.
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ture, each ordering:,, is dependent only on the initial state and is not contingent on
an action. In other words, we do not wish to deal with cumbmespreferential struc-
tures containing orderings for each state-action gair — clearly this would seriously
undermine the quest for conciseness, given the number ehpalt combinations and

weakelaboration tolerance

In summary, the steps we have taken so far towards a genenaintes, can be
reflected in a tupléW, D, T, £, O) and the functiong] : £ — 2"V (post-conditions),
P(v) : T — W (projection), andres(w, e) : W x €& — 2"V (selection).

2.5 Causal Rules, Causal Relations, and Causal Laws

Despite many intuitive features of preferential style setiea, it has been shown re-
cently that sometimes there are additional forces “pratyicsuccessor states. The main
explanation suggested in the literature so far is that domanstrains (reflected in the
legitimate state®) are not sufficient for capturing all the domain dependencldere-
fore, it is typically argued, one needs to introduce (in sdoren) causal constraints
and use the force of causality in complementing minimaktyr example, McCain and
Turner’s causal theory of action [37] uses “causal laws’iglHther’s [63] framework is
based on “causal relationships”, and Sandewall proposedisatrelation on states in

order to capture ramifications cascading to successosstate

The inadequacy of logical domain constraints has beentrfited on many occa-
sions, and we do not intend to elaborate on this. The Lighe@et example will be
described in Chapter 5 devoted to the causal relationshippapp of Thielscher[63],
and Chapter 3 on action languages will relate to this issueetls w

Here, however, we intend to discuss some technical aspkectaisally driven state
transitions. In order to explain what exactly is meant byu&ally driven state transi-
tions”, we would like to briefly review some related termiogy, introduced recently in

various logics of action dealing with causality.
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2.5.1 Causal Rules — Ontological Dimension of Causation

Two notions —action-triggeredand fluent-triggeredcausation — were introduced by
Lin [33]. It was argued that since normal state (domain) trangs referring to only the
truth values of fluents are not strong enough to properlhettlae ramifications of actions,
“a notion of causation needs to be employed explicitly” [33chnically, Lin introduced
a new ternary predicated@sed(p, v, s) into the Situation Calculus: @ised(p, v, s) is
true if the propositiorp is caused by something unspecified to have the truth valne
the states. Then, using this predicate, two types of causal statemere vepresented:

e action-triggeredcausal statements (such as that the adthard causes the gun to
be loaded);

¢ fluent-triggereccausal statements (such as that the fact that:ithig-h is in the up
position causes thigght to be on).

Lin has convincingly argued thattion-triggeredcausation is convenient for represent-
ing direct effects of actions, anitlient-triggeredcausation — for indirect effects, or
ramifications.

Similar types of causality are used in so-calktion languages— see, for example,
[67, 31]. We shall focus on the syntax and semantics of sonthesfe languages in
further chapter(s) but, at this stage, we just observe tiically, an action language
includes effect propositions of the form

A causesy if 1,

whereA is an action, aneg andv are fluent formulae. In particular, the action descrip-
tion languageD L;; refers to these propositions dgnamic causal law31] expressing
“event causality” — they tell us which changes are causeddfopming an action. The
second type oD L,; propositions are callestatic causal lawsand capture “fact causal-
ity” — a dependency between two facts contained in the saate.sA static causal law
is represented in th® L,; language in the form

@ causes 1.
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Another action language dealing with causality, represents static causal laws with
so-called sufficiency propositions [67]

@ suffices for .

The static causal laws (fact causality)/0f;; and sufficiency propositions o4C share
the same semantics ensuring that “one can make the fluenul@imtrue by making
the fluent formulap true” [67]. The original syntax and semantics of (statia)sa laws
was described in [37], where a proposition

¢ =1

was used to express a causal “determination relation” twend1, working as an
inference rule. This original approach and td€ language do not explicitly refer to
dynamic causal lawsut specify instead the post-conditions and effect pribjpos of
actions respectively.

In short, thedynamicand static causal laws capturing event and fact causality in
action languages match two forms of causation representeid’s framework:action-
triggeredandfluent-triggered

Another similar classification is given by Geffner [14]. TGeffner approach intro-
duces causal rules

F— A,

whereF' is a formula and4 is an atom, that express mechanisms by which the truth of
F normallycauses the truth of. This time, there is a distinction betweean-temporal
causal ruleg” — A andtemporalcausal rules written as (note the longer arrow)

F— A.

The difference is that the non-temporal rdfle— A says thatd is normally true in the
states whenF' is true ins, while the temporal rulé” — A says thatd is normally true
in the statdollowing s whenF' is true ins. Both rule types (temporal and non-temporal)
have a strict form, when the mechanism of causing the truth‘@oformally” is replaced
by one which “always” causes the truth 4f Strict causal rules are denoted as follows:
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F o A,
F = A,

where the first one is a strict non-temporal rule, and thersee a strict temporal rule.

It is not hard to observe direct parallels between the tealpmmd non-temporal
causal rules of Geffner with the dynamic and static causas laf action languages,
and in turn with the action-triggered and fluent triggeredsedion of Lin. In addition,
Geffner points out that temporal and non-temporal caudakrplay the role okffect
axiomsandramification constraintsespectively — the latter pair was introduced by Lin
and Reiter [32], and later subsumed by action- and fluengérigd causation.

Following these and other recent approaches to repregecdimsal information, we
accept the distinction between action-triggered and fltriygered causality. This is
not an over-simplification even from a philosophic viewgoifor example, two sorts
of causation subjects are identified by Mellor [4%}ates of affair{“sentences, state-
ments or propositions”), anglarticulars (things or events). In other words, the causal
connections among states of affairs would correspond totfiigggered causality, and
the causal connections between particulars are similastioratriggered causality.

2.5.2 Causal Relation — Epistemological Dimension of Causation

The distinction discussed in the previous section is, alslg related to the difference
between an action’s direct effects (action-triggered) eardifications driven by state
constraints (fluent-triggered).

Hence, the attempts of preferential style selection fonstilike Res;(w,e) and
Res'(w, e) (defined in Section 2.4) are not entirely adequate, becausienal legit-
imate states among post-condition stdtédo not necessarily reflect fluent-triggered
causality. In other words, we believe that the post-coadifunction[e] together with
a preferential structure on captures in most cases only the aspect of action-triggered
causality. The intuitive reason for this is simple: whilétak states irje] agree on the
post-conditions of the action in question, the selectiomafimal states may often be
insufficient for capturing various causal dependencies.

It is not entirely inconceivable that a more intricate prefdial structure defined on
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a high-dimension information state-space will solve theZzle” and completely char-
acterise successor states, without employing causatianvetkr, it is quite plausible
that such an approach may require some non-obvious assumsptr severely restrict
classes of action theories. For that reason, we are inctméu/estigate an approach,
where both Principles of Minimal and Causal Change are givearaioles. Even if
some of the examples used to justify an explicit introductd causal dependencies in
action theories are refuted in the future, we believe thairecise semantics explicitly
embedding causality may cover a broader class of actiomid®o

Therefore, we intend to augment our framework with a compbagplicitly target-
ing fluent-triggered causality, while retaining existirigustures. One immediate dif-
ficulty is that fluent-triggered (fact) causality is not egpsed in extensional terms (it
directly refers to the internal structure of states), asiéathe examples we considered
in this section. More precisely, the examples used a caekdion defined on fluents or
basic “states of affairs”.

However, there is a simple solution. Instead of committim@ formal logical lan-
guage and specifying fluent-triggered causal statemengsnme syntactic form, it is
possible to capture the underlying constraints in a causalprelation on states. This
choice manifests another dual aspect of causation — it magxpeessed both inten-
sionally (with a causal relation on fluents) and extensign@ith a causal relation on
states). This duality is “orthogonal” to the event-facttidistion, in the sense that both
types of causation (event driven and fact driven) may beessprted with and without
references to the internal structure of states (Figure Z8) example, the causal rela-
tion causesan refer to (internal) state variables and/or events,erthi¢ causal relation
“—>" can be (extensionally) defined on sets of states. Here,dbsion X — X NY
may indicate that the agent’s reasoning process propafyjateghe states in the seéf
to the statesintheséf N Y.

Consequently, we intend to introduce a binary relatiohon information states,
in order to capture fluent-triggered causality extensignalwo aspects require some
explanation: the choice of the domain of the relatfoy and its properties.

The choice of the information state-spdcéand not the state-spad®’) as the do-
main for the relation\ is not arbitrary. Technically, it extends our options in egsing



40 CHAPTER 2. FRAMEWORK
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Figure 2.9: Ontological and epistemological dimensionsaafsation. Causal relations
can be defined on states of affairs (fluents, events), on §ststes, on (information)
states, etc.

a variety of state to state transitions driven by causaterabse, typically, the state-
space has a higher dimension than the state-spatéMe may need this extra dimen-
sionality in capturing some not so obvious causal connestio

It is quite important to realise that the choiceldfas the domain for the relation
M does not commit us to a particular stand on the nature of tansa terms of its
status as a category. Is causatioroatologicalcategory? Is it a purelgpistemological
category, a theoretical relation, which belongs exclugit@our account of experience?
A positive answer to the latter question, taken by empimgiargues that “the status
of causation category is purely epistemological, that &jsation concerns solely our
experience with and knowledge of things, without being & ¢fethe things themselves”
[5, p. 5]. According to Bunge [5, p. 6] who criticised the enigat doctrine,

...causation is not a category mdlation amongideas but acategory of
connection and determinatiaorresponding to an actual trait of the factual
(external and internal) world, so that it has an ontologstaius — although,
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like every other ontological category, it raises epistesgmal problems.
Causation, as here understood, is not only a component ofierpe but
also an objective form of interdependence obtaining, thougy approxi-
mately, among real events, i.e., among happenings in nahasociety.

The reason why the choice bfand notWV as the domain for the relatiofr! does not
commit us to either view, is the following. If one takes thewiadvocated by Bunge and
considers an objective form of interdependeaedetween two real states of affairs (or
events)y andi, then ‘there can be no causal links among stagés p. 71]. As pointed
out by Bunge, the state of a dynamic material system is a systegualities, not an
event or string of events: “every state is thhetcomeof a set of determiners ...”, and
consequently, “there can be no action of one state upon anstiste of a given system”.
This argument would rule out the state-spateas the domain for the causal relation
M.

At the same time, the argument that causation is “an obgdétism of interdepen-
dence obtaining ...among real events”, admits that caursatay manifest itself “only
approximately”. Therefore, the agent may need to fill the gapveen approximated
causal constraints and intended ramifications. Hence,idgfihe causal relatiod in
terms of information states allows us to better approxinratances of interdependence
between “real events®. In other words, we believe that it is fairly permissible to e
press the interdependeneebetween two real states of affairs (or eventsndy via a
relation M., between some relevant information staigsand-y,, ;.

The same argument (approximation of causation) would, ofsm apply if one fol-
lows the empirical doctrine. In this case, however, one d@ubbably be more satisfied
with “upgrading” thetheoreticalcausal relation to the information state-space, and leav-
ing functional, quantum and other objective dependenoidstworld state-space. Thus,
if causation does not apply to things but to experience alané is nothing but a direc-

5The view that causation is an an objective form of interdeleace is, of course, related to the question
of causal asymmetry and “time’s arrow”. As mentioned, foaraple, in [47], “[p]hysicists in particular
have been interested in the question as to whether thereiigle $master arrow’, from which all the
others are in some sense derivedthe leading candidate for this position has been the sedalfrow
of thermodynamics. This is the asymmetry embodied in therstaw of thermodynamics, which says
roughly that the entropy of an isolated physical system inégereases.”
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tion enabling us to order or to label phenomena, then theme isarm in defining it in
the information state-space.

So, in short, it would be incorrect to say that favouringver)V brings us closer to
the empiricist view on causatién

Now let us discuss the second aspect — properties of theorel&t. First of all, let
us quote from Bunge [5, p. 240] who argues that the causal gmoid an ontological
guestion, that

... like every other philosophic and scientific questiorg dausal problem
raises epistemological problems ...and logical problefige logical side
of the causal problem essentially consists in the logicacstre of propo-
sitions by means of which causal statements are formulated.

Bunge pursues this point with a clarification [5, p. 244] that

...what is required is not an extension of formal (extersiprelations,
but the determination of a type of semantic connection ant@mgs that are
relevant to each othethe logical aspect of the causal problem is semantical
rather than syntactical

To some extent following Bunge, we attempt to specify “theotogy of the series,
not the nature of its terms”, while taking weakest assunmgtion formal properties of
the binary relationM holding among elements interpretable as information state

(M) Irreflexivity: Mo, a).
(Ms) Asymmetry: if M(«,3) then = M(f, «).
The first property is straightforwardhihil est causa suand, together with the last one,

asserts the directionality of causation. There is anothmvgaty, suggested in the litera-
ture:

51f one wanted to illustrate that causation ipwrely ontological category, then the intensional causal
relation on fluents/events would have to be placed right erhtitizontal (ontological) axis in Figure 2.9.
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(M3) Transitivity: if M(o, ) and M(f,~) then M(a, ).

Transitivity, however, is a more debatable property thdn and M,. We prefer not to
require it and use, instead, the transitive closure of ttegiom M, denotedM*, when
needed. In other words, we rely on the propagation in themmébion state-space driven
by the relationM without postulating the “cause-effect” relations betwestgies not
related inM.

The binary relationM defined onI" x I' creates a multiplicity of causal chains
M(v1,72), M(7v2,73), ey M(Vis Yix1), -, M(v—1,7), and therefore enables a propa-
gation in the information state-space along them. Intefyivin terms of reasoning about
action, such a transition process propagates some idteaigetowards an information
statev, that isstablein terms of M. In other words, the propagation stops when there
are no possible causal links from. In short, the most essential role of the binary rela-
tion M is to provide some “topology” for tracing causal ramificasanT’, in addition
to ruling out non-stable states.

Let us denote byC », the set of stable information statgsc I' : =3¢ € I', M(p, q) }.
We also require

(Mp) Density: DNXT\Kp) =0,

In other words, no unstable information state may be pregeonto a legitimate state.
The density condition implies

D C X(Km).

Therefore, although a stable information state may be prajeonto an illegitimate
world state, a legitimate state is always a projection ofablstinformation state. This
restriction reflects a possibility that some domain comstsamay eliminate more ille-
gitimate states than the causal relation alone. It coulddpeeal that domain constraints
(reflected in the seD) correspond to non-causal (functional, etc.) laws, whike ¢l-
ements of¥ (K ) are just those states that do not conflict with causation iivang
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domain, from the agent’s point of view. Obviously, W = T, the original specified
density condition reduces to

D C K.

2.5.3 Causal Laws — Nomological Dimension of Causation

In this section we briefly consider the fundamental issugb@gxistence of underlying
causal laws and their possible connections with causalag(g). These questions may
be raised regardless of whether the causal relation redeteetinternal structure or ig-
nores it, and whether causation is action-triggered or threggered. In other words,
interdependence between causal relations and laws HighBaother dimension of cau-
sation — namely, the nomological dimension (Figure 2.10).

Let us introduce this problem with a succinct quotation frémoley [65, p. 252]:

There are a number of causal concepts. Some are conceptatafire
between states of affairs (or events). One state of affainses another. Or
it is causally sufficient in the circumstances for another. itGs causally
necessary in the circumstances for the other. Or one statdfaos is, by
itself, causally completely sufficient for another. Or iceusally completely
necessary for the other.

Other causal concepts are of relations between, not sthédaws, but
types of state of affairs. Thus, for example, one type of state fafilf may
be causally sufficient to ensure the existence of a statefaifabf some
other type. Or it may be causally necessary for the existeheestate of
affairs of some other type.

It should not be a great over-simplification then, to idgntihusal relations with
token-causality and causal laws with type-causality, whee latter captures certain
sorts ofregularity or recurrence The question then may be formulated as whether all
specific (individual) causal relationships are instandegaeral (universal) causal laws.
However, as noted by Brother William (in Umberto Eco’s “Thenaof the Rose” [9,

p. 206]),
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... iIf only the sense of the individual is just, the propositibattidentical
causes have identical effects is difficult to prove. A sirtgdely can be cold
or hot, sweet or bitter, wet or dry, in one place — and not inth@oplace.
How can | discover the universal bond that orders all thifigsannot lift

a finger without creating an infinity of new entities? For wstich a move-
ment all the relations of position between my finger and dikeotobjects
change. The relations are the ways in which my mind percéhasonnec-
tions between single entities, but what is the guaranteehisais universal

and stable?

Indeed, this topic “has sown doubts” not only in the learneghEiscan’s mind, but
also in minds of many prominent philosophers.

According to one (reductionist) view, causal laws are primand causal relations
are secondary. This view, shared by a majority of philosophean be expressed e

thesis of the Humean supervenience of causal relaf@bsp. 29]:

The truth values of all singular causal statements areddlgidetermined by
the truth values of statements of causal laws, togethertiwéhruth values

of non-causal statements about particulars.

If this view is correct, then the fundamental concept is tiat causal law. Consider two
possible worlds that agree on all causal laws, and on allaausal properties of, and
relations between, particular states of affairs or evefiteen, according to the reduc-
tionist position, these two worlds must also agree on alkahtelations between states
of affairs or events.

An opposite (singularist) viewpoint, suggesting that ehuslations between states
of affairs are primary, and causal laws are secondary, lsadalen taken. C. J. Ducasse
[8, p. 129], for example, persuasively argued that

The supposition of recurrence is thus wholly irrelevanthte meaning
of cause; that supposition is relevant only to the meaninigwf And re-
currence becomes related at all to causation only when aslaansidered
which happens to be a generalization of facts themselvesduoeally causal
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to begin with. A general proposition concerning such fastsindeed, a
causal law, but it is not causal because general. It is gemexaa law, only

because it is about a class of resembling facts; and it isatan$y because
each of them already happens to be a causal fact individaatlyin its own

right (instead of, as Hume would have it, by right of its comtership with

others in a class of pairs of successive events). The calatibn is essen-
tially a relation between concrete individual events; and only so far as
these events exhibit likeness to others, and can theretogrduped with

them into kinds, that it is possible to pass from individualsal facts to
causal laws.

According to an extreme singularist view, it is possibletieo events or states of affairs
to be causally related without that relation being an instaof any law.

This position allowed C. J. Ducasse to advocate, in partictiiat causal connection
is not an objective connection, and “is not a sensation atball a relation ...which
has individual concrete events for its terms” [8, p. 132]. widwer, it is quite clear
that a particular nomological stand should not commit ona &pecific point in the
ontological-epistemological plane. In other words, it@a imconceivable that causation
is an ontological connection, held (in some domains) prilmhetween states of affairs,
while causal laws are secondaryin short, the nomological aspect of causation is or-
thogonal to the ontological-epistemological plane, andegates another dimension in
the multi-faceted causation space.

One way of reconciling the seemingly polar reductionist amgjularist views was
suggested by Davidson [7, p. 85], who made a distinction éetwknowing there is a
law ‘covering’ two events and knowing what the law is: in mgwi Ducasse is right that
singular causal statements entail no law; Hume is rightttieyt entail there is a law”.

As an aside, we should mention another interesting altemé&t the reductionist
(supervenience) view, on the one hand, and the singulaewst @n the other, proposed
by Tooley as a realist position [65, p. 175]:

Although, then “it must be logically possible to have caustdtions for which there are no covering
laws. Or even for there to be a world that is full of causallgied events, but which is completely anomic”
[65, p. 175].
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For one might hold, first, that causal relatipresupposeinderlying causal
laws — that is, that it is impossible for two states of affard¥e causally re-
lated unless they fall under some causal law — but seconditiether two
states of affairs are causally related need not always hedibgdetermined
by their non-causal properties and relations, togethdr witat causal laws

there are.

In particular, this position is motivated by a possibilifyrmndeterministic laws (“quan-
tum physics seems to lend strong support to the idea thatasie kaws of nature may
well be probabilistic” [66] and hence, indeterministic)aus, one may entertain a view
that “there can be worlds that agree with respect to, firstfahe non-causal properties
of, and relations between, events, secondly, all causa,lawd, thirdly, the direction
of causation, but which disagree with respect to some of #&usal relations between
corresponding events” [66].

To illustrate that this is not just a philosophic finesseugtise a “simple” quantum

theory example, described recently in the popular scierasgazine “Newton” [34]:

Take two uranium atoms and wait. After a while one will emitapha
particle (two protons and two neutrons). The other will nétccording
to our best understanding of the Universe, there is abdglate way to
predict which of the uranium atoms will decay first. We know tralf-life
of uranium from which we can calculate the probability of thecay but
this probability is the same for both atoms. There is no égtinside the
nucleus, no gears, no details, no hidden variables whicke iknew them,
would allow us to predict the time of the radioactive decaye Time of the
decay is unknown and by all indications unknowable. Uraratoms decay
by chance, with a certain probability, but without a causedli&active decay

is an event without a cause.

One may argue that, actually, it may turn out to be the casethiese are some
hidden variables involvéd More importantly, however, an intelligent artificial agen

8As mentioned in the very same article, “before radioagtivids understood, the mysterious rays
emitted by uranium were called alpha particles. We now knloat tlpha particles are made of two
protons and two neutrons.”
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should not be expected to exhibit uniform causal reasonm@lbontological levels.
The cited “Newton” article continued with the following realing propagation: “Alpha
particles tunnel out of uranium nuclei. In nuclear powengdaaround the world, tunnel-
ing alpha particles heat water to steam that turns a turbider@akes 20 per cent of the
world’s electricity”. We believe that this kind of “streaméd” reasoning about quantum,
thermodynamic, economic and other various actions (thlanleo different domains)
sounded intuitive precisely because causation served ap@oximation of some un-
derlying laws (deterministic or otherwise), and not as aifeatation of complex and
interleaving causal laws (deterministic or otherwise).

In any case, the view taken in this work is that the multi-tadecausation space
(Figure 2.10) allows us to better position our semanticamework, while avoiding
commitment to a particular philosophical stand-point. ®Bprecisely, the binary rela-
tion M, defined on information states, is an epistemic construcaddition, whenever
we translate between the causal relatiohand individual causal rules or some rela-
tion(s) defined in terms of fluent-triggered causality, wafgee the translation(s) to the
epistemological dimension in the ontological-epistergalal plane. In other words,
such translations are not intended to reflect on or discosercausal laws, but rather
to re-shape causal relations used by the agent. This is otieeafnderlying reasons
allowing us to entertain a possibility that our motivatingpeoaches can be represented
in a unifying setting: they seem to belong to the same suifatge multi-dimensional
causation space.

This point is important, in our view, not only because soméhefsuggested termi-
nology is misguided (for exampleausal lawsn McCain and Turner’s approach do not
capture type-causality and are not laws as such). More itapily, we wish to avoid
confusion between causal laws (that belong to the nomabgiene) and relations be-
tween epistemic states and sets of epistemic states. Cgrfsidexample, an abstract
relationt> that links sets of world states compatible with differenspoonditions of ac-
tions; in other words;> is defined or2"V x 2. For instance, one may specify] > [es],
wherele| is defined as before to be a subset of stateg/imompatible with the post-
conditions of actiorje]. We do not intend to provide here an intuitive meaning fothsuc
a relation (it is not part of our semantics). We just atteroplitistrate that, although the
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relationt> captures some regularity among states (in particularathstates compatible
with [e;] are related to all states compatible wjth]), this regularity does not relate a
typeof actione; to atypeof actione,.

Von Wright offered a distinction betweearpandblurred pictures of causality [69,
p. 110]. The “sharp” picture emerged when a logico-atomistiucture was proposed
as a “fiction” or “model” of the world, and causal relationsrealefined and studied
in this model. It was contrasted to the “blurred” picture atisality that is “employed
in scientific practice and underlie the causal talk of ndtaral social scientists and
historians“. Not unlike von Wright, we hope that the distions made in the multi-
faceted causation space considered in this section, meytdea better appreciation of
claims “regarding the operations of causality in the welaots$ constituting reality” [69,
p. 110].

2.6 A Simple Augmented Preferential Semantics

The introduction of the causal relatiowt defined on the information state-space com-
pletes our preliminary framework. The only remaining pieea refinement of the
selection function. Our motivation is to retain the prefdi@ style of the semantics
considered earlier, and make use of the causal relatioreisdlection function.
Intuitively, we can trace an agent’s reasoning about am@aetproducing successor
statesRes(w, e) as follows. First of all, some bounded start area (let usitcatjradien)
is determined in the information state-spdte— the agent entertains the states in the
gradient area as the nearest possible information statepatile with the action’s di-
rect effects. Then, the agent begins a propagation fromrtient, driven by the causal
relation M. This propagation may explore the whole state-sgadaut is expected to
reach at least one stable state (an elemefit,gj — otherwise the action is qualified,
and Res(w,e) = (). The length or configuration of the explored causal chaimsilsh
not matter, as the propagation process occurs in the infaymstate-space — in other
words, a real-time aspect of knowledge dynamics is secgrndaur objectives. What is
important, however, is that final state(s) are “stable” arghthable” from the gradient
area. If a projection from such a final state to the stateespecesults in a legitimate
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stater compatible withe (in other wordsy € D N [e]), then the state is a successor
state.

Let M* be the transitive closure of the relatigri. We shall say that an information
states is M-reachable from an information state if and only if M*(«, 3). By a(w)
we again denote any information state such théat(w)) = w. Also, let us refer to
the setnin(<.(w), [¢]') as the gradient area — intuitively, it contains all(,,)-minimal
information states whose projections are compatible viighgost-conditions of action
e. Chapter 7 will elaborate on other possible gradient dedingi

We shall say that a legitimate states a successor state, € Res(w,e), if and
only if r is compatible with the action’s direct effects and is a prtg of some stable
information state, which is\i-reachable from a minimal state in the gradient. More

precisely,
Res(w,e) =DNe]NX({p € Km: M (p,p), wherep € min(<aw), [e]")}).

The set
{peKm: M (p,p), wherep € min(<auw), [e]")}

used in this selection function, contains all stable statesC ., which areM-reachable
from some minimal state in the gradientnin(<.(.), [e]"). Given our density condition
that

DNX(C\ Kry) =0,

we could omit the requiremepte K, in the definition of Res(w, e) — because non-
stable states would not be projected onto legitimate stat€&sanyway. But it is more
intuitive to consider only stabld{-reachable states to begin with.

In any case, this definition clearly separates aspects afmality and causality in
our semantics — the former is captured by a preferentiat&tra© and the latter by
a binary relationM. We claim therefore, that both minimal change and causatien
essential in furnishing a concise solution to the frame amdification problems.

In summary, our first (simple) version of @augmented preferential semantican
be presented by a tupl@V, D, I', £, O, M), where

e VWV is the set of world states;



52 CHAPTER 2. FRAMEWORK

D is the set of legitimate world states;

I is the set of information states;

£ is the set of actions;

O is the preferential structure dn x I' (the set of orderings<,, defined with
respect to each information statec I);

e M is the causal binary relation dhx I,
together with the functions

e post-conditiore] : & — 2";

e projectionP(~) : ' = W;

e selectionRes(w,e) : W x & — 2.

Let us briefly analyse, at this stage, an extreme possikii&y?D = )V, meaning
that, whatever underlying (non-causal) laws apply in thendim under consideration,
they do not constrain the set of world statésat all (more intuitively, this particular
domain is anomié) In this case, the density condition

DNXT\Kum) =0,
ensures that
WNXT\Ky) =0.

Furthermore, using properties of set-projectionwe recall that
W =X (Kp) UX([T\ Kpm),

leading to the conclusion
W =X(Knm).

In other words, every world state is a projection of somelstaiformation state, and
not an unstable state.

9Although we specified earlier, in Section 2.2.1, that W, the curious possibilitfP = W deserves
some attention.
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Therefore, there cannot be any unstable information stategherwise, such a state
would have to be projected “outside” of the world state-gpatence,

I'=Kum,

meaning that every (stable) statetriwially stable — it is not related by means of the
relation M with any other information state (neither as cause nor a&cgff We can
conclude that in this anomic domain there cannot be any teeistions at all, and the
relation M is empty.

Another distinct class of domains contains domains whdrkegikimate states are
projections of only trivially stable information statesth@mugh the relation\ does not
have to be empty. In other words, stable statéisat appear as effects in paikd («, 3)
are always projected in this domain onto illegitimate staté/e shall refer to such do-
mains ascausally trivialdomains — because there is no way to use causality in manip-
ulating legitimate states. On the contrary, iicausally non-trivial domainthere is at
least one legitimate world state that is a projection of atnerally stable state.

One more interesting class of domains can be specified bggett

D= X(Ku).

This extreme case of the density condition is referred thasdmpactnesproperty and
is discussed further in Chapter 7.

Further chapters will also highlight another interestisgect of propagation-driven
ramifications:context-sensitivityresulting in a multiplicity of possible gradients, and a
means for their choice. However, we believe that this aspettonly be analysed after
a thorough analysis of our motivating approaches. The ntgkapter merely sets a
framework, and hence, we shall follow only with brief oudélgof these approaches and
a sketch of ggeneral augmented preferential semantics

2.7 McCain and Turner’s Causal Fixed-points Approach

In this section we sketch McCain and Turner’s [37] causalphebactions. In so doing
we shall introduce some further notation that will be usdéulthe remainder of the
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work. Let F be a finite set of symbols from a fixed langudgecalled fluent names. A
fluent literalis either a fluent nam¢ €  or its negation, denoted byf. Let L - be
the set of all fluent literals defined over the set of fluent ra/eA maximal consistent
set of fluent literals is called atate For convenience, we will denote the set of all
states a3V (identifying it with the set of world states in our framewrkVe shall call
the numberm of fluent names inF the dimension o). By [¢] we denote all states
consistent with the sentengec B (i.e., [¢] = {w € W : w  ¢}). Obviously, our
intention is to identify{¢] with the post-conditions of the action specifyin@gs its direct
effects. Domain constraints are sentences which have tatisfied in all states.

McCain and Turner introduce a new connecti¥eto denote a causal relationship
between sentencesandq of the underlying languagB. This allows for expressions of
the form¢ = v (where¢, ¢ € B) which are termedausal lawgor causal rules— we
prefer the latter term, for the reasons mentioned earldgkting of=- is not permitted.
For the sake of simplicity we shall assume here that the adest of any causal rule is
consistent. A set of causal rulélis referred to as aausal systemGiven any set of
sentenced C B and a causal syste®, the (causallosureof A in Q is denoted”o(A)
and defined to be the smallest superset @losed under classical logical consequence
such that for anyp = ¢ € Q, if ¢ € Cgo(A), theny € Co(A). We also say that
causally impliegp with respect taQ if and only if € C'o(A) and denote this a |~ ¢.
Any stater is legitimate with respect tQ if and only if r = Co(r) N L x. Thatiis, a
state is legitimate if and only if it does not contravene aaysal laws 0©.

McCain and Turner’s aim is to determine the set of possibleltast (or successor)
statesResg(w, e) given an initial statev and the direct effects (or post-conditions) of
an action represented by the sentea¢eé Formally speaking, we have for any causal
system@ a function Resg mapping a legitimate (initial) state and sentence (direct
effects) to the set of statd&sg(w, e) according to the definition [37]:

r € Reso(w,e)iff r={p€ Ly: (wnr)U{e} gp}

We often refer to the elements ks (w, e) ascausal fixed-pointsNote that it follows

Here we refer to actions only through their direct effecta@#ons play no direct role in McCain and
Turner’s framework.
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from this definition that ifr € Resg(w,e), thenr € [e] (i.e., r must satisfy the direct
effects of the action). Intuitively speaking, the elemeasft&esg(w, e) are simply those
e-states where all changes with respecutean be justified by the underlying causal
system. In short, every literal in the successor state meiSekplained” either as per-
sisting through the action, or as a direct effect, or as aataamification of other literals
of the successor state.

It was emphasised previously that this definition captunescausal minimisation
policy: the world changes as little agcessaryvhen an action is performed. Clearly,
we would need to clarify exactly where and how the Principie®inimal and Causal
Change interact in the definition dfesg(w, e), before providing a preferential-style
semantics (augmented or otherwise) for causal fixed-poliis will be done in Chapter
4. Here, however, we just make a very promising observation:

Reso(w, e) C Resg(w, e) C Res;(w,e),

for every statev € VW and actiore, if the selection function®esy(w, ¢) andRes; (w, €)
employ the PMA ordering. In other words, a causal fixed-palways lies “between” the
first and second boundaries of successor states. Figureeisits the earlier example
of Figure 2.7, and illustrates potential causal fixed-mointhe area bounded by a dotted
line.

2.8 Thielscher’'s Approach of Causal Relationships

In this section we briefly review Thielscher’s [63] causdat®nships approach, while
reusing some notation from the previous section. We willphdmiom Thielscher [63]
the following notation. Ife € L r, then|¢| denotes itsaffirmative componenthat is,
|f| = |-f|] = f, wheref € F. This notation can be extended to sets of fluent literals as
follows: |S| = {|f] : f € S}.

Thielscher’s [63] causal theory of action consists of twanmm@mponentsaction
lawswhich describe the direct effects of actions performed iivargstate, andausal

relationshipswhich determine the indirect effects of actions. Everyactaw!!' contains

1 Again, action laws should be more appropriately calledoactiles.
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Figure 2.11: Only the statgsandg, lying on the second boundary, can be causal fixed-
points: Resg(w, e) C {p, q}.
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a conditionC', which is a set of fluent literals, all of which must be conéadrin an initial
state where the action is intended to be applied; and a {fieéflect £/, which is also a
set of fluent literals, all of which must hold in the resultistgte after having applied the
action. Condition and effect are constructed from the sarnefd&uent names so that
the state obtained from a direct effect is determined by xémga” from the initial state
and addingF to the result. An action may result in a number of state ttaoms.

Definition 2.8.1 Let F be the set of fluent names and J&tbe a finite set of symbols
called action names, such thatn A = (). An action law is a triple(C, a, E) whereC,
called condition and F, calledeffect are individually consistent sets of fluent literals,
composed of the very same set of fluent names|@ies~ |E|) anda € A. If wis a
state, then an action law = (C, a, E) is applicable inw iff C' C w. The application of
a tow yields the stat¢w \ C') U E' (where\ denotes set subtraction).

Causal relationships are specified asausesp if ®, where e and p are fluent
literals and® is a fluent formula based on the set of fluent nanfesAnother important
instrumental concept is a state-effect pairF) containing a state and a set of fluent
literals £. The second component is used to “record” a (partial) hysbdfluents that
changed their values in transitions leading to the statesgmted by the first component
of the pair — more precisely, the “history” contains only tatest (current) values of all
the changed fluents, making it a snapshot of current effects.

Definition 2.8.2 Let(s, £') be a pair consisting of a stateand a set of fluent literal'.
Then a causal relationshipcauses if ¢ is applicable to(s, E) iff A —pis true ins,
ande € E. Its application yields the paifs’, £’), denoted ass, E') ~ (s', E’), where
s' = (s\{=p}) U{p} and E" = (E'\ {-p}) U {p}.

In other words, a causal relationship is applicablé ifiolds at the current state the
indirect effectp is false and the caugds among the current effects. Note thate must
be among the current effects; being true at the current istatgt sufficient.

A possiblesuccessor statis determined through the repeated application of causal
relationships. In so doing we may temporarily end up in statelating domain con-
straints. This is permissible only if subsequent applaratiof causal laws result in legal
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states. Specifically, given an initial stateand actiona, the set of possible successor

statesResgp.(w, a) is determined as follows.

Definition 2.8.3 Let F be the set of fluent namesg,a set of action nameg; a set of
action laws,D a set of domain constraints, and a set of causal relationships. Fur-
thermore, letw be a state satisfying and leta € A be an action name. A stateis

a successor statef w anda, denoted- € Resrpc(w, a), iff there exists an applicable
(with respect tav) action lawa = (C,a, E) € L such that

1. (w\C)UE,E) < (r, E') for someE’, and
2. r satisfiesD,

where ~» denotes the transitive closure of.

As mentioned before, the occurrence of a literéh a states does not guarantee
that a causal relationship causesy if ¢ is applicable to a paifs, F) — to ensure
applicability, the literak has to belong to the current effedis That is why, in order
to trace causal propagation with causal relationshipsneeels to keep an explicit (and
changing) account of context-dependent effects of actions

The description in this section is only an outline, and theseh relationship ap-
proach will be further investigated in Chapter 5. At this stag just observe (following
Thielscher [63]) that, given a simple construction of chustationships from causal
rules, every causal fixed-point is a successor accordingacaausal relationship ap-
proach (but not vice versa).

2.9 Sandewall's Causal Propagation Semantics

The causal propagation semanttcgtroduced by Sandewall [56], uses the following
basic concepts (we deliberately change some notation ier dodprovide better links
with our framework). The set of possible states of the wdddned as the Power-set of
state variables, is denoted @& £ is the set of possible actions. The causal propagation

121n some earlier papers it was called th@nsition cascade semantics
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semantics extends a basic state transition semantics vadusal transition relation
The causal transition relatiafl is a non-reflexive relation on statesif. A stater is
calledstableif it does not have any successosuch that”(r, s); we will denote the set
of stable world state§r € W : —=3s € W, C(r, s)} asS,.. Another componen®, is a
set of admitted states chosen as a subsét.oThe setD may or may not be chosen to
contain all the stable states — in other words, some staslessinay not be admitted.

Another important concept, introduced by Sandewall, ia@ron invocatiorrelation
G(e,r,7"), wheree € £ is an actiony is the state where the actieris invoked, and”’
is “the new state where the instrumental part of the actiadeen executed” [56]. In
other words, the staté satisfies the direct effects of the actiant is required that every
action is always invokable, that is, for every £ andr € WV there must be at least one
r’" such thatG(e, r,’) holds. Of course, this requirement does not mean to guarante
that every action results in an admitted state — on the contitae intention is to trace
the indirect effects of the action, possibly reaching an iidoh (and, therefore, stable)
state.

A finite (the infinite case is omitted) transition chain fortatew € D and an action
e € £ is afinite sequence of states ro, ..., (1), whereG(e, w, ) andC(r;, r;41) for
everyi,1 < i < k, and wherer,, is a stable state. The last element of a finite transition
chain is called a result state of actieperformed in state.

These basic concepts define agtion systenas a tupleW, &, C, D, G). The fol-
lowing definition strengthens action systems based on theat@ropagation semantics.

Definition 2.9.1 If three statesw, p, ¢ are given, we say that the pair, ¢ respectsw,
denoted as<,,(p, q), if and only if p(f) # q(f) impliesp(f) = w(f) for every state
variable f that is defined inV, wherer(f) is the valuation of variablg in stater.

An action systenW, £, C, D, G) is called respectful if and only if, for every € D,
everye € &, w is respected by every pait, ;.1 in every transition chain (for the state
w), and the last element of the chain is a membep of

According to Sandewall [56], respectful action systemdsrtended to ensure that in
each transition there cannot be changes in state variabiek Wave changed previously
upon invocation or in the causal propagation sequence. rEajgirement, of course,
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guarantees that a resultant state is always consistenthveittiirect effects of the action
(which cannot be cancelled by indirect ones), and that the¥eno cycles in transition
chains.

As with many other state transition action systems, theniida is to characterise a
result state in terms of an initial stateand actiore, without “referring explicitly to the
details of the intermediate states” [56]. In other wordis @tesirable to define a selection
function Res(w, a). For a respectful action systefW, £, C, D, (), a selection function
can be given as

Rescpa(w,e) = {r, € D: G(w,e,ry),C(ri,riv1), <w(ri,riv1), 1 <i < k}.

While there are certain similarities between the causal ggapon semantics and
our augmented preferential semantics (including compisrerch a3V, £, D, and the
causal transition relation), it is not obvious that they niefihe same successor states.
In particular, the Principal of Minimal Change is not exgdlici the causal propagation
semantics. In Chapter 6 we shall discover what role is playedimimality in this
semantics, being non-trivially masked by the invocatidatren.

2.10 Towards a General Augmented Preferential Seman-
tics

Conciseness and intuitive representation were two primajgctives motivating our
simple augmented preferential semantics outlined eailies possible to demonstrate
that such a semantics can be generalised and cover the tmgfiegproaches, while
staying on a technical logical level. However, it would bed#cial to show that there
are common assumptions made in these different proposabilosophic level — in
particular, with respect to causation. Then, a unified seiceawould provide additional
insights into the views on causation, shared by these apipesa

2.10.1 Direction of Causation and Causal Priority

One particular property of causation that is definitely ated by the three approaches
under consideration (and by a clear majority of other actz)urs unidirectionality of



2.10. TOWARDS A GENERAL AUGMENTED PREFERENTIAL SEMANTICS61

causation. This property is reflected in the asymmetry cmmd{M): if the (informa-
tion) state of affairsy causes the (information) state of affaitsthen it cannot be the
case thati causesy.

Another important aspect of causal relations is that théyean ordering otausal
priority [65]. In other words, causes are prior to their effects ahdnée presupposes a
temporal ordering, causes cannot succeed their effedts@ t

There are, of course, some accounts that disagree thatscaws be prior to their
effects. For example, Lewis [25] argued against this prigpbecause “it rejects priori
certain legitimate physical hypotheses that posit bactgvar simultaneous causation”.
This position was criticised by Shoham [60] on the groundd tbur intuitions about
causation seem intimately bound to temporal precedence’;\ae should be wary of
philosophical theories which flatly contradict human itian, especially when dealing
with concepts which we use regularly in everyday life”. Letelaborate on this point
further, with the remarks, made in a recent Umberto Eco gd4€ayp. 184], on “the sorts
of reasoning we find in Phaedrus’s fable of the wolf and théblamwhich it is said that
the lamb, by drinking downstream of the wolf, disturbs hinhass drinking upstream”.

Eco argues that

| am not claiming that there is only one arrow of time. Thereyrha more
than we believe. Thinking along the same lines, | would naitclthat there
is one sort of geometry, Euclidian geometry, because threrenany other
sorts. All I would claim is that in daily life, when we have taiing a picture
on a wall, we must follow Euclidian geometry and not Lobadckgis, and
if we ask at what time the fast train from Paris which left ateseo’clock
will arrive in Lyon, we have to think in terms of the time whiclur clocks
obey and not in terms of Bergson’s internal time consciousnes

and follows with a pragmatic conclusion: “This leads me toqmunce judgement: the
lamb cannot disturb the wolf’s water. Case closed.”

Causal priority is not necessarily captured by causal asymnas, for example,
pointed out by Tooley [65, p. 179]. Tooley considers the atre¢of causal relation that
Is necessarily transitive (in addition to being asymmetidnd a strict partial ordering
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defined by this relation on states of affairs:

But if R is any asymmetric and transitive relation, then the investaion,
R*, is also asymmetric and transitive, and it generates arriagléhat is
indistinguishable from that generated By except that it is opposite in di-
rection. This means that any satisfactory account of cgusaity, in addi-
tion to explaining the asymmetry of causal relations, misst aupply some
account of why it is thelirectiondefined by those relations, rather than that
defined by the inverse relations, thathe direction of causal processes.

Our motivating approaches do not explicitly use a tempordénng, and therefore,
we would like to capture the property of causal priority witih relying on some notion
of temporal priority. Moreover, many philosophers haveuad)that causal concepts
are more basic than temporal ones, and have tried to andlgdatter in terms of the
former. For instance, D. H. Mellor [42] posed the questiohhé cause-effect relation
has no preferred spatial dimension. Why then does it have paeone?”, and argued
that “causation is what distinguishes time from space awelsgi its direction: in short,
that time is the causal dimension of spacetime”.

Fortunately, our framework already includes a conditicat thnay help us in iden-
tifying the causal priority (at least, for non causally talvdomains). This surprisingly
helpful condition is the requirement that

DNXT\Kp) =0,

Let us show that this density condition affects causal fiyier in particular, it prevents
the reversal described by Tooley [65]. Consider a causalfytrivial domairt®. Since
the domain is not causally trivial, there is at least onetiegite world state that is a
projection of a non trivially stable state. Lete D be such a state. In other words, there
must be at least two information stateandg, such thatM («, 3), wheres € K, and
P(B) = w.

13To reiterate, a non trivially stable state is related by nsezfithe relationM with some other infor-
mation state; in a causally non-trivial domain there is ast@ne legitimate world state that is a projection
of a non trivially stable state.
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Let the relationM* be the inverse ofM. HenceM* (3, ), and( is not a stable
state with respect td1*. We obtain thats ¢ Kx, i.e. 5 € I'\ Kyx. If causal
priority is not enforced (i.e., the inverse relation is assa as the original), then the
relation M * should also satisfy the requirement

This condition and the observation thiat I'\ Ky« lead to the conclusion th&(j5) ¢
D, or in other wordsyw = P() is not a legitimate state. This is a contradiction with our
assumption thai € D. In other words, the density condition

DNX[T\Kyx)=0

where M* is the inverse relation for a givevt, can not hold in a non causally trivial
domain.

This fact distinguishes relations1 and M*, and establishes causal priority. Put
simply, causal priority would not matter in causally trivilbmains, because then rever-
sals of causal relations would not affect legitimate statebselection functions.

2.10.2 Causal Propagation and Context-sensitivity of Causation

A closely related topic is the notion gausal efficacynot only are causes prior to their
effects but they also “produce” their effects. Followingw/right [69, p. 118]:

What makes a cause-factor relative to the effect-factois, | shall main-
tain, the fact that bynanipulatingp, i.e., by producing changes in it ‘at will’
as we say, we could bring about changeg.ifThis applies both to cause-
factors which are sufficient and those which are necessamyitions of the
corresponding effect-factor.

Causal efficacy and other properties of causation, suchediekivity, unidirectional-
ity (asymmetry), and priority, provide grounds for causagagation along the relation
M. In other words, the intuition behind(«, ) and M(, v) is that by triggering the
information statex, we could bring about changes reflected in the informatiatest,
and that, in turn, produces changes representedand so on.
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One particular shortcoming of causal unidirectionalityhiat it “disregards the fact
that all known actions are accompanied or followed by reasti that is, that the effect
always reacts back on the input unless the latter has ceasibkt” [5]. As mentioned
by Bunge in the same work, causality may be a good approximatteen there is a
strong dependence of the effect upon its cause, with a rigligligackward reaction,
and “whenever the cause has ceased existing”. However,dim¢ that we pursue is
that causal propagation in the (higher-dimensional) imfation state-space is precisely
the tool enabling better approximation, and so it could hametely free of backward
reaction. In short, in terms of the relatiovi, an information state should not react back
upon a previous transition state (negligibly or otherwise)f there is a reaction to be
accounted for, it should be represented by other acyclisalainains in the information
state-space.

An appealing analysis of necessity and sufficiency of caus#srespect to their
effects was given by Mackie [36]. Although this account iteafcriticised, it certainly
captures the problem intuitively. Instead of defining cause necessary and/or suffi-
cient conditions, Mackie proposes that, in the relatiocauses:’, the cause: can be
typically represented as “dnsufficientbut necessarypart of a condition which is itself
unnecessarput sufficientfor the result* [36] — the INUS condition. More precisely, *
causes’ whenever(c A z) V y is a necessary and sufficient condition fofor somex
andy, where neither, x or y is redundant. A frequently cited example, suggested by
Mackie in the original work, is the example of a short cir@aid to have caused a fire,
in the presence of inflammable material, the absence ofldyigdaced sprinkler, and
other relevant conditions. These unnecessary conditi@me sufficient when combined
with the short circuitc, which by itself is insufficient. The fire can start in otherysa
y as well (eg., “overturning of a lighted oil stove”) — that iw(c A z) V y becomes
necessary and sufficient.

Shoham [60] supported the intuitive distinction betweeumsegc and other relevant
enabling conditions, but criticised the INUS condition as being too weak formallhe
main difference between Mackie’s account and Shoham’skwneilvn formalisationthe
logic of chronological ignorancewas described by Shoham as follows:
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...through the use of modal logic, | made those other camttsecondary:
whereas causes need to be known (i.e. theydacenditions), it is sufficient
that the “enabling” conditions not be known to be false (iteey ared-
conditions).

At this stage, we would like to point out that causal rules\ >z O Oe, employed by
the logic of chronological ignorance, or INUS conditiongieneral, presuppose causal
propagation — in some sense. Mackie mentioned “some lineain®f causation, some
continuous causal process” [35], while the logic of chrogatal ignorance used “an
effective procedure. . starting with knowledge of only tautologies prior to the lesst
point ... and then iteratively progressing in time, adding only kremige. .. that is
necessitated by prior knowledge and ignorance”, whileggkig irrelevant points [59].

We maintain that causal propagation is employed, as a maegdoring the in-
formation state-space in a search for necessary and/ocisafficonditions, in all our
motivating approaches, outlined above in sections 2.7 — ZKs might seem to be
more obvious in Sandewall’s and Thielscher's approaches,far less so in McCain
and Turner’s formalisation. Nevertheless, we intend tansti@at forces producing suc-
cessor states are quite similar in all these frameworks. &\thié similarities can be
explained by common assumptions with respect to the nafuwausality and minimal-
ity, the differences, we believe, are due to different waykdndle theontext-sensitive
nature of causal propagation.

Causal propagation is a powerful mechanism, enabling efficieiform reasoning
about actions and their ramifications. However, a propagatrocess typically takes
place against a backgroundgausal field The notion of causal field is well-known — it
was introduced by Anderson [1], and used by Mackie [36]. Indeaang about Action,
causal field is usually understood as “the causal theomtivelto which causal relations
either do or do not hold” [60].

It would be surprising if the causal theories maintainedigthree approaches under
consideration set identical “causal fields”. While all thepproaches treat causation as
a context-sensitivar{dexica) phenomenon, they use causal context differently.
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The causal theories of McCain and Turner “warp” simple prepiag by restricting
successor states to causal fixed-points. The causal redhtps of Thielscher create
causal histories that affect simple propagation, becdgsprocess must keep an account
of all changes. The causal propagation of Sandewall isduinib respectful systems
(trajectories) in a sensitive way as well.

We propose to capture context-sensitivity by specifyind eimoosing different gra-
dient functions, employed by our semantics. These funstwould combine and blend
causality and minimality in various ways. Some gradientiod® would capture con-
textual information leading exclusively to fixed-pointense would allow an agent to
propagate in the information state-space that embeds|daissaries, and some would
constrain minimality metrics leaving only respectful &etiories possible.

We shall describe these and other gradient choices later Shapter 7, where a
general unifying semantics based on preferential and taelsdions (defined on the

information state-space) will be proposed.

2.10.3 Summary of Primitives and Notation

In this section, we summarise some of the terminology anatioot that will prove useful

throughout this dissertation.

Syntax-dependent definitions

e Fis afinite set of symbols from a fixed langua§ecalled fluent names.

A fluent literal is either a fluent namge F or its negation, denoted byf.

Lr is the set of all fluent literals defined over the set of fluemhes.

A sets of literals is consistent if and only if it does not contairttog and—f, for
some literalf.

A state is a maximal consistent set of fluent literals.

The set of all states is denot®ul.

The number of fluent names jA is the dimension of the set of all staf@dg.
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By [¢] we denote all states consistent with the senteneel:

0] ={weW:wk ¢}

Domain constraints are sentences which have to be satisfabstates.

If ¢ € Lz, thenl|e| denotes its affirmative component, thatig|, = [—f| = f,
wheref € F.

For a sets of fluent literals,|s| = {|f] : f € s}.

A connective=- denotes a causal rule between sentenaasly of the underlying
languages.

A set of causal rule® is a causal system.

For a set of sentences C B and a causal systed, the causal closure of
in Q, denoted”o(A), is the smallest superset dfclosed under classical logical
consequence such that for apy= ¢ € Q, if p € Co(A), theny € Co(A).

A causally impliesp with respect toQ (denoted as\ |~ ¢), if and only if ¢ €
Co(A).

A causal relationship is specified asausesp if ®, wheree and p are fluent
literals and @ is a fluent formula based on the set of fluent nanfés

A causal relationship causeg if ® is applicable tqs, E) if and only if ® A —p
is true ins, ande € E. Its application yields the pais’, £’), denoted as

(s, E)~ (s, E'),
wheres' = (s \ {=p}) U {p} andE’ = (E'\ {-p}) U {p}.
5 denotes the transitive closure-of.

For statesw, p, ¢, the pairp, ¢ respectsv, denoted asi,,(p, ¢), if and only if

p(f) # q(f) implies p(f) = w(f)
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for every fluentf, wherer(f) is a valuation of flueny in stater-.

e The symmetric difference between two statesndy is the seDiff(z,y) = (z \
y)U(y\ ).

e A statey is preferred to a statein terms of the PMA ordering ., denoted; <, z,
if and only if Diff(x, y) C Diff(z, z).

Syntax-independent definitions

e MV is the finite set of world states.

D is the finite set of legitimate world states.

T is the finite set of information states.

£ is the finite set of actions.

O is the preferential structure dn x I' (the set of orderings<,, defined with
respect to each information statec I).

e M is the causal binary relation dnhx I.
e M* is the transitive closure of the relatiow.

e K, is the finite set of stable information states

{pel:=3gel, M(p,q)}.

e Post-condition functiorfe] : & — 2V.
e Selection functionRes(w,e) : W x & — 2.
e Projection functiorP(y) : I' — W.

e Set-projection functioit : 2I' — 2"V is defined as follows:

X({71, - m}) ={P)} U ... U{P(m)}-
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D' is defined agy € ' : P(v) € D}.

[e]" is defined agy € ' : P(v) € [e]}.

For a setd, we definenin(<,, A) as a subset ofl containing states nearest to the

stater in terms of the ordering:,

min(<,, A)={peA: g€ A, q¢#p, q¢<.p}.

A states is <,-minimal in A if and only if s € min(<,, A).
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Chapter 3

Inertia and Causality in Action
Languages

Action theories recently developed in the framework of @ttianguages with inertia
and ramifications [15, 19, 18, 21, 23, 31, 67] not only adoptRhinciple of Minimal
Change reinforced with the policy of categorisation (agsigifferent degrees of in-
ertia to language elements), but also try to incorporaté&dpacind causal knowledge.
In this chapter we aim to trace the evolution of action lamggsaand to explore inter-
actions between diverse characteristics of action dongiok as inertia and causality.
This analysis should clarify how possible solutions to thanfke and the Ramification
problems are affected by applying the policy of categowsato causal domains. We
first attempt to identify conditions which preserve the megrof domain descriptions
when moving across various analysed languages. Relaxisg tlestrictions can help
in evaluating the role of the frame concept (and policy oegatisation, in general) in
action languages with causality. This investigation, agtioeed earlier, is not related
directly to our search of a unifying semantics, but is a ne&gsstep permitting us to
dismiss a particular categorisation policy in action tihe®pperating with causality.

3.1 Background

As was discussed earlier, an adequate reasoning systertd &ieocapable of inferring
both direct and indirect consequences of an action, as welleserve inertial properties
of the domain in question — in other words, it should resoheErame and Ramifica-

71
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tion problems. Various logic-based investigations of éheoblems have demonstrated
that in order to deduce the (indirect) effects of actions iiecessary tefficientlyrepre-
sent background domain knowledge. For instance, in thedwaork of first-order logic
and its non-monotonic extensions, representation of backgl knowledge in the form
of domain constraints [17] is more economical than exptlescription of actions con-
sequences such as in STRIPS [11].

Action languages with inertia and ramifications [23, 18,29,explicitly use the idea
of minimising change in order to deduce the set of possibtéstates (successor states).
The notion of minimal change is usually defined by set indaosand incorporates the
concept of frame, assigning different degrees of inertilmbguage elements (fluents,
literals, formulae, etc.). For example, in [18] it is notéat “if £ is not a frame fluent
then it is not expected to keep its old value after perfornaingction, so that the change
in its value is disregarded”. In addition, as we have obskmeChapter 2, some action
theories embody background information in the form of donfaausal laws” — it was
successfully argued in many publications [4, 33, 37, 671, tllageneral, propositions
embracing causal dependencies are “more expressive #iditidnal state constraints”
[67].

Following the discussion in the previous chapter on actiggered and fluent-
triggered causality, we shall try, in this chapter, to hight possible areas of interaction
between two particular characteristics of action domaingertia and causality — and
address the following questions:

e is there any gain in classifying fluents as inertial and neriial in the framework
of action languages with fluent-triggered causality (faaisality) and, if yes, un-
der what conditions;

e how does it affect possible solutions to the Ramification |enwb

We believe that the best way to proceed towards this goaltrate the evolution of
action languages.
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3.2 Evolution of Action Languages

As mentioned in [31], the original idea behind introducingien languages was to
present a methodology enabling translations from a spsedlaction language to a
general-purpose formalism, such as a non-monotonic reagsgstem based on first-
order logic. A domain described in the first action languag@ 5], for instance, can be
translated [21] into a logic programming language or in® ¢ivcumscriptive approach
of Baker [2]. Similarly, [23] presented a translation fro4fR », another action language,
into the formalism of nested abnormality theories [30]. didiéion, subsequent research
has shown that strict syntax and rigorous state transitiechanisms of action languages
makes them a useful tool for understanding different aspafateasoning about action.
Ideally, “defining action languages, comparing them andystg their properties” [31]
can help in “capturing our commonsense intuitions aboutwhele family of action
domains expressible in the language” [67].

3.2.1 AR Languages

Following the survey of action languages presented in [#8]us consider the oldest
and most developed branch of the “evolutionary tree” ofaactanguages, that can be

represented as follows:
A— AR — ARp — AR — ARD.

The possibility of ramifications is the main feature of al R"-dialects of A [23].
We shall treat theAR~ language [21] as the evolutionary predecessor of the lajggua
ARo [23]. Syntactically, AR~ is a subset 0AR». But more importantly, the class of
domains expressible AR~ is contained in the class of domains expressibleliRe.
The notion of expanding expressibility of action languaged classes of domains is
central to ordering the languages and constructing the tree

All the A-branched languages (including the original one) are depzllescribing
domains with deterministic actions, truth-valued fluemtgrtia, and action-triggered
causality. In addition, they evolve by expanding a domagim&perties as shown in the

following table:
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Al AR | ARp | AR | ARD
dependent fluents *
non-truth valued fluents * *
non-deterministic actions * * *
inertial (frame) fluents * * * *
state (domain) constraints * * * *

In general, expanding the expressibility of the languagessdot guarantee an en-
largement of the corresponding classes of domains. Nesleg$, in the analysed evolu-
tionary branch one can observe that such a process is aht@astiminishing:

e AR~ adds inertial (frame) fluents and domain constraintgta.e., “A domains
can be thought of as a special case of determindfic- domains where there are
no constraints” [22];

e AR broadens the classes of deterministic and temporal projeection do-
mains expressible illR~ by introducing simple forms of non-determinism;

e AR [18] introduces new language elements (non-propositibnahts) but “pre-
serves the meaning” [18] of a domain descriptipn

e the contribution ofARD [19] is not only in showing how to represent “non-
persistent ramifications” but also in introducing “a higtoin the language —
opening a way to formalise some of the action domains witlpttletical reason-

ing”.
3.2.2 AC Languages

The AR-languages use state (domain) constraints to represekgioand knowledge.
These constraints usually restrict the set of possiblest@id produce indirect effects
of actions. All AC-languages (named after the languatigintroduced by Turner [67])
feature fluent-triggered (fact) causality in both thesesol

lin addition, the influence propositions ofR are supposed to correctRo’s handling of non-
deterministic actions.
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AC follows the approach of representing causal backgroundvlauge that was
proposed by McCain and Turner in [37] and was not formaliseanaaction language.
Nevertheless, it is straightforward to describe an acamguage called, let us sa§Co,
based on the approach constructed in [37] that can serveagyanof the AC-languages
branch. Formal description 0fC» will be given in the next section.

As an action languagedC is modelled after a propositional version of the language
AR it incorporates the idea of inertial fluents and the notibman-determinism. In
this chapter we propose to augment the basic langu@e incrementally: first, by
adding the concept of a frame, and then, by extending it todedarministic action
domains. In other words, we propose to consider yet anotioses ofAC: the language
AC~ that takes the intermediate place betwgkh, and.AC. This suggestion has a dual
purpose — to present the evolution in a more systematic wayaanswer the questions
regarding the role of the frame concept.

The evolution along thelC-line can be represented then in the following table:

ACO AC— | AC
non-deterministic actions *
inertial (frame) fluents * *
fluent-triggered causality * * *

The evolutionary tree of action languages is shown in FiQuie Since the propo-
sitional version ofAR differs from AR, (different meaning of “release”/ “possibly
changes” propositions), the “propositiondR” has been identified as the missing link
of evolution that improves handling of non-deterministitians compared tolR .

In addition, the tree includes a family of languages withfilaene concept and fact
causality introduced by Lifschitz in [31]. These languagescribe deterministic ac-
tion domains: the DL;; + (QLP” language is aimed at temporal projection problems
and the DL,; + QL*" language — at temporal explanation problems. Althougls¢he
two languages allow us to represent non-propositional fufgam the moment of their
appearance, it is quite natural to assume that the evoaryanee might include their
propositional counterparts as well.
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ARD
+ dependent fluents
AC AR
+ non-determinisr + non-truth-valued
fluents
DL, + QL® DL, + QL® propositional AR
+ non-truth-value + revised
fluents non-determinism
AC” propositional propositional AR
DL, + QL° DL, + QL®

+ non-determinism

AR’

+ frame concep:

N .
fluent-triggered + frame concept

causality + domain constraint:
AC, A
¢ inertia e inertia
¢ determinism * determinism
» action-triggered causality » action-triggered causality

« fluent-triggered causality

Figure 3.1: Evolutionary tree of action languages.
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3.3 A Comparison betweenACy and AC~ Languages
3.3.1 TheACp Language
Following [37, 67], we define thelCy language by
e a non-empty set of symbolg, that are called fluent names, or fluents and
e a non-empty set of symbods that are called action names, or actions.

In other words, thedCy language is defined by its signatycg, £). A fluent formula is
a propositional combination of fluents. A fluent literal isexpressionf or —f, where
f is a fluent name. AAC» domain description consists of

e value propositions v after II,

wherey is a fluent formula andl is a string of actions. Il is an empty string,
then a value proposition is abbreviated as

initially ¢;
¢ sufficiency propositions  suffices fory

whereyp andy are fluent formulae. Sometimes, a sufficiency propositi@blzre-
viated asp /1. Another abbreviation

alwaysvy
stands for Truesuffices fory,
e effect propositions A causesp if ¥,

whereA is an action front, andy and+ are fluent formulae.

A detailed description of thelCy» language can be easily obtained from the corre-

sponding description of thdC language [67]. For our purposes it is sufficient to remark

that
e ()is a set of propositions;

e Qs the set of all sufficiency propositiogs/+) contained ir(2;
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e for a setA of formulae and the sef of sufficiency propositions we define the
closure of a sef\ underQ, denotedCng(A), to be the smallest set of formulae
such that:

a) Cng(A) containgA;
b) Cng(A) is closed under classical deduction;

c)forallg/y € Q, if ¢ € Cng(A) theny € Cng(A);
we write A |~ ¢ to denote thap € Cng(A);

e a maximal set of fluent literals is a state if'n(s) is closed unde®: Cn(s) =
Cng(s);

e F(s,A)is the set of fluent formulag for which there is an effect proposition
A causesp if ¢

in 2 such thats satisfies).
We say that an actioA is prohibited in a state if there is an effect proposition
A causedalseif

in © such thats satisfies). Consequently, a séf = E(s, A) is an explicit effect ofA
ats if A is not prohibited irs.
Finally, a states’ may result from doingd in s if there is an explicit effecty of A in
s such that
Cn(s') = Cng((sNs)UE) (3.1)

Intuitively, a states’ specified by this condition satisfies explicit effédctand contains
as few changes with respectd@s possibly justifiable by the underlying causal “laws”
(sufficiency propositions) i®. In other words, any change fromto s’ must be “ex-
plained” by causal laws applied (as inference rules) toieixpffects and unchanged
literals (common to bothl ands’). Formally, we can define a state transition (selec-
tion) mechanism of the causal action languadf&,, based on the following selection
function:

Resac, (s, E) ={s" : Cn(s") = Cng((sNs')UE)}.
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It is easy to see that this fixed-point definition is equivaterthe definition of successor
statesReso(s, E) given by McCain and Turner in [37], wheg2 is the causal system (a
set of causal inference rules or “laws”), and allows us t@ipbihe same successor states
as McCain and Turner’s approach. In other words Alfe language (more precisely, its
state transition mechanism) is selection-equivalent tsabsystems specified in [37].
Formally,

Resg(s, E) = Resac, (s, E).

We often refer to the elements &ksq(s, E) = Res.ac, (s, E) ascausal fixed-points

In describing the semantics of théC, language, we shall follow [67]. A sdi
of action strings igrefix-closedf, for every stringn € II, every prefix ofr is a also
in II. A structurefor a domain descriptiof is a partial function from action strings
to interpretations of the fluent atoms, whose domain is moptg and prefix-closed.
The domain of a structuré is denoted aDom(V). For every structurd, Dom(¥)
includes the empty string (denoted by. Given a structurdy, it is said that an atomic
value propositiony after I1 istrue in ¥ if II € Dom(¥) andW¥(II) satisfiesp. Then
the general truth definition for value propositions is gibgrstandard recursion over the
propositional connectives.

A structureV for 2 is called amodelof € if it satisfies the following four condi-

tions:

e U(a)is a state;

for all action stringdl € Dom(¥) and all actionsA, if Resc, (A, U(II)) # 0
then the string of actiond; A is also inDom(W);

for all stringsll; A € Dom(¥), U(II; A) € Resac, (A, U(II));

every value proposition if is true inW.

3.3.2 TheAC~ Language

Since there is no “frame/non-frame distinction” in the cdwsction languagelCop, all
fluents are subject to inertia. The langua@é;; was introduced in [31] to overcome
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this particular limitation. However, as we intend to shole tategorisation of fluents
according to their inertial properties does not really eefelection functions of causal
action languages.

Let us follow the evolution illustrated in Figure 3.1. In erdo introducedAC—, we
need to augmentiC» with the concept of a frame and appropriately change the fixed
point condition 3.1.

To achieve this we designate the elements of a certain subsef the setF as
inertial. The setd is called a frame designation for a domain descripfibif it is not
empty, and is included in the augmented language signaftiré, £). The signature
(F,E) of the AC» language is subsumed by the signature ofdide language and can
be considered a&F, 0, £).

Let Ls denote the set of inertial fluent literals, where a litefab¢ — f) is inertial if
a fluent nam¢g occurring in itis inertial { € ®). A fluent formula is called inertial if its
fluent atoms are inertial. The following fixed-point conditidefines a stat€ that may
result according to thelC~ state selection (transition) mechanism from applyinat s,

Cn(s") = Cng((sNs' N Ls) UE) (3.2)

where I/ is an explicit effect ofA in s as before. Again, a staté specified by this
condition satisfies explicit effedt’ and contains as few changes with respect s
possibly justifiable by the underlying causal rulesdn However, unlike condition 3.1,
this condition allows onlynertial literals common to both statesands’ to contribute
(together with explicit effects) to causal inference dniey rules inQ. The following
selection function captures the state transition mechanfghe AC~ language:

Resac-(s,E) ={s' : Cn(s") = Cno((snNs'NLs)UE)}.

It is interesting to compare at this point condition 3.2 wilie following similar
condition
s'N Ly =Cngo((sNs'NLe)UE)N Le, (3.3)

which basically defines a state transition mechanism forlahguageDL;; [31]. In
this case, the Principle of Minimal Change is applied onlyneriial literals — in other
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words, a successor state must contain as few changes ablpasserms of inertial
literals, and the changes in non-inertial literals are disregar8edilarly to the previous
case, all the “important” changes should be causally jestifiy explicit effects and/or
inertial literals common to both initial and successor states. The followglgcion
function specifies the state transition mechanism of/¥ig, language:

Respr, (s, E) ={s': 5’ N Ly = Cng((sNs'NLs) UE)N Lo}

Condition 3.3 defines successor states that, in general, doawessarily satisfy
condition 3.2. The reason is that there are fewer changesctwat for, if only inertial
literals are regarded as important and therefore a stagelected as a successor state
according to condition 3.3, may still have some non-intliterals left unsupported. On
the other hand, a staté satisfying 3.2 should, obviously, satisfy 3.3 — as all chesg
(in inertial literals or otherwise) are justified. Formally

Resac-(s,E) C Respr,, (s, E).

However, these two selection functions become equivalievd require that avAC~
domain description includes an explicit definition

alwaysf = ¢

wherey is an inertial fluent formuf for each non-inertial fluent. In this case, if every
inertial literal in a successor state is justified, then angleain every non-inertial literal
is explained as well, following from explicit definitions.

Moreover, in [67] Turner indicated that under the requiratrad explicitly defining
every non-inertial fluent in a domain, the domain descriptiobecomes both amlC
domain description and a propositiondlR domain description, and thdC models
of (2 are exactly the propositionad R models ofQ2. In other words, theAR Theorem
[67] establishes a “horizontal” connection between défgibranches of the evolutionary
tree, proving selection-equivalence between respediate gansition mechanisms.

We shall now attempt to identify conditions (more precisedgtrictions) which en-

sure selection-equivalence and preserve meaning of dodescriptions produced in

2An inertial fluent formula is a formula whose atoms are irgiftuents.
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the ACo» language, when moving “vertically” to thdC~ language and employing the
frame concept. Relaxing such restrictions will demonstndiat is gained by categoris-
ing fluents as inertial and non-inertial in the framework ci@en languages with fluent-
triggered causality (fact causality).

3.3.3 A Connection betweemdCy» and AC~ Languages

As mentioned in [18], domain constraints in tH&R language play two different roles:
they (globally) affect selection of possible successatestaand they also (locally) de-
termine indirect effects of actions. Like theL,; language, theAC~ language does
not impose the requirement to explicitly define every nagrtial fluent in its domain
description. This leaves some of the non-inertial fluergs Bipported as far as indirect
effects are concerned. In other words, the “ramificatiorst@amts” [37, 67] expressed
in the form of sufficiency propositionss* suffices for )" become the only source for
updating the truth values of non-inertial fluents withoyplecit definitions, when an ac-
tion is performed. Here we introduce an analogue of the exmlefinition adopted in
the AR and theAC languages.

Definition 3.3.1 (Effect-complete fluent)
A fluentf is called an effect-complete fluent in 24€ ~ (or AC) domain description(?,
if and only if €2 contains propositions

o suffices for f,
- suffices for—f,

for some inertial formulap.

We will denote the set of all effect-complete fluents®yand the set of all effect-
complete literals by.s;.. The following observation establishes a connection betwke
languagesAC» and AC™.

Lemma 3.3.2 Let{)~ be anAC~ domain description such that each non-inertial fluent
Is an effect-complete fluent:

F\®C 3.
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Then(, = Q~ defined in the signatureF, 0, £ ) by abandoning the frame designation
® is an.AC» domain description, and thaC» models of(), are exactly theAC~ models
of Q.

In other words, if each non-inertial fluent is an effect-cdapfluent, then thelC, state

transition mechanism is selection-equivalent tott&™ state transition mechanism:
Res 4, (s, A) = Res go- (s, A).

This means that not much can be really gained by supplyingradowith a frame
designation, while extending fromCy» to AC—, if all non-inertial fluents are effect-
complete. In fact, in this case (and in a similar case, whenaa-inertial fluents are
explicitly defined) the non-inertial fluents are nothing Isynhtactic abbreviations for
some inertial formulae. If, however, these restrictionadimg non-inertial fluents) are
lifted, state transitions may result in somewhat unexestate selections.

To illustrate this, we consider an example enhancing the-$widches example [23,
37, 67]. In particular, we aim to demonstrate differences@gnACy, AC~, andDL;s
languages, influenced by inter-relations between the}satsd F \ ©.

Example 3.3.3 (Light and Shadows)

There are two switches, a light, and shadows. The light is onwhbn both switches
are on. Light “causes” shadows to appear or, in other wordshtigs “sufficient” for
the appearance of shadows. THE, domain can be described using four propositional

fluent names:
F = {Switchy, Switchs, Light, Shadows}.
There are two action names:
E ={Toggler, Toggles}.
The propositions are:

Toggle; causes ~Switchy if Switchq, (3.4)

Toggle; causes Switchy if ~Switchy, (3.5)
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Toggley causes ~Switchy if Switchs, (3.6)
Toggley causes Switchy if —Switchs, (3.7)
Switchy A\ Switchs suffices for Light, (3.8)
—Switchy V ~Switchy suffices for —Light, (3.9)
Light suffices for Shadows (3.10)
initially —Switchy, (3.11)

initially —Switchs, (3.12)

initially —Light, (3.13)

initially -Shadows (3.14)

Consider the actiofi'oggle, performed in the initial state
s = {=Switchy, ~Switchy, 7 Light, ~Shadows}.

It is easy to check that the only possible next state satigfgondition 3.1 is
s1 = {—Switchy, Switchs, ~Light, ~Shadows}

and this, indeed, is the intuitive choice. In other wordg, #T, selection mechanism
handles the action well:

Res s, (s, Toggles) = {s1}.

Now let us consider thelC~ domain description based on 3.4 — 3.14 with at least

one fluent which is non effect-complete and non-inertiale Tlame designation
¢ = {Switchy, Switchy} (3.15)

leaves the fluenthadows non-inertial, and propositions 3.4—3.14 do not define it as
effect-complete, unlike the fluetight which is non-inertial but effect-complete.

It is worth noting that theAdC~ domain description 3.4—3.15 is not a “legallC
domain description because the non-inertial flughtdows is not explicitly defined in
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terms of inertial fluents. However, this description is ayd¥ one in theDL;; + QL?
language (if we rename all axionmstially ¢ to now ).

Again consider the actiofoggle, performed in the initial state. It turns out that
there are no interpretations satisfying condition 3.2. fEis& to derive a value of the non-
inertial fluentShadows fails because this fluent is neither effect-complete nofiexly
defined in terms of inertial fluents. In other words, the ssafection mechanism of the
AC~ language produces no possible next states (and no modetegfaction:

Res gc- (s, Toggles) = 0.

The DL;; + QL? domain description 3.4—3.15, however, treats two nexestas
possible:
s1 = {—Switchy, Switchs, ~Light, ~Shadows}

s9 = {—Switchy, Switchy, ~Light, Shadows},

each of which satisfies condition 3.3. In other words, théessalection mechanism
of the DL;; language can not decide on the value of the non-inertial fldéadows,

disregarding the corresponding change:
Respr,, (s, Toggles) = {s1, 52}

3.3.4 Discussion

Disagreement among possible successor states (and tieeneiadels) obtained by the
ACp, the AC™ and theD L, languages can be avoided either by a better frame designa-
tion of the domain description including the non effect-gbete fluentShadows in the
frame, or by the introduction of a cause leading to the disapmce of “shadows”, for

example,
— Light suffices for—Shadows.
Consider the first way (a better frame designation) for oungta. Let

¢ = {Switchy, Switchy, Shadows} (3.16)
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be the new frame designation. Then the domain descriptn-3.14, 3.16 entails

Res 4o (s, Toggles) = Respr,, (s, Toggley) = {s1},

wheres; is a unique successor state according to bothAlle and theDL;; state
selection mechanisms.

However, attachment of the non effect-complete flueltdows to the frame does
not make reasoning about domain actions more intuitive.iigtance, consider a case
when the actiorfoggle, is performed in the state

s = {Switchy, Switchy, Light, Shadows}.

Now all three languages4Co, AC~ and DL;;) agree that the only next possible state
must be
s" = {Switchy, ~Switchy, — Light, Shadows}.

More precisely:
Res e, (s, Toggles) = Res ac-(s', Toggles) = Respy,,(s', Toggles) = {s"}.

The fluentShadows belongs to the frame and, therefore, keeps its value thrtlgh
change froms’ to s”. Since no one indicated a sufficient reason for “shadowsidam
pear, it behaves like a persistent ramification (of someipusvaction), and stays even
when the “light” is switched off. This does not, probablynt@dict our intuition greatly
(maybe there are other reasons for “shadows” to remainjy designation of the fluent
Shadows as a non-inertial fluent would be, perhaps, more intuitivewelver, as exam-
ple 3.3.3 illustrated, this did not yield satisfactory staelections. In short, attachment
of this fluent to the frame is necessitated by a state transiiechanics, and not by
domain knowledge.

The second way (introducing a cause for the disappeararishafows”) is not al-
ways available because, in general, an agent performsniegsabout action in the ab-
sence of complete information. Besides, if we necessamjyire from each non-inertial
fluent to be effect-complete (or explicitly defined, for theatter), then the provided so-
lution to the Ramification problem does not look like a prinegone. As mentioned
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earlier, in this case the non-inertial fluents serve as s¥iotabbreviations of some iner-
tial formulae.

Instead, one may be tempted to refine a state transitionnsyastel consider yet
another action language. Let us define a new language, thizgle, exactly asAC—,
except that the state transition system is given by theJatlg two-tiered selection

function
Resac(s,E) = {s' € Respy,,(s, E) :
0 (LE\ Ls) = Cro((s N 8) U E) N (L \ La)}, (3.17)
where
ResDLif(s, E)={s:8NLsy =Cno((sNsNLs)UE)N Lg}, (3.18)

andL r is the set of all fluent literals. In other words, the statesgiion system 3.17—

3.18 works in two steps:

o firstly, it selects the states satisfying the fixed-pointditban 3.3 (which is identi-
cal to the condition used in 3.18) — thus agreeing with theestalection mecha-
nism of theD L,; language and minimising changes only in inertial litetajs

e secondly, among states selected in the first step, it miesnchanges in non-
inertial literals € r \ Ls).

It is easy to see that
Resac(s, ) € Respr,, (s, E),

so the state selection mechanism of #é* language would never prefer more states
than the state selection mechanism of fthg; ; language. For instance, revisiting exam-
ple 3.3.3 with two switches in the frame, if the actibnggle, is again performed in the

initial states then the state
s1 = {~Switchy, Switchs, ~Light, ~Shadows}
is the only member ofRes 4¢+ (s, Toggles), being “short-listed” from

Respr,; (s, Toggles) = {51,582}
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as the state with less changes in non-inertial literals.

However, this approach does not seem to be promising enoligh.not evident
that more complex domains will not require more “layers” ahimisation applied to
fluents with varied degrees of inertia. Moreover, in some @iosit can be difficult to
properly categorise fluents. For instance, it has been stftvenrelay example [62])
that it does not appear possible to select only intendedtiegstates according to the
state transition (selection) mechanism of th& », language for any categorisation of
fluents as inertial and non-inertial. As an alternative,theomethod was proposed —
the causal relationship approach of Thielscher [62]. Itasttvnoting, however, that the
languages considered with fluent-triggered causality hadrame concept{C~, DL,
and AC*) handle the relay example as intended, provided that allinertial fluents
are chosen from effect-complete ones. But the simgdlés language also successfully
deals with the relay example — and does it without employiagrit categorisation.

3.4 Summary

The idea of a compact and concise representation dates beedstas far as Occam’s
Razor: other things being equal, simple theories are to bienpeel to complex ones.
Employment of the frame concept (the policy of categormsgtin action languages op-
erating with causality might have helped to advance us tdsvarmore concise solution
to the Frame and the Ramification problems. Unfortunately,stblutions considered
in this chapter impose, from our point of view, too severériesons on a domain de-
scription: each non-inertial fluent has to be defined in tesfrigertial fluents — either
through an explicit definition, or as an effect-completeritud his demand decreases the
value of the frame concept in the framework of languages fhigmt-triggered causality
— at least, in the considered branch of the evolutionary. tR®bably, further devel-
opment of action languages will clarify what role the polmlycategorisation (and the
frame concept, in particular) should play in logic-basedrapches to reasoning about
action, change and causality.

However, at this stage we shall concentrate on our primaay-goproviding a unify-
ing semantics for action theories based on the Principléiminal and Causal change.
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To achieve this goal, we shift our focus from the action laages framework to the orig-
inal approach that motivated development of i@ branch — McCain and Turner’s ac-
tion theory with causal fixed-points. This framework congsirthe principle of minimal
change with that of causal change, and our intention is tashra generic preferential
style semantics for the state selection mechanism of céinedtpoints. This semantics
would not involve a policy of categorisation and, therefa®uld advance us towards a
unification with the causal relationship approach of Thilkés, that was proposed as a

superior solution to the Frame and Ramification problems. [62]
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Chapter 4

Causal Systems with Fixed-Points

In this chapter we examine the causal theory of actions pwda by McCain and
Turner [37] for determining ramifications. Our principairais to provide a characteri-
sation of this causal theory of actions in terms of the audetepreferential semantics.
This would allow us to compare it with other logics of actiordanighlight the nature of
context-sensitive causality underlying their proposag b&gin by showing that our goal
IS not achievable by a preferential mechanism alone. Atghist we do not abandon
preferential semantics altogether but augment it in ordeartive at the desired result
— in the spirit of our semantics introduced in Chapter 2. Thus,demonstrate that
two components may be required to provide a concise soltidine Frame and Ram-
ification problems: minimal change under a preferentialcitire and context-sensitive
causality.

4.1 Background

As mentioned in previous chapters, preferential semargitsin an important and use-
ful concept. Intuitively, a preferential structure on pbtes states of the world may
represent (from the reasoning agent’s point of view) howgilale one state is with re-
spect to another, or how similar one state is with anothdrpareasy (in terms of effort,
resources) it is to reach one state from another, etc. Orlynibst preferred (most plau-
sible, most similar, most accessible) states are to be derexl as serious possibilities
according to a preferential-style semantics. In other wotkePrinciple of Minimal
Changesuggests a bias towards the minimal models when there at@lawduccessor

91
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states satisfying the direct effects of an action.

Informally, one may say that a preferential structure setsessoft constraints on
possible states, and the agent should try to satisfy thessgraints as long as ordinary
domain constraints are not violated (these constrainigelithe state-space into legiti-
mate and illegitimate states).

However, it has been recognised recently that traditionataln constraints alone
are not sufficient to provide compact solutions to the FranteRamification problems
[29, 32, 33, 37, 62, 3]. Consequently, the notion of caushkity been considered in the
literature [33, 37, 63, 56] as an (additional) element resglifor reasoning about action
and change. The causal constraints were introduced instéadin addition to) domain
constraints [33, 37, 38, 62, 68], and the Principle of Causalngk was suggested as a
new guide, favouring successor states where changes assitated (caused).

Let us consider, for instance, a variant of the well-knowroI8witches example,
introduced by Lifschitz [29] and represented as the Two-Locks example by Lin [33].
There are three fluents in this domain:

{Switchy, Switchy, Light},
and one domain constraint
Switchy N\ Switchy <> Light.

Intuitively, the constraint is meant to indicate that thghti is on if and only if both

switches are up. Let us now consider the initial state
{=Switchy, Switchy, —Light},

and perform the action of toggling the first switch with poetidition Switch;. A sys-
tem with a pure preferential semantics (based, for instaneesymmetric difference)

may produce two successor states [37]:
{Switchy, Switchy, Light},

{Switchy, ~Switchy, —Light},

1This work revealed the insufficiency of domain constraintssblving the Ramification Problem.
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each of which differs from the initial one strictly in twoditals. The second successor
state is, however, counter-intuitive — why should the secswitch be affected? This
unintended ramification appears because the original @nsis not strong enough,
and in fact, logically implies the following:

Switchy N\ ~Light D —~Switchs.

To faithfully represent the intended ramification someghatronger than the original
constraint is needed, as pointed out by Lin [33]. In the adber&d example the fact that
both of the switches are in the up positiceuseghe light to be on, and the fact that one
of the switches is not upauseghe light to be off.

Among many interesting proposals addressing the questibow to operate with
causal statements like this one, the causal theory of actiahforward by McCain and
Turner [37] in 1995, is quite prominent. It has influenced &nea of causal reasoning
about action for the last few years — several action langsiag@eared in response to
this proposal [31, 67], and a number of parallel and compgedipproaches used it as
a benchmark [63, 20]. At the same time, the proposal was dedrincluded causal
components rather elegantly.

McCain and Turner introduce causal laws (rules) of the ferm- ¢, where¢ and
1 are fluent formulae (i.e., they do not contain further ins&anof=- but only classical
truth functional connectives). Intuitively, these forrmelcan be read a® ‘causes)’,
and express “a relation of determination between statesfaifsathat makep and
true” [37]. In fact, traditional domain constraints can bhbsumed by causal laws [37,
Proposition 3]. An important point to notice is that causal$ behave as ‘unidirectional’
implications — the contrapositive-¢) = —¢) does not hold in general. Reuvisiting
the Two-Switches example, we note that the following causlkals would ensure the
intended ramifications:

Switchy N\ Switchy = Light,

= Switchy V = Switchy = —Light.

In short, the proposal of McCain and Turner [37] describesia@igheory of actions,
where changes in state variables are intended to be mirsoigkct to satisfaction of all
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causal laws. In other words, both Principles of Minimal andi€z4 Change are put to

work.

We show first that it is not possible to characterise McCainfander’s causal theory
via a pure preferential semantics applied to interpretataf the original (unaugmented)
languagé. We then augment preferential semantics with a relatiomatsire, while
staying within the approximation) = T..

This is done in two steps, each of which describes a partistdde-selection mech-
anism: firstly,state elimination systemand secondlystate transition systemsState
elimination systems employ a preference structure basesymmetric difference (the
PMA ordering) and an auxiliary binary relation eats of statesState transition systems
use a binary relation ostates constructed from the auxiliary relation used in elimioati
systems. Thus, state transition systems can be descrilled wariant of our augmented
preferential semantics for logics of actions operatindghwausality, introduced in Chap-
ter 2.

In summary, the obtained results allow us to identify theabi@r of context-sensitive
causality exploited in McCain and Turner’s causal theoryatioas, and show that min-
imal change and causality can co-exist in separate roles@nglement each other.

This chapter is structured as follows. In the next sectiorshadl sketch some basic
terminology and notation followed by an overview of McCairdarurner’s [37] causal
theory of action. In section 4.3 we shall show that it is natgible to supply a straight-
forward preferential semantics to capture McCain and Tisragproach. The solution
we suggest here is not to abandon preferential semanticslgrut rather to augment
it. In sections 4.4 — 4.6 we investigate the different statection mechanisms. We end
with a discussion of the significance of these results.

2A similar result was sought by Peppas et al. [45] but the cremample they present assumes a
transitive and total ordering where we only assume trasitsiti

3The semantics developed by Peppas et al. [45] is similatiaracterises only a subset of the possible
McCain and Turner causal systems whereas the semanticeaenpicaptures all.
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4.2 Causal Systems

In this section we review McCain and Turner’s [37] causal tiiexd actions, and repro-
duce, for convenience, the technical preliminaries dbedrin Chapter 2. Throughout
this chapter we shall be working with a fixed finitary propisial language3 whose
propositional letters we shall cdluents The set of all fluents is denoted By. A lit-
eral is a fluent or the negation of a fluent. gkate(or world) is defined as a maximal
consistent set of literals. The set of all literals will bendeed /. The set of all states
will be denotedV. By [¢| we denote all states consistent with the senteneel (i.e.,
[¢] = {w € W :wt ¢}). Occasionally we will refer tdp] as thep-stateqor ¢-worlds).

As outlined above, McCain and Turner introduce a new corveseti to denote
a causal relationship between sentengesmnd+ of the underlying languag8. This
allows for expressions of the for = ¢ (where¢, » € B) which are termeaausal
laws (or causal rule$. Nesting of=- is not permitted. For the sake of simplicity we shall
assume here that the antecedent of any causal law is canisistget of causal law§) is
referred to as aausal systemGiven any set of sentencasC B and a causal syste®,
the (causalflosureof A in Q is denoted”o(A) and defined to be the smallest superset
of A closed under classical logical consequence and such thahjyop = ¢ € Q, if
¢ € Co(A), theny € Co(A). We also say that causally impliesp with respect taQ if
and only if¢ € Co(A) and denote this by [~ ¢.

Another notion that will be of importance is that ollegitimate statavith respectto a
causal syster@. Any stater is legitimate with respect t@ if and only ifr = Co(r)NN.
That is, a state is legitimate if and only if it does not comér@e any causal laws @.
The set of legitimate states with respectQas denoted by/V,.

In McCain and Turner’s framework, actions are referred ty dimtough their direct
effects (post-conditions). McCain and Turner’s aim is toedeiine the set of possible
next (or resultant) stateBeso(w, E) given an initial statev and the direct effects (or
post-conditions) of an action represented by the sentéhcé&ormally speaking, we
have for any causal syste@a functionResgo mapping a legitimate (initial) state and
sentencer (direct effects) to the set of staté&so(w, E) according to the definition
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[37]:
r € Resg(w, E) ifandonlyif r ={f e N': (wnNr)U{E} |, £}

Intuitively speaking, the elements &fesq(w, E) are simply thosds-states where
all changes with respect to can be justified by the underlying causal system. We often
refer to the elements dResg(w, E) ascausal fixed-pointsNote that it follows from
this definition that ifr € Resg(w, E), thenr € [E] (i.e.,r must satisfy the direct effects
of the action).

It would be useful to consider, at this stage, a few examplestriating selection
of successor states according to the selection mechaRism(w, E). Of particular
interest, is a comparison with successor states obtaineoh laction system where all
causal rule® = 1 are simply replaced by material implicatiops . The differences
would highlight the emphasis of the causal fixed-points aapin on the unidirectional
flow of causality.

Let us consider a simple system (or domain) with two fluerasdb, a causal con-
strainta = b, and two actions — one with the post-conditionand another with the
post-condition—b. We shall compare this domain with another, where the caisal
strainta = b is replaced with the domain constrainb b.

First of all, we should point out that these two “parallel’ndains share the same
state-spacd{a, b}, {a, ~b},{—a,b},{—a,-b}}, and have exactly the same legitimate
statesD, excluding the statéa, —b} because it violates the constraint- b in the first
domain, and: D b in the second).

Let the initial statev be {—a, =b}. By the definition,

Resg(w, a) = {{a,b}}.

In the parallel domain (where the causal constraint is pgglavith a material impli-
cation), we may employ a preferential structure based, dowenience, on the PMA

ordering=< and obtain
Reso(w,a) = min(<y, [a]) N D = 0,

and
Resy(w,a) = min(<,, DN [a]) = {{a,b}}.
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The functionRes,(w, a) selected the statgu, ~b} as the only<,,-minimal element in
[a], and then ruled it out as illegitimate. The functi®es,(w, a), on the other hand,
“went beyond” the (empty) first boundary, and selected theimml element in the set
DnN[a] — the statg|a, b} or the only state lying on the second boundary. In other words
the strongerReso(w, a) turned out to be too demanding compared withsg(w, a),
while the weakeRes; (w, a) was precise in characterising causal fixed-points.

Now let us treat the statfu, b} as the initial state, say’, and consider the second
action with the post-conditionb. The causal fixed-points approach yields

Resg(w', —b) = (),

ruling out the statd —a, —b} (the only legitimate possibility among the post-conditon
stateg—b]), because-b could not causally justify-a.

In the parallel domain, we obtain the following:
Reso(w', =b) = min(<y, [-b]) ND =0,

and
Resi(w', =b) = min(<., D N [-b]) = {{—a, b} }.
This time, the strongeResq(w, a) (reaching only the first boundary) was precise in
characterising causal fixed-points, while the weakes;(w, a) (reaching the second
boundary) was not demanding enough (note that the domaistreamta > b has a
contrapositive-b O —a unlike the causal rule).
This example clearly shows that, although in general,

Resy(w, E') C Resg(w, E) C Resy(w, E),

neither preferential selection function is precise in elstarising causal fixed-points cor-
rectly.

We are now in a position to state our aims more clearly. Théralés to mimic
McCain and Turner’s fixed-point definition using a preferenogering over states and
in such a way as not to introduce auxiliary sentences intdanguage. More specif-
ically, we wish to investigate whether this is at all possjbihether we can provide a
preferential-style semantics characterisitgso(w, E) for any legitimate statev and
sentencev.
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4.3 Impossibility Results

In this section we clearly specify what we mean by a preféemesemantics. We then
present an impossibility result showing that a traditiopadferential semantics is not
capable of characterising McCain and Turner’s fixed-poifinden.

We are given an initial state € ¥V and a (strict) preference orderirg,C W x W
on states. The only restriction we place-op here is that it satisfy transitivity. Adhering
to the essence of preferential semantics [60] we seek toedibirse states resulting from
the occurrence of an action with direct effeéisit initial statew as the minimakF-states
under<,,. The following condition expresses these desiderata:

(P) Resg(w, E) = min(<,, [E])

Now, according to McCain and Turner, there is no need to cendidgitimate states
as possible resultant states since they contradict theakckwes. Hence, we begin by
focusing on a variant of condition (P):

(P) Resg(w, E) =min(<y, [F])ND

We are now in a position to state a fundamental result of #tsien; that, in general,
it is not possible to satisfy the condition’YRwith transitive<,,). Note firstly that a
non-trivial languages one with at least three fluents.

Theorem 4.3.1 (First Impossibility Theorem)
Given a non-trivial languag®, there exists a causal syste&pand (initial) statew € W
such that no ordering:,, on states (generated §) satisfieqP).

Proof: Assume that3 has three propositional lettess b, c. Let the initial state be
w = {a, b, c} and definesy, s, s3 ands, to be the following states:; = {—a, b, c},
sy = {a, —b, c}, s3 = {—a, b, c} ands, = {—a, b, —c}. Finally let Q be the
following causal systemQ = {—-a A ¢ = —b, “b A c = —a, "aAb = —c}.

Consider now the following direct effects (post-conditipasactions.A; = —aAc,
Ay = —bAc, Az = (b <> -c)andAy, = (As1) V (As2) V(As3)V (Ass). Clearly,
statess; ands; satisfyA;; s, andss satisfyAs; s3 ands, satisfyAs; and all four states
S1, S9, 83, S4 SatisfyAy.
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Suppose a (transitive) ordering on states satisfying condition (B exists. Now,
the following is easily (albeit tediously) verifiedResg(w, A;) = {s3} from which
we concludes; £, s3. Resg(w, Ay) = {s3}, therefores, £, s3. Resg(w, Az) =
{s3, {a, b, =c} }, therefores, £, s3. Finally, Resg(w, Ay) = {s4} from which it
follows that(s; <, s3) V (52 <u S3) V (84 <4 $3). This leads us to a contradictionm

The following impossibility result now follows quite stghitforwardly and is more
appropriate for our purposes given that condition (P) is aenfaithful rendering of
the spirit of preferential semantics than conditior)).(At allows us to conclude that
a traditional preferential semantics (captured by coodi{iP)) cannot, in general, be
given to McCain and Turner’s causal theory of actions.

Theorem 4.3.2 (Second Impossibility Theorem)
Given a non-trivial languag®, there exists a causal syste&pand (initial) statew € W
such that no ordering:,, on states (generated [#3) satisfieqP).

We shall not give away preferential semantics entirely hareOur aim now be-
comes to retain as much of preferential semantics as pesaiid include a further
mechanism to capture the influence of causality. To this eednwestigate separate
(though related) mechanisms for selecting successosstate

4.4 State-Selection Mechanisms

Taking a step backwards for a moment, we can simply view Mc@aah Turner’s ap-
proach as &tate-selection mechanisriviore specifically, McCain and Turner’s causal
theory of actions, given some domain knowledge in terms ailsal theorQ, specifies
a way of selecting a subs®esg(w, E) of [E] given an initial statev and direct effects
E. Resg(w, E) returns exactly those states that are possible upon thereoce of an
action with direct effect# at statew.

Viewing this as aselection functiomowever, we consideResg(w, E) to be a func-
tion selecting the ‘bestE-states (with respect t@). This is the view we shall adopt
here in presenting two further state-selection mechanistate elimination systenasmd
state transition systemS&tate transition systems will provide a variant of the aagtad
preferential semantics we seek in terms of our aims.
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This desired result is achieved in two steps.We begin by sigoWwow to inter-
translate McCain and Turner causal systems and state etiorirgystems in a way that
preserves the selection process. We then show how to natestate state elimination
systems and state transition systems (again preservirggtaetion process). In truth,
we could do away with state elimination systems and simplydiate directly between
causal systems and state transition systems. However, egsemot to do so because
it simplifies the proofs and provides further insight inte thature of context-sensitive
causality captured by McCain and Turner’s approach.

4.5 State Elimination Systems

In this section we describe our first state-selection mesharstate elimination systems.
The underlying idea is to usstate elimination ruleso discardE-states from further
consideration for we have noted above that in McCain and Tisrf87] causal theory

Resg(w, E) C [E].

A state rejected or eliminated by a state elimination ruleris which contravenes a
causal rule deemed to hold in the successor state (in fa¢heircausal system as a
whole).

Definition 4.5.1 (State elimination rule)
A state elimination ruléor simply,elimination rulg is an expression of the forfnry, r,

ey Ty Thats ot T}t > {71, 72, - -+, T } Where eachr; is a state.

A state elimination systers§ is a set of state elimination rules. An elimination rule
functions by rejecting certain states from among thoseectiyr considered possible.
Suppose that according to an agent’s current beliefs itidersthe states that are pos-
sible to be amondr, - - -, r,}. An elimination rule like that in Definition 4.5.1 allows
the agent to reject stateg, 1, - - -, r,.

Let us briefly consider the mechanics of a state eliminatistesn. At any point
we are working with the set of states currently being enirgeth(a subset of~]). We
repeatedly apply elimination rules to this set of statesjeat the illegitimate ones fo-
cussing on the possible successor states. All eliminati@s meed to be applied until
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no further states can be rejected to ensure that all illegie states have been purged
and only definite possibilities remain. To put it another wagtate elimination system
acts as diltering mechanism; illegitimate states are successively filtetgdrwough use

of elimination rules.

Definition 4.5.2 (~ and ~ )

In a state elimination systet), we shall say that a set of statésyieldsa set of states
R in one stepdenoted by) ~» R, if and only if there exists an elimination ruférY
such that) C X andR = Q NY. We define~> to be the reflexive transitive closure
of ~.

After the application of certain elimination rules we finétlany further application
does not result in the rejection of additional states. Ad ffoint we reach &nal set of

states a point of equilibrium.

Definition 4.5.3 (Final state)
A set of states) is final in S if and only if for anyR such that) ~> R, it follows that
@ = R. If Q is a singleton and final, we will call the state §hfinal.

One last notion that we require is that of ARpredecessoof a given state; those
E-states preceding the given state with respect to an ogleased on symmetric dif-
ference. More formally:

Definition 4.5.4 (E-predecessor)
Given any two states, r and any sentencg, the E-predecessors of with respect to
w is defined to be the set

(r,E)w = {r": r" € [E] and Diff(w, ") C Diff(w, )},
where Diffz, y) denotes the symmetric difference of statesdy.
In other words, thé’-predecessors are thoBestates that are at least as closestasr:
(r,E)w ={r": " € [E]andr’ <, 1},

where<,, is the PMA ordering with respect to the state— in other wordsy <, s if
and only ifDiff (w, r) C Diff(w, s) [70].
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It is clear that anyr € [E] is an E-predecessor of itself with respect o (i.e.,
r € (r, F),). The E-predecessors of with respect tow are just theF-states which
agree withw on at least those fluents whereandr agree and possibly others. Let us
consider the setin(=<,, [E]) defined as a subset pf] containing states nearest to the

setw in terms of the ordering,,:

min(<w, [E]) = {p € [E],~T q € [E], ¢ # P, ¢ <w P}

One may compare this set with the §et &) ,. The latter setincludes ali-predecessors
of a particular state, while the setnin(<,,, [E]) containsull <,,-minimal states inE],
some of which may not b&'-predecessors of state

We are now in a position to define a state-selection mechamgs®d on state elimi-

nation systems.

Definition 4.5.5 (Nexts(w, E))

With any state elimination systefiwe associate a result functidfexts, mapping a
final in S statew and a sentencé to the set of stateBexts(w, E), and defined as
follows:

Nexts(w, E) = {r € [E] : risfinalin S and (r, E),, ~> {r}}.

In the following section we characterigeesg(w, E) in terms ofNextgs(w, E). First,
however, let us briefly consider the definitionlfxts(w, F). According to the def-
inition above, a state is a possible resultant state if and only if all fispredecessors
(with respect tav) are rejected by elimination rules ébutr and onlyr is retained. If

r is retained along with some other state, then there is sonsercstate (one with ‘less’
change) consistent with the state elimination systeifand, therefore, causal system
Q) under consideration. Moreover, it means that there is sungin the state(s) for
which causality cannot account.rifs rejected on the other hand, it must violate a causal
rule. For these reasons we only consider fipredecessors afto determine whether
it belongs taexts(w, E); we need to determine whethers illegitimate or whether a
‘closer’ state satisfies the causal rules. If either is tisecave can safely reject the state.

Otherwise, we can retain the state.
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4.5.1 Causal Systems and State Elimination Systems

We now establish the interrelationship between causaksystand state elimination
systems. This will give us a way of moving back and forth betwéhe two systems
facilitating the final inter-translation between causaiteyns and state transition systems.

First, however, we make the following helpful observation.

Lemma 4.5.6 For any two states, w and sentencé’,
[(wNr)U{E} = (r, E)w.

We now turn to the main result of this section. A state elirtiorasystem can exactly
capture a causal system (and vice versa). In other words;te®i-equivalence can be
achieved between these two kinds of selection functions.

Theorem 4.5.7 For every causal system there exists a selection-equivatate elim-
ination system. Conversely, for every state eliminatiotesyghere exists a selection-
equivalent causal system.

Proof: (SketcH)

(=) Let Q be an arbitrary causal system. For every causaldaw ¢ in Q,
produce the elimination rulgy] > [p A ¢]. Call S the set of elimination rules so pro-
duced. Using lemma 4.5.6, we can verify that for any legitersater and sentencé’,
Resg(w, E) = Nexts(w, E).

(<) Let S be an arbitrary state elimination system. For every elitmmarule
XY produce the causal law = v, whereyp, 1 are such thaty] = X and[y] = Y
(since our language is a finitary propositional one, sp@nd+ always exist). The set
of causal laws so produced, calll, is selection-equivalent 8.

u

Of particular note is the relationship between causal raheselimination rules) =
Y if and only if [¢] > [¢ A 9], or, equivalently[¢] > [¢] N [¢].

We can also identify an important class of state eliminasgatems that will be
useful later.

4As usual, a detailed proof is given in the Appendix.
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Definition 4.5.8 (S Unary)
A state elimination systei is unaryif and only if every elimination rule eliminates
precisely one state, i.e. for glX>Y) € S, X \ Y is a singleton.

The following result reveals an interesting and importapext of unary state elimina-

tion systems.

Theorem 4.5.9 Every state elimination system is selection-equivalemt tmary state

elimination system.

4.6 State Transition Systems

In this section we consider our second state-selection amsim: state transition sys-
tems. Again, we shall obtain a direct characterisation asahsystems (and state elim-
ination systems). In this case we have a preferential mesmasugmented by further
structure to achieve the desired result.

A state transition system consists of a binary relation atestintended to represent
possible transitions between states due to the preseneesdidy. It is this relation that,
together with a preferential structure based on symmetfierdnce (PMA ordering),
will be used to determine successor states. In other worstata transition system can
be described with a simple variant of taagmented preferential semantigssing the
approximationV = T', in particular).

We begin with some requisite definitions.

Definition 4.6.1 A state transition systeo is an irreflexive binary relation on the set
W of states (i.e.,M C W x W). We shall say that a stateis final in M if and only if
there is no state’ such thatM (r,").

As argued in Chapter 2, the binary relatidgt can be considered to represent state
transitions due to the influence of causality.

We are now in a position to define the mechanism for selectirogesssor states
Succ(w, E) for a state transition systemiv given initial statew and an action with
direct effectsE. It will be shown later that the selection functiSacc(w, E) can
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be characterised according to the augmented preferepti@dstics. At this stage, as
mentioned before, we treat this function merely as a selectiechanism.

Definition 4.6.2 (Succy(w, E))
To any state transition systemt we associate a functioBucc,, mapping a final (in
M) statew and a sentencé& to the set of stateSucc(w, E), defined as follows:
Succpm(w, E) = {r € [E]: risfinal in M and
there is a Hamiltonian path through all stateginE)., }.

A Hamiltonian path is one which traverses every vertex (lasstate) of a graph [71]. In
this case, the graph’s vertices are fiig@oredecessors ofand the edges are given by the
binary relationM — i.e., there is an edge between statesdq if and only if M (p, q).
The significance of a Hamiltonian path will be consideredhHer in the next section.

It is important to notice thaSucc(w, F) is determined by two components: a
preference ordering on states, based on symmetric differemsed to derive thé&-
predecessors af with respect tow (i.e., {r, E),) and the binary relation on states
M. We maintain that the preference ordering captures theiphnof Minimal Change
while the binary relation captures the effect of causalgtice firstly that a state must
be reachable via a Hamiltonian path throughfaibredecessors endingqinIf this is not
possible, either a ‘closeF -state is consistent with the causal rules that hold (alesehc
Hamiltonian path) or violates a causal rule (path does not end;ate., r is not final).
Another important point is that, like state eliminationtgyss, we only need to consider
E-predecessors of (with respect taw) in order to determine whether it is a successor

State.

4.6.1 State Elimination Systems and State Transition Systems

In this section we establish an inter-translation betweate ®limination systems and
state transition systems. We can then use the results oibB8etb.1 to establish a
correspondence between causal systems and state trasgisiems. This gives us the
result we seek: an augmented preferential semantics for Mc&@a Turner’'s causal
theory of actions.

First we require some definitions.
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Definition 4.6.3 (Dissolvable set)

We shall say that the string of elimination rules; o5: - - - ; o, from a unary systens’
dissolvesan arbitrary set of statell with cardinalityn + 1 if and only if after applying
these rules successively (in the order given), all but ortbeo$tates oflI are eliminated
and, furthermore, the one remaining state is finafinWe shall also callT a dissolvable

set of states.

Essentially, a Hamiltonian path goes through states asateegliminated by unary elim-

ination rules.

Definition 4.6.4 (Trace)

We shall call the sequence of statgsr,;---;7,;w a tracefor a setll (in §’) if and
only if the stringoy;09;- - -; 0, dissolvedl, and for all1 < i < n, stater; is the state
of II that is eliminated by the rule;, while statew is the only state ofll that is not

eliminated.
Now we are ready to formulate the following characterigatio

Theorem 4.6.5For every state elimination systes there is a selection-equivalent
state transition systemM. Conversely, for every state transition systdrh there is

a selection-equivalent state elimination syst8m

Proof. (Sketch)

(=) Let S be a state elimination system. L&t be a unary state elimination sys-
tem that is selection-equivalent & FromS’ we construct a selection-equivalent state
transition systeroV in the following manner.

For any two states andr’, we shall specifyM (r, r’') if and only if there is a dissolv-
able set of stateH containingr andr’, such that for some trace of in S’, ' appears
immediately after-.

It can be shown that is selection-equivalent t§'.

(<=) Proved by reversing the construction presented above.
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Note also that the construction used in the proof ensurégitédinary relationM is
irreflexive. Irreflexivity may not seem obvious becauseegia simple elimination rule
{r1,r2} > {r1}, we derive (by Definition 4.5.2) thgt-, 72} ~ {r1} and{r;} ~ {ri}
(as well as{r,} ~ 0). However, any trace is a result of eliminationsoftates byn
elimination rules dissolving a set of cardinality+ 1 (by Definition 4.6.4). Since the
procedure is applied via a unary elimination system, ealehaliminates precisely one
state. In other words, we cannot accept a possibility thatrole eliminates two states or
more, while some other rule does not eliminate any statd.aflarefore, we conclude
that any given trace can not contain a stafellowed by itself, ensuring irreflexivity of
M despite the fact that some states may be reflexive with respee.

The central result of this chapter, as expressed by thewiwip corollary, is now
obtained by combining theorems 4.5.7 and 4.6.5.

Corollary 4.6.6 For every causal syster®@ there exists a selection-equivalent state
transition systemM. Conversely, for every state transition systdrhthere exists a
selection-equivalent causal syst&m

This result states that it is possible to exactly charastehicCain and Turner’s
causal theory of actions with a variant of the preferergtgle semantics (where the pref-
erential structure is defined in terms of symmetric diffeeraugmented with a binary
relation on states and through the notion of a Hamiltoniah.pBhe precise characteri-
sation will be described in Chapter 7, where a particularigrads specified in order to
capture predecessor statest) ..

4.6.2 Detailed Examples

We begin with a basic example, involving a very simple sirggastraint (causal rule),
and consider a couple of actions, the second one being morgler than the first.

Example 4.6.7 Consider a domain with three fluenisb, ¢, and eight states{a, b, c},
{a,b,—c}, {a, b, c}, {—a,b,c}, {a, b, —c}, {—a,b,—c}, {—a,—b,c} and{—a, -b, ~c}.
Consider also the following causal rule

-b = —c.
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The specified causal rule excludes stdies-b, c} and{—a, b, ¢} from the set of legit-
imate state®, and produces the following elimination rule:

[—b] > [=b A ]
or
{{a,=b, ¢}, {—a, b, c}, {a,-b,—~c}, {—a, b, ~c}} > {{a, =b, ~c}, {—a, b, ~c}}.

This elimination rule, in turn, is (selection-)equivalémthe following unary elimination

rules:
{{—a, b, c},{a,—b,~c}, {—a, b, ~c}} > {{a, -b, —c}, {—a, —b, ~c}},

{{a,=b, ¢}, {a, =b, ~c}, {=a, =b, ~c}} > {{a, =b, ~c}, {=a, =b, ~c}},
{{a,=b,c}, {=a, b, c}, {=a, =b, ~c}} > {{~a, b, c}, {=a, =b, ~c}},
{{a,=b, ¢}, {=a, b, c}, {=a, =b, ~c}} > {{a, =b, c}, {=a, =b, ~c}},
{{a,=b, ¢}, {=a, b, c}, {a, ~b, ~c}} > {{a, b, c}, {a, =b,~c}},
{{a,=b,c}, {=a, =b,c}, {a, ~b, ~c}} > {{=a, b, c}, {a, ~b, ~c}},
{{=a, b, ¢}, {a,~b, ~c}} > {{a, =b, ~c}},

{{=a,7b, ¢}, {=a, =b, =} } > {{—a, =b, 7},

{{a,7b, ¢}, {a, =b, et} &> {{a, =b, ~c}},

{{a, 70, ¢}, {=a, =b, ~c}} > {{~a, =b, ~c}},
{{-a,=b,c}} > 0,

{{a, b, c}} > 0.

These unary elimination rules produce the following traces
{a, b, c}; {—a, b, c};{a, b, ~c},

{a, b, c}; {—a, b, c}; {—a, b, ~c},

{=a, b, c}; {a, b, c};{a, b, ~c},
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Figure 4.1: Binary relatioo\ constructed from the causal rutlé = —c.

{—a, b, c}; {a, b, c}; {—a, b, ~c}.

where the state$a, —b, ~c} and{—a, —b, ~c} are final. Therefore, one may construct
the binary relationM (Figure 4.1), including

M({a,—b,c}, {—a,—b,c}),

M({—a, b, c},{a,—b,c}),
M({—a, b, c},{a, b, ~c}),
M({—a, —b, c},{—a,—b, ~c}),
M({a,=b,c}, {a, b, —c}),

M({a,—b,c}, {—a,—b,~c}).

Simple Action

Let us consider an action with the post-conditiei executed in the state = {a, b, c}.
According to the causal fixed-points approach,

Resg(w, —=b) = {{a, b, ~c}}.
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Note that the state = {—a, =b, —c} is not a fixed-point becauge N r) U {-b} = {—b}
is not sufficient to explain all literals in.

It is easy to verify that
Succp(w, —b) = {{a, b, —c}}.

In other words, the selection function of the state traosigystems selects the same
successor stafe= {a, —b, 7c¢} — there is a Hamiltonian path througtb-predecessors
of p:

M({a,=b,c}, {a,—b,—c}).

The state-, on the other hand, is not selected because it iswWiateachable fronp,
which is its PMA predecessop: <, 7.

Complex Action

Now let us consider an action with the more complex post-tmmlFE = (-b A ¢) V
(ma A —b A —c), executed in the same initial state= {a, b, c}. According to the causal
fixed-points approach,

Resg(w, E) = {{—a,—b,—c}}.

Note that the state = {—a, —b, —c} is a fixed-point becausev Nr) U E = {(-bAc)V
(ma A —=b A —c)} entails—b, which in turn causally infers:.c, and—b A —c together with
E entail-a as well (so that all literals in are explained).

It is easy to verify that
Sucepm(w, E) = {{—a,—b,—c}}.

In other words, the selection function of the state traosifiystems selects the same suc-
cessor state. This happens to be the case because there is a Hamiltoritathpaugh
the E-predecessors of ending inr — more precisely,

M({a,=b,c}, {—a,—d,c}),
M({—a,—b,c}, {—a,—b,~c}).



4.6. STATE TRANSITION SYSTEMS 111

Action with Multiple Successor States

Let us consider an action with the post-conditibh= a <> —b, executed in the state

w = {a, b, c}. According to the causal fixed-points approach,
Resg(w, E') = {{—a,b,c},{a,—b,—c}}.

Note that two successor states are not comparable in terthe &iMMA.
It is easy to verify that

Succpm(w, E') = {{—a,b,c},{a,—b,~c}}.

In other words, the selection function of the state traosigystems selects the same
successor states. On the one hand, there is a Hamiltonianhpatigh£’-predecessors
of the state{a, —b, —c}:

M({a, b, c}, {a,—b,—~c}).

The statey = {—a, b, c}, on the other hand, is selected because it is the only state in

({y, E').,, being in addition a trivially stable state.

The following example is described by Zhang [72], and is ainteallustrate “mutual
effects occurring between causal relations and logicasttamts”. In other words, we
trace causal propagation unfolding in the presence of &giemain constraints.

Example 4.6.8 Consider a domain with five fluents:,, on,, light, bright(room),

visible(painting), the following causal rules
ony A ong = light,

bright(room) = wisible(painting),

and a single logical constraint represented without losserfeyality as

True = light D bright(room).
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The first rule states that whenever two switches are on, thp l&ill light, while the
second rule says that if the room is bright, then the paintimghe wall is visible. The
last domain constraint states that the fact that the lighm isnplies the fact that the room
is bright (of course, the contrapositive formutéright(room) D —light is implied as
well, unlike the contrapositives of the causal rules).

The initial state is

w = {=bright(room), —light, —~ony, ong, —wisible(painting)}.

Consider the action of toggling the first switch with the postditionon;. The
following two states are of particular interest:

s1 = {bright(room), light, ony, ony, visible(painting)}

8o = {—bright(room), —light, ony, monsy, —wisible(painting)}

One of the reasons for consideriggands, (besides the facts that both states satisfy
the post-condition and are legitimate) is their selectigralparticular policy of causal
minimisation — the method based on minimisation of causahge sets, proposed by
Brewka and Hertzberg [4]. While the state is a desired successor, the stajeis
counter-intuitive. A description of Brewka and Hertzbem@pgroach is outside the scope
of this work. We just point out that the critique of this pglipresented by Zhang [72],
highlighted its shortcomings mainly as follows: the defonitof causal change set does
not properly handle causal inference “disconnected” bygackd implication.

According to the causal fixed-points approach,

Resg(w, ony) = {s1}.

It is easy to verify thatw N s1) U {on,} = {ony, ony} causally inferdight, which in
turn impliesbright(room), followed by causal inference ofsible(painting).
The states, is not a fixed-point because

(w N sg) U{ony} = {=bright(room), —light, ony, —wisible(painting)}

Is not sufficient to infer the literaton, present inss.
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Our intention, at this stage, is to demonstrate that
Succp(w, ony) = {s1}.
The elimination rules corresponding to causal rules arelésifs:
[ony A ong] B> [ong A ong A light]

[bright(room)| > [bright(room) A visible(painting)]
W > [light D bright(room)],

where)V is the set of alB2 states.
We will need one patrticular trace endingsn produced by these rules:

{=bright(room), ~light, ony, ong, —wisible(painting)};

{=bright(room), =light, ony, ony, visible(painting)};
{bright(room), —light, ony, ong, —wisible(painting)};
{bright(room), —light, ony, ony, visible(painting)};
{bright(room), light, ony, ong, —wisible(painting)};
{=bright(room), light, ony, ong, —wisible(painting)};
{=bright(room), light, ony, ons, visible(painting)};
{bright(room), light, ony, ons, visible(painting)}.

To check that this is indeed a trace, note that

e the first four states are eliminated by the first eliminatiake r((more precisely,

corresponding unary rules), because they all entail\ on, but notlight;

¢ the fifth state is eliminated by the second elimination rakat§ unary derivations),
because it containg-ight(room) but notvisible(painting);

¢ the sixth and the seventh states are eliminated by the iasihation rule (or its
unary “offspring”), because they do not satigfyht O bright(room).
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Of course, other traces are possible among these eighs,sbatiethe state; is in-
variably a final state (with respect to the generated reiatit). To show that the state
s1 Is a successor state for the statand the toggle actionn, we note that all its prede-
cessorg[s;, on1)),, are precisely the states in the analysed trace. Therefaree exists
a Hamiltonian path through the states(in, on;)).,, ending ins;.

We needed to show that

Succp(w, ong) = {s1}.

The selection of only; out of all the states consistent withv; A ony, means that
now we need to verify that none of the states consistent withA\ —on, is selected
by Succ(w, ong) (exhausting all states consistent with the post-conditior). In
particular, we need to verify that

So = {=bright(room), —light, ony, —ong, —wisible(painting) }

IS not a successor state.

The set offon, |-consistent predecessorsfis (sq, oni)., = {s3, s2}, where
sg = {=bright(room), —light, ony, ony, —wisible(painting)}.

This set cannot be dissolved 4g, because there are no elimination rules at all where
happens to be on the right-hand side. Hence, there is no téeumaih path in{ss, on)).,.
Analogously, it can be easily shown that for any other statensistent witton, A —ons
there is no Hamiltonian path ifs, on,)).,.

Therefore s is the only successor state selectedtyc v (w, on,).

Interestingly, if the constraint

True = light D bright(room)

is removed, and another action with the post-condifios on; A(light D bright(room))
is considered, we obtain the same results:

Resg(w, E) = Succpm(w, E) = {s1}.

In other words, the selection functiof®sg(w, E) andSuccy(w, E) are syntax-
independent.
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4.7 Discussion and Outlook

In this chapter we attempted to determine whether it is ptesgo provide McCain
and Turner’s [37] causal theory of actions with a prefesndemantics in the spirit
of Shoham [60]. We demonstrated, through use of an impdsgitheorem (Theo-
rem 4.3.2), that this is not possible in general when we deertand the original lan-
guageB and assume that the preferential ordering satisfies thatsitChoosing not to
abandon preferential semantics entirely, we then intreduwo state-selection mecha-
nisms: state elimination systems and state transitioesystThe latter of these provides
the target semantics augmenting a preferential structasedon symmetric difference
with a binary relation on states, and making use of the natf@aHamiltonian path. The
former provides further insight into the nature of contegtsitive causality used in Mc-
Cain and Turner’s approach. Importantly, we show that caystéms, state elimination
systems and state transition systems, as defined here| @el@ttion-) equivalent.

In summary, it is possible to retain preferential semaraicdaugment it in capturing
the causal theory of McCain and Turner. We maintain that tleéepential component
of state transition systems relates to the Principle of MaliChange while the binary
relation on states relates to the Principle of Causal chdhgeour contention that both
of these components — minimal change and causality — areregtjfione is to supply
a concisesolution to the Frame and Ramification problems; the two corapts can
co-exist and, in fact, complement each other.

The notion of a Hamiltonian path throudftpredecessors in a state transition system
is an interesting one. Essentially, a Hamiltonian patheseas a contextual mechanism
much in the same way that augmenting the underlying langtlageigh the addition
of extra predicates does. The additional information adldhve domain causality to
contribute in certain situations and not in others.

It is interesting to compare the selection functirtc,(w, E) of state transition
systems with another selection function that does not usarailkbnian path through
predecessor states. Instead, this function, derraech ((w, E), simply requires that
a successor state.jgt-reachable from every predecessofinE}.,. More precisely, we

define it as follows.
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Definition 4.7.1 (Reach(w, E))
To any state transition systemt we associate a functiokReach, mapping a final in
M statew and a sentencé to the set of stateBeach(w, E), defined as follows:
Reachy(w, E) = {r € [E] : risfinal in M and
M*(r',r) forall v € (r, E)w}.

The functionReachr(w, E) is intuitively appealing because it does not impose any
additional topological requirements (like a Hamiltoniaathy on the process of causal
propagation. Besides, this function is quite similar to tekestion function used in the
simple variant of our augmented preferential semanticsgmted in Chapter 2. How-
ever, the functiorReach(w, F) does not capture all causal fixed-points. It is easy to
establish that by the definitions 4.6.2 and 4.7.1,

Succp(w, E) C Reachpy(w, E).

If there exists a Hamiltonian path through predecessoestanding in a state then,
obviously, the state is transitively reachable from each predecessor indivigu@he
reverse statement does not hold.

Moreover, state transition systems based on the fun@éaah(w, E) would not
completely characterise the causal systems with fixedip&iasg(w, F), as shown by

the following example.

4.7.1 An Example of Context-sensitivity

Consider a very simple domain with three fluemts, ¢, and eight states, out of which we
label the following fivexw = {a, b, ¢}, s = {a, b, =c}, p = {a, —b, —~c}, ¢ = {—a, b, ~c}
andr = {—a, -b, ~c}. Consider also the following causal rules

a/\—-c = al-bA —c,

bA—c = —aAbA —c,
=bA—-c = —-aA-bA —c,

—a A\ —-c = —aA-bA e
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Figure 4.2: Absence of a Hamiltonian path.

These rules exclude statesp and ¢ from the legitimate state®, and produce the
following elimination rules:

{s,p} > {p},

{S’ Q} [> {q}7

{p,r} > {r},

{¢,r} > {r}.
This results in two traces p; r ands; ¢; r, where the stateis final. Therefore, one may
construct the binary relatioi, including M(s, p), M(s,q), M(p,r) and M(q,r)
(Figure 4.2).

Now, let us consider an action with the post-conditiar) executed in the state.

According to the causal fixed-points approach, there areucoessor states. In other

words,

Resg(w, —¢) = .

Note that the stateis not a fixed-point becauge Nr) U {—c} = {—c} is not sufficient
to explain all literals inv.

There are no successor states accordirgnta ,(w, —c) as well — as there is no
Hamiltonian path through the predecessors of the final statethe set(r, —c)),, =
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{s,p,q,7}:

Succ(w, —c) = 0.

This is so despite the fact thais M-reachable from every predecessoffin—c),,. In

other words,

Reachp(w, —c) = {r}.

This clearly demonstrates that in order for a final state ta lsausal fixed-point, it is
not sufficient to beM-reachable from every predecessor — there must be a Hamitton

path through all the predecessors.

4.7.2 Causal Systems Closed under Disjunction

In this section, we sketch a certain sub-class of causatmgssuch that fixed-points
can be completely characterised by the selection fun@itarh ((w, E). To highlight
relationships (originally presented in a previous work]J45at exist among this sub-
class, a sub-class of state elimination systems, and statsitton systems based on
Reach(w, E), we introduce the following definitions.

Definition 4.7.2 (Q Closed under disjunction)
We shall say that a causal syst&s closed under disjunctioii and only if whenever
¢ =1yandy = CareinQthen(y V)= (¢ Vv () isalsoinQ.

Definition 4.7.3 (S Closed under union)
We shall say that a state elimination syst&ns closed under unioif and only if when-
ever X >Y)and @ > R)areinSthen(X UQ) > (Y UR)isalsoinS.

The relationships are given then by the following results.

Theorem 4.7.4 Every causal system closed under disjunction is sele&gprivalent to
a state elimination system closed under union. Conversetyyestate elimination sys-
tem closed under union is selection-equivalent to a caysses closed under disjunc-

tion.
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Theorem 4.7.5 For every state elimination systefthat is closed under union, there
exists a selection-equivalent state transition systefbased orReach ((w, E). Con-
versely, for every state transition systdrhbased orkeach v (w, E) there is a selection-
equivalent state elimination syste$rthat is closed under union.

Note that disjunction in terms of sentences\«)) corresponds to union in terms of
states ¢ v ] = 6] U [4]).

By combining theorems 4.7.4 and 4.7.5 the following corgli@nalogous to Corol-
lary 4.6.6) can be derived.

Corollary 4.7.6 For every causal syster® closed under disjunction, there exists a
selection-equivalent state transition systérhbased orReachy,(w, E). Conversely,
for every state transition systemt based orkReach(w, E) there exists a selection-
equivalent causal syste@ which is closed under disjunction.

Clearly, the causal system of the example considered in thequs section 4.7.1 is
not closed under disjunction. That was the reason why the stnsition system based
onReach(w, F) produced successor state(s) that were not causal fixetspdtican
be easily verified that if we close this causal system undguiction, it will include the
following causal rules in particular:

—c = —a A e,

—c = —b A —c.

These two rules together with the original ones ensure ieagtiate-, that is still selected
by functionReachr((w, —c), is now a causal fixed-point,€ Resg(w, —c). Itis worth
pointing out that the state elimination system is now classaker union and includes the

rule
g ry > {r}.

In short, an augmented preferential semantics in termsabé stansition systems
based on the functiokeach r((w, E) characterises only those causal systems where the
causal rules are closed under disjunction. Consequentlpaeded a stronger selection
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functionSucc\(w, E) to exactly capture all causal systems. To reiterate, theilitam
nian path used iBucc(w, E), serves as a contextual mechanism allowing the domain

causality to contribute only in certain situations.

4.7.3 Summary

It has been suggested that other preferential-style apbesao reasoning about action
are capable of capturing McCain and Turner’s causal theoagctiéns [20, 31, 63, 68]:
an apparent contradiction of what is suggested by our inipitgstheorems in Sec-
tion 4.3. However, these and similar approacras able to do so only by augmenting
the original languag®, with, for instance, predicates likeccludeq20], Caused33],
or so-called inertial (frame) fluents [31]. In particuldretLogic of Universal Causation
based on McCain and Turner action theories and introducedubyer [68] has been
shown to be remarkably similar to Lin’s circumscriptive ferential action theories [33]
that explicitly utilise the additional predica@aused In short, these approaches do not
have apure preferentiasemantics. At the outset we made clear that we did not wish to
adopt the tactic of enhancing the underlying language. Tielagical status of added
predicates is not always clear and places a burden on thgndesvho must determine
whether and when to occlude predicates. In the next chdmeever, we discuss a case
when the original language can be extended with extra elements that have a clear onto-
logical status, while the semantics for selecting suceestates remains transparent. In
short, we hope to demonstrate that it may be possible to @pther causal approaches
such as that of Thielscher [63] with our augmented pref@aesemantics. Another
avenue we intend to explore in this work is a comparison betw®andewall'causal
propagation semanticb6] and our semantics. This would link Sandewall’s sentanti
with McCain and Turner’s causal theory of actions and Thieds's causal relationships
approach, giving further insight into causal approachesasoning about action.

In summary, providing McCain and Turner’s causal theory dfoacwith an aug-
mented preferential semantics allows comparison withrddggcs of action and makes
a concrete step towards a unifying semantics.

5The action languages approach [31] was considered in tiviopgechapter, and the causal relation-
ship approach [63] will be analysed in the next one.



Chapter 5

Causal Relationships Approach

In the previous chapter we presented a new semantics for M&ddi Turner’s approach.
In this chapter we make a further step towards a unifying sgim&ramework for ap-
proaches to reasoning about action and change with an mgalicsal component, and
develop a semantics for an arguably more complex causabagpr— that of Thielscher
[63]. We begin by describing a semantics that, instead o€entnating on the standard
state space, considers a larger set of possibilitiebyper-state spaee- and traces the
effects (both direct and indirect) with the states of thedrygtate space. In an intuitive
sense, the states of the hyper-state space supply extextadtinformation to track the
presence of causality. We then present a further semantichabstracts away certain
important features of the hyper-state space approach. povier-state spaceeman-
tics is a variant of the augmented preferential semantibgrevpower states stand for

information states.

In the following section we outline the necessary technpcaliminaries for an un-
derstanding of this chapter and describe Thielscher'satdbeory of action. In Sec-
tion 5.2 we describe the hyper-state space semantics thahalbuse to characterise
Thielscher’s [63] approach. Then we introduce an abstraaf the hyper-state space
semantics that we call the power-state space semantic$ioséct will establish the
necessary representation theorems. Section 5.5 disciiies@sportance of these re-

sults.

121
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5.1 Technical Preliminaries and Background

In this section we review Thielscher’s [63] causal relasioips approach, and reproduce,
for convenience, some of the technical preliminaries diesdrin Chapter 2. We will
adopt from Thielscher [63] the following notation. df € Lz, then|e| denotes its
affirmative component, that i$f| = |-f| = f, wheref € F. This notation can be
extended to sets of fluent literals as follows!| = {|f| : f € S}. By the termstate
we intend a maximal consistent set of fluent literals. We dalhote the set of all states
asW, and call the numbenm of fluent names inF the dimensionof W. By [¢] we
denote all states consistent with the sentepice B (i.e., [¢] = {w € W : w F ¢}).
Occasionally, we shall ug&’], whereFE is a set of literals, to denote all states consistent
with a sentence £ (a conjunction of all literals ir’). Domain constraints are sentences

which have to be satisfied in all states.

We mentioned earlier that the idea of minimising change depto deduce the set of
possible next states (successor states) is used quitdyioadtion theories. Sometimes
the notion of minimal change is defined by set inclusion (@i1A) [70, 23, 31, 37], and
often incorporates the frame concept or the policy of caisgbon [23, 67, 31], assign-
ing different degrees of inertia to language elements (thjeiterals, formulas, etc.) —
as we have seen in action languages. Shortcomings of dartimplementations of the
Principle of Minimal Change and the policy of categorisatme well-known: imprecise
or capricious definitions of minimality metrics (eg., PWA7Jlvs PMA [70]), difficul-
ties in properly categorising fluents as inertial and naiial, leading to increasingly
complex selection mechanisms of action languages [31, 3|3, &c. These problems
have generated attempts to use some notion of causaligachsif, or in addition to,
the Principle of Minimal Change. Action theories, discusisegrevious chapters, try to
embody background information in the form of domain “caua®ls”, pointing to the
fact that, in general, propositions embracing causal dégeries are more expressive
than traditional state constraints [33, 37, 67].

However, despite numerous attempts to combine a notiorustdigy with the Princi-

ple of Minimal Change and/or policy of categorisation, mpléicounter-examples keep
reappearing, highlighting the intractability of the Ramafion problem. The frame-
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work suggested by Thielscher [63] criticised the categdios policy and the Principle
of Minimal Change, arguing for the necessity of an approadethan causality. The
suggested approach was intended to provide a method to @woder-intuitive indirect
effects (ramifications), while accounting for causal rielaships of a domain at hand.
One of the perceived strengths of the Thielscher approashawability to capture not
only all intuitively expected successor states with mirigiatance to the initial state,
but also non-minimal solutions — “perfectly acceptablequied all changes are reason-
able from the standpoint of causality” [63]. In other wortts&e hon-minimal solutions
are those states which are reachable via causal propadetioran intermediate state.
This intermediate state is determined as the nearest st#ite initial state, where the
direct effects of an action hold, while some domain constsainay be violated.

The assumption of minimal change, criticised by Thiels¢b8}, suggests to reject
a successor state if it is obtained by changing the valuesrioflg more fluents than
necessary (essentially, it is the PMA assumption). Argyahls assumption is too re-
strictive and specific to warrant a complete withdrawal fribra Principle of Minimal
Change. Moreover, in this chapter we argue that it is possthlgbserve a minimal
change component in Thielscher’s approach as well. To dstrada our claim we ex-
hibit a semantics for Thielscher’s causal theory of actidigs semantics is a variant of
the augmented preferential semantics, and can be cleantyteeemploy a component
of minimal change coupled with causality.

5.1.1 Propagation with Causal Relationships

Thielscher’s [63] causal theory of action consists of twamw@mponentsaction laws
which describe the direct effects of an action performed given state, andausal
relationshipswhich determine the indirect effects of an action.

Every action law consists of:

e a conditionC, which is a set of fluent literals, all of which must be conéainn
an initial state where the action is intended to be applied,;

e a (direct) effectF, which is also a set of fluent literals, all of which must haid |
the resulting state after having applied the action.
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Condition and effect are constructed from the same set oftfluemmes so that the state
obtained from a direct effect is determined by remowvirigrom the initial state and

addingF to the result. An action may result in a number of state tteoms.

Definition 5.1.1 (Action)

Let F be the set of fluent names and J&be a finite set of symbols called action names,
such thatF N A = (). An action law is a triple(C, a, E) whereC', calledcondition and

E, calledeffect are individually consistent sets of fluent literals, corsgab of the very

same set of fluent names (i.&,

= |E|) anda € A. If w is a state then an action law
a = (C,a, E) is applicable inw if and only if C' C w. The application of to w yields
the statgw \ C') U £ (where\ denotes set subtraction).

Causal relationships are specified as
e causesp if @

wheree and p are fluent literals an@ is a fluent formula based on the set of fluent
namesF. Thielscher also proposed a mechanism to extract causdiorehips from
domain constraints, given a binary relatibimmdicating potentiainfluencedependencies
between certain fluents. This section would be describecbire metail in [63].

Definition 5.1.2 (Causal relationship applicability)

Let (s, £') be a pair consisting of a stateand a set of fluent literal&. Then a causal
relationship ¢ causesp if ® is applicable to(s, ) if and only if® A —p is true ins,
ande € E. Its application yields the paifs’, £’), denoted ass, £') ~ (s', E'), where
s = (s\ {=p}) U{p} and E' = (E\ {-p}) U {p}.

In other words, a causal relationship is applicabke Holds, the indirect effegi is false
and the cause is among the current effects. Note thamust be among the current
effects; being true at the current state is not sufficient.

A possiblesuccessor statis determined through the repeated application of causal
relationships. In so doing we may temporarily end up in statelating domain con-
straints. This is permissible provided subsequent apgmics of causal laws result in
legal states. Specifically, given an initial stat@nd actionz, the set of possible succes-

sor stateResgp.(w, a) is determined as follows.
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Definition 5.1.3 (Resgpc(w, a))

Let F be the set of fluent names$,a set of action nameg, a set of action laws) a set
of domain constraints, an& a set of causal relationships. Furthermore,debe a state
satisfyingD and leta € A be an action name. A states a successor stataf w anda,
denoted- € Resgpr(w,a), if and only if there exists an applicable (with respectitp
action lawa = (C,a, E) € L such that

1. (w\C)UE,E) < (r, E') for someE’, and
2. r satisfiesD,
where ~» denotes the transitive closure 6f.

As mentioned before, an occurrence of a literah a states does not guarantee
that a causal relationship causesp if @ is applicable to a paifs, £) — to ensure
applicability, the literal has to belong to the current effeds That is why, in order
to trace causal propagation with causal relationshipsneeels to keep an explicit (and
changing) account of context-dependent effects of actions

5.1.2 The Light Detector Example

At this stage let us consider the Light Detector example,trored earlier, and illustrate
the way of producing successor states according to the loalestzonship approach. The
example can be characterised as follows:

F = {swy, swe, sws, relay, light, detect }

D = {sw; A swsy > light, swi A\ swy > relay,
relay O —swq, light D detect}
R = {sw, causeslight if sw,y, sw, causeslight if swy,
—swy causes—light if T, —swy causes—light if T,
swy causesrelay if sws, sws causesrelay if swy,

—swy causes—relay if T, —sws causes—relay if T,
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= relay [—
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o | — light — detect
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Figure 5.1: The electric circuit with Light Detector.

relay causes—swy If T, light causesdetect if T}

Let the initial state be
w = {—swy, sweq, sws, ~relay, ~light, ~detect},

depicted in Figure 5.1.2. Consider now the actipnsw; }, toggle,, {sw; }). According
to Thielscher [63, p. 341],

Obviously, the relay gets activated and, then, attractsebhend switchsws.
Hence, the latter is open in the finally resulting state. ddgthowever, that
as soon as the first switch is closed, the sub-circuit inmgi\the light bulb
gets closed, too. This may activate the light bulb for areinstthat is, before
the second switch jumps its position as a result of actigdtie relay. If this
is indeed the case, then this short-time activation mightbéstered by the
photo devicedetect Hence, while it is clear that the light bulb is off in the

resulting state, it may or may not be the case tleéctbecomes true.

Accordingly, two successor states are suggested as wetaiipending on current flow
in the circuit:

s1 = {swy, ~sws, sws, relay, —light, —detect },

So = {swy, msws, sws, relay, —light, detect}.
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Importantly, the second state differs from the initial statev in strictly more fluents
than states; — in other wordss; <., s3 in terms of the PMA ordering.

The setR of causal relationships supports this line of reasoningpetaly. The
execution of({—sws }, toggley, {sw, }) in the statev produces the state-effect pair

({swy, swq, sws, —relay, —light, ~detect}, {sw; }).

Then, by applying various causal relationships, one magtréze following state-effect
pairs:

(517 {Sw17 Telayu _'SU)2}>,
(817 {Swh Telaya —SWa, _'hght})7

(89, {swy, detect, relay, —swq, —light}).

The last pair includes the alternative outcomebecause during the propagation it is

possible to employ the rules

swy causeslight if sws

light causesdetect if T

before the rules

swy causesrelay if sws
relay causes—swsy if T

—swy causes—light if T.

In other words, the literdlight appears in the effects (history) component of some state-
effect pair, and brings about the liter&itect, before being removed itself by other rules,
while the ramificationletect stays.

Thus, both successor statesand s, are obtained by the causal relationships ap-
proach in the Light Detector example — at the expense of keggm explicit account of
all intermediate contextual changes (that are not neabssatained in successor states).
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5.1.3 Preliminary Comments

Interestingly, given &ransitionstate-effect paifs, £), if the literale is part of the current
effects F/, then it must be an element of the current stateThis observation can be

formalised as follows.
Lemmab5.1.41f (s, E') ~ (s”,E"), thenE" C ",

Notice that the sek’ in Definition 5.1.3 contains the most recent consistentcedfe

that have been manifested during the causal propagétioh C) U E, E) ~5 (r, E').
In other words, although some of the effects may have beeactet from the effects set
during propagation, their negations should have taken tbgpective places. The effects
set accounts for both direct and indirect effects but theyramt necessarily preserved
during causal propagation.

For example, suppose we have a simple action systemAvith{p, ¢}, D = {—¢ D
-p}, R = {—q causes—p if T}, andL ={({{p,q},a,{p,~q})}. The actiona per-
formed at the initial stat¢p, ¢}, results in a statép, —¢}. Note that this resultant state
does not satisfy the domain constraint. The causal rekttipris then applied, whereby
({p, —q},{p, ~q}) ~ ({-p, ~q}, {—p, ~¢}) and produce®esrp.({p, ¢}, a) = {—p, ~q},
where the successor state satisfiesvhile leaving one of the direct effectg)(out.

We can strengthen the concept of successor statesngervativesuccessor states.
A stronger definition describingonservative successor stat@enotedResy, . (w, a))

can be given as follows.

Definition 5.1.5 (Res}p . (w, a))
LetF, A, L, D, R, w, a = (C,a, E) be the same as in Definition 5.1.3. A statis a
conservative successor stafev anda, r € Resyp.(w, a), if and only if

1. r € Resgpe(w,a), and

2. ECr.

Using this definition, causal propagation can “travel” algs~-states, however it must
end in a state consistent with the direct effets
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Our primary intention is to characterise a successor stateerms of initial state
w and actiore, without referring explicitly to the details of the interdiate states. In
other words, it is desirable to define a selection functitz(w, a) that does not trace
a detailed history of intermediate effects. In doing so, Wallsollow the spirit of the

augmented preferential semantics described in Chapter 2.

5.2 Hyper-space Semantics

In Chapter 2 we discussed a semantics that augmented a ptefestructure with a
binary relation on states, and argued that minimal chandecansality — the former
captured by preferential semantics and the latter by a piredation — together are
essential in furnishing a concise solution to the frame f@mob Our approach here is
intended to illustrate this idea once more, now with respethielscher’s causal theory
of action.

This will serve as another step towards a uniform and gerarginented prefer-
ential semantics for causal action systems — complemettiadprinciple of Minimal
Changé with causal propagation driven solely by a binary relatiorstates.

Our intention at this stage is to consider a formalisatioraction systems which
faithfully captures successor states (not only conseseptas defined byresgp(w, a)
or Reshp,(w,a), using a selection mechanism of the augmented preferesgiahn-
tics (or its variant). More precisely, we would like to useiadsy (causal) relation on
states, while propagating within a set of possible statestead of keeping an explicit
(and changing) account of context-dependent effects adrasct The advantage of this
proposal is that a causal relation would be action-indepetidinlike the history of ef-
fects. Obviously, this objective is hardly achievable withextending the action systems
components in some way — in particular, we cannot use theoappationV =T..

In general, as we discussed earlier, a pure preferentiarstes, in the spirit of [60],
cannot be obtained for causal action systems without ekigrile system description.
One important feature of such an extension is the introdoaif the information state-
spacd’ with a (typically) higher dimension than the standard stgacelV .

1Some notion of minimality was used, for instance, in obtagrthe statéw \ C) U E.



130 CHAPTER 5. CAUSAL RELATIONSHIPS APPROACH

Let us begin by informally describing the semantics we dgvébr the causal rela-
tionship approach, before proceeding to establish thedbresults. In the remainder of
this section we give a formal description of this semantécsgriant of the augmented
preferential semantics). This variant makes use of thenmtion state-spade explic-
itly, by constructing it in two steps — first, via the “hypeate space” (following our
original techniques [50]), and then via the “power-statacg (introduced by us earlier
in [51]).

Any state in the standard state-spatecan be associated with a number of hyper-
states, creating a hyper-neighbourhood. For instanceitamiediate stateo \ C') U E
(defined, for a given action and an initial state, accordnghielscher’s approach) can
be represented by a set of hyper-states in the expanded Jpasdyper-neighbourhood
will be a starting point of a propagation (analogously to ¢nadient area in the aug-
mented preferential semantigsAn appropriately constructed binary relation on hyper-
states would allow us to propagate in the hyper-space inyasimsple way — without
the necessity to track the causal history, and resultingdlearly defined “final” set of
hyper-states. A projection from the resulting hyper-nbmirhood back to the normal
state-space would pin-point the desired successor sttte attion at hand — see Figure
5.2. Intuitively, the purpose of the hyper-states is to s@y possible causal extensions
of normal states, providing necessary context to the psogesausal propagation.

5.2.1 Constructing Hyper-states

The main idea behind the hyper-state space semantics isistrgot a prototype of the
information state-space and investigate the applicalotefoof minimality and causality.
Technically, we do this by augmenting the underlying largguand adding to the set of
fluent namesF. This allows us to maintain contextual information thatlveécome
important during causal propagation.

We begin by considering the sétwhich has the same cardinality #&and such
that L = N j-" = (). Then we define a function : 7 — i‘ which intuitively provides
an added space-dimension corresponding to each fluentF. Now consider the set

2This analogy is limited, however: the hyper-state spacalig an initial prototype of the information
space.
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Figure 5.2: Propagation in the hyper-state space (dashedsj followed by projection
onto the normal state-space (solid arrow).
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LO]_- — FU {—q:qe€ ]O-“}. Clearly, LO]_— andL r are sets of the same cardinality and,
moreoverL]_-mLo}- = (). Put simply, we just double the number of fluents (and ligral
by adding their “copies”.

We require a further function to map fromr to LO]_-. We introduce the “cloning”
function!: L — LO]_- for this purpose such that

I(f)=4(f) if feF, f isapositive literal — a fluent name, and

I(f) =—jg(f) if feLr\F; fisanegative literal.

In other words, the functiof( f) is a simple bijection mapping literals fromz to Lo]_—:
positive to positive, and negative to negative.
The following property follows from these definitions.

Lemmab5.2.11If f € F, thenl(—f) = =l(f).

The functioni( f) is intended to produce extra literals, corresponding tafilieerals
in L . We will call a literali( f) a justifier literal, and will use the abbreviatig;ﬁnstead
of [(f) for simplicity. In addition, the sef will be referred to as the set gdistifier
fluents andLO]_— will be referred to as the set @istifier literals

Definition 5.2.2 (Justifier set)
Ajustifier setJ, for a set of fluent literalg/, is J = Ure s {U(f)} = Ufe,]{;}.

We are now in a position to state more precisely what we meanhyper-state.

Definition 5.2.3 (Hyper-state)
Given a set of fluent&’, a hyper-states a maximal consistent set of literals fran- U

Lr.

Thatis, we produce “clones” or copies of all the fluent namesir language and use this
expanded language in forming (hyper-)states. We will detlo¢ set of all hyper-states
as(?, where the dimension @1 is 2m, m being the dimension dfy. The following two

functions map hyper-state spaedo normal spacéV and vice versa.
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Definition 5.2.4 (Projection from hyper-state space)
A projection fromQ to W, p : Q — W, is the function mapping a hyper-state=

rsooos fos fis s fm) € Qto astater = {f1, ..., f} € W,

We denote the hyper-part of a hyper-state 2 ash(s) = s\ p(s). Clearly, for any
seQ, h(s)NF = 0.

The following definition will be useful in providing a seméas for the process of
causal propagation.

Definition 5.2.5 (Hyper-neighbourhood)
A hyper-neighbourhoodf a stater € W is the functionV : W — 2, mapping a state
r to a set of hyper-statesV(r) = {s € Q : r = p(s)}.

That is, the hyper-neighbourhodd(r) is the set of all hyper-states extendinfronsis-
tent withr).

5.2.2 Justifying Causal Context

Clearly, there ar@™ states in any hyper-neighbourhood, as therenajastifier fluent
names in any hyper-state allowed to vary across the neighbod. Intuitively, justifier
literals represent explicit causes for a state W, and the sefV(r) consists of states
where all possible causes (i.e., justifier literals) varkijleithe (proper) literals defined
on F are fixed.

For instance, given state = {a, b} in normal spacé/V, its hyper-neighbourhood
N(r) consists of hyper-states

{a,b,4,b},

{a,b,a,-b},
{a,b,a, b},
{a,b,~, b},

where the justifier fluents and(c; vary. As such, any subset of () may represent a
particular causal context. For example, the et b, &,z}, {a, b, a, ﬂz}} corresponds
to a partial statga, b, 3}, justifying the literala € r, and leaving the literab € r
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unsupported (more precisely, aolgangein truth value of a literal will be expected to
have a justification).

Note that the history componeit of any causally propagated pdis, /) cannot
have more thamn elements due to the consistency of the update defined in Befini
tion 5.1.2, as shown by Lemma 5.1.4. In the case where therhisomponent® in
a pair (s, E) has exactlyn elements (or, in other word€; = s, by the Lemma 5.1.4)
the pair can be represented by a single hyper-state. For example, the hyper-state
{a,b,a, 2} can account for a causal transition pdie, b}, {a, b}). When the component
E has strictly fewer elementg; C s, the incompleteness may be represented by a partial
hyper-state. A union of complete hyper-statgs;, b, a, Z}, {a,b, a, —\ZO)}} can represent
the pair({a, b}, {a}) in a causal propagation chain where the second componeigsar
the history of changéa}.

It is this combinatorial variability of possible causes ihyper-neighbourhood that
allows us to account for different action-dependent histoin a causally propagated
chain, leading to a successor statdiitszp.(w, a). Before we formally introduce the
required notion of a binary causal relation on hyper-sitdétsis illustrate its purpose.

Suppose we have an action system with= {a,b,c}, D = {-b D —a}, R = {-b
causes-a if T}, andL = {({b},z,{-b})}. Let us consider actiom executed in the ini-
tial statew = {a, b, c}. The action’s direct effect i§—b}, yielding the intermediate state
{a,=b,c} = (w\ {b}) U {-b}. This state contradicts the given domain constraint. How-
ever, the system’s sole causal law appligs:, —b, ¢}, {—=b}) ~ ({—a, —b, ¢}, {—a, —b}).

The state component of the resultant pair obeys the domastreont (and satisfies the
direct effect, in addition). Therefore, itis an elemenfefs ;. (w, z). It can be verified
that Resrp.(w, ) is a singleton.

We now indicate how this propagation can be traced in the hsfage space. The
hyper-neighbourhood/ (¢) of the intermediate state= {a, —b, ¢} contains eight hyper-
states (see Figure 5.3). Some of these represent the mgtary componen{—-b} —
these hyper-states are exactly thoseVify) N Hc;], where[f] represents, as usual, the
set of states consistent with literAl The hyper-neighbourhood of the successor state
q¢ = {—a, b, c} contains some hyper-states accountable for the final fismnponent
{-a, —b}. These states are exactly those\ity’) N[-a A ﬁz(;] or N(¢')N[-a]N HC;]. The
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{a, —b, ¢, col, Z, Z} {—a, b, c, 3, Z, Z}

{a, b, ¢, a, b, ~¢} {~a, =b, ¢, a, b, ~C}
{a, —b, ¢, a, —\Z, ?:} {—a, b, c, col, —\Z, Z}
{a, -, ¢, 8, —|IL;, ﬂg} {—a, —b, ¢, 27 —|lc;, ﬂg}
{a, —b, ¢, ﬁéi, Z, ?:} {—a, b, c, ﬁtol, Z, 8}
{a, -, ¢, —a, z, ﬂg} {—a, —b, ¢, —a, Z, ﬂg}
{a, —b, ¢, ﬁa, ﬁz, 8} \=«{ﬁa, =b, c, ﬁéi, ﬁg, 3}
{a, -, ¢, —a, ﬂl(; —é} > {—a, —b, c, —a, —\87 —é}

Figure 5.3: TheC-links between hyper-neighbourhoods of the stdtes-b,c} and
{—a, b, c}, generated by a causal relationshipcauses-a if T.

idea, then, is to construct just such a binary relation orelngtates for an action system
so that transitions in hyper-state space correspond t@tpruepagation.
We now can formally define a binary relation on hyper-state3. i

Definition 5.2.6 (Binary relationC)
A binary relationC is defined orf2 x Q. We say tha€(s, ) if and only if there exists a
causal relationship e causes if & such that

1 p(s)FeADA-p
2. h(s) e
3. p(s') = (p(s) \ {=p}) U{p}
4. h(s') = (h(s) \ {=P}) U {9}
That is,
1. the causal relationship is applicable at the world siéteandp will change value

2. the antecedentof the causal relationship is among current effects — anckthe
fore, the justifiere is an element of the hyper-state
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3. the statey(s’) is like p(s) but p has changed value

4. the effectp is added to current effects — and therefore, the justifieris an

element of the hyper-staté

Figure 5.3 illustrate€ (s, s')-links between hyper-states from distinct hyper- neightbou
hoods. The fact that all the states/(r) N [ﬂZ] haveC-links to the states iV (r') N
[ﬂcoz A ﬂzc;] is not a coincidence, and will be formally captured later.

5.3 Power-space Semantics

While the hyper-state space is a powerful concept that allsw® completely charac-
terise Thielscher’s approach, we shall now introduce aratbncept that abstracts away
some of the important elements of the hyper-state spacengesarhis notion of a so-
called power-state spacallows us to give a semantics that concentrates more on the
actual causal propagation occurring between one (hypeghbourhood and another.
Moreover, this semantics is a simple variant of the augniepteferential semantics.
First, however, the following definition will prove convemi.

Definition 5.3.1 (Partial state)
Given a statey € W and a set: C N(q), a partial statey,(z) is defined as),c,s.

Intuitively, a partial statey,(z) contains all literals common to the “part’of the neigh-
bourhoodN (¢). For example, the state= {a, —b, ¢} and the set = N(¢) N [ﬁz(;] yield
a partial statey,(z) = {a, b, c, ﬁz(;}.
Consider a sef of cardinality equal to that of®. This setl’ will be referred to as
the power-state spacédeing isomorphic to the power set of the hyper-state sace
We define a mapping : 2 — T, such thaty(z) = v,(z) if = C N(q) for some
q € W, andv(z) = () otherwise. Basically, if is a part of some hyper-neighbourhood
N(q), the functiony(z) is nothing buty,(z). Otherwise, ifz contains hyper-states from
different hyper-neighbourhoods(-) is defined as the empty set.
Having defined the function(z) for every subset of the hyper-state spaxewe

construct a binary relation on elementdof
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Definition 5.3.2 (Binary relation—)

A binary relation— is defined onl” x I". Given two elements,,z, € I' such that
r1 # () andxzy # (), we say that:; — x5 if and only ifz; = v(z;) andzy = y(z2) for
somez, 2, € 2% such that

1. Vs € 2,35 € z, such thaC(s, ),

2.V s € zy,3s € z, such thaC(s, )

We will abbreviater; — x5, wherex; = v(z;) andzy = y(22), asvy(z1) — v(z2).
Intuitively, v(z;) — ~(z2) means that there are no hyper-states;inwithout an out-
going C-link to some hyper-state im,, and there are no hyper-stateszinwithout an
incomingC-link from some hyper-state i .

It is precisely this binary relation that captures causappgation in Thielscher’s
system. To reiterate, the power-state space is at a mudr ket of abstraction than the
hyper-state space, while we find that the latter is more quewnein terms of establishing
the initial motivation and in proving the necessary resukggure 5.4 shows how the
hyper-state and power-state spaces are related, and Bigueremplifies that (N (¢) N
[=B)) = ¥(N () N [+d A =b]).

By = we denote the transitive closure of the binary relatien

5.4 Representation Theorems

We intend to demonstrate that it is possible to correctlyuwapsuccessor states obtained
by the causal relationship approach by causal propagatidhei power-state spadée
driven by the binary relatior~. Such a process starts in a power-state that is minimal
(in a certain way) among power-states consistent (in aioevtay) with an action’s
direct effects, and ends in a final power-state correspgrtdia successor state. In other
words, this process propagates “minimal change” withint asgossible states of higher
dimensions, instead of keeping an explicit (and changingdant of context-dependent
action effects. Quite obviously, the power-space semsigia variant of the augmented

preferential semantics.



138 CHAPTER 5. CAUSAL RELATIONSHIPS APPROACH

0000 0O 00O 0O 00O
00 00 0000 0000
00 O O O 00 O 0 0 0:0
0.0 O O: O 0.0 O 0000

S
5
J

Figure 5.4: The top level: states in normal spageThe medium level: states in hyper-
state spac@ grouped in hyper-neighbourhoods corresponding to nortatds A subset
of a hyper-neighbourhood (a partial hyper-state) is shoswmbded by a dotted line. The
bottom level: states in power-state sp&ceorresponding to partial hyper-states.

5.4.1 Relating Justifier Literals and Causes

The aim of this section is to establish some representatinditions for the causal links
C(s, §') in terms of the underlying causal relationships. This walldw us to imitate

a chain of causal relationships with a propagation alongothary relationC and the
binary relation—.

We begin by introducing a few notions that will be useful iraBsing causal links
C(s, s') andz — 2’. LetC* denote the transitive closure 6f

Definition 5.4.1 (Connection set)
Given two states € W andy € W, the setl(z,y) = {s € N(z) : C(s, s'), for some
s' € N(y)} is theconnection sefor the states: andy.

Intuitively, the connection sdi(x, ) contains those states from the hyper-neighbourhood
N (z) that have out-going (s, s')-links to some states in the hyper-neighbourhddd).
Note that, in general,(z,y) # L(y, x).

Definition 5.4.2 (Traced set)
Given two states € W andy € W, the setl'(z,y) = {s' € N(y) : C(s, s'), for some
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s € N(x)} is thetraced sefor the states: andy.

The traced sef’(z,y) contains those states from the hyper-neighbourhvgg) that
have incomind’ (s, s')-links from some states in the hyper-neighbourhddd:).

Definition 5.4.3 (Transitively traced set)
Given two states € W andy € W, the setl™(z,y) = {s' € N(y) : C*(s, s), for some
s € N(z)} is thetransitively traced sdbr the states: andy.

The transitively traced sét*(x, y) contains those states from the hyper-neighbourhood
N(y) that have are transitively reachable via incomitigs, s')-links from some states
in the hyper-neighbourhool ().

The relationC has a notable characteristic that there are at ¥ast links generated
by one causal relationship causesp if ®; among different hyper-states and neigh-
bourhoods. The minimurzi™~! is attained when the causal relationship is qualified by a
complete state = {f1,..., f}, whered® < AF=Tf,, — in this case, all the generated

links originate in one hyper-neighbourhoddr). This leads us to the following result.

Lemma 5.4.4 For any two states € VW andy € W, if the connection sek(z,y) # ()
then there exists a justifier Iitergil such that{JOf] N N(x) C L(x,y).

Essentially, this result tells us that, if there is at least 6-link between two hyper-
states, then there are at least! C-links in total between hyper-states in the respective
neighbourhoods, and all these links are generated by the sagsal relationship. As
an example, Figure 5.5 illustrates the existence of a jestiteral ﬁZ such that{ﬁz(;] N
N({a,—b,c}) C L({a,—b,c}, {—a,—b,c}).

A qualified reverse inclusion holds also.

Lemma 5.4.5 For any two states € W andy € W, if there exists a justifier Iitera}?"
such thaqj%] N N(z) C L(z,y), then there exists a causal relationshfigauseg if @,
for somed true inx, where{p} =y \ z.

The proof of this lemma progressively eliminates all litsr@axceptf, which might

have been alternative causes. It exploits the fact thatingry, — 1 justifier literals
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{a, —b, ¢, 2, Z, g} {—a, —b, c, SL, lc;, ?:}

{a, =b, ¢, @, b, ~¢} {~a, =b, ¢, a, b, ~C}
{a, —b, ¢, 8, ﬂlc;, E} \ {—a, —b, c, EZ, ﬂloy, 2}
{a, =, ¢, a, ﬂl(;, —\Z} {—a, -, c, a, ﬂl(;, —é}
{a, —b, ¢, ﬁé, lo), E} {—a, b, c, ﬁa, z, g}
{a, =, ¢, —a, Z, —\Z} {—a, -, c, —a, Z, —E}
{a, ~b, ¢, ~a, b, ¢} \i{ﬁa, b, ¢, =, —b, ¢}
{a, -, ¢, —a, —Ji, ﬂg} > {—a, —b, c, —a, —Jj, ﬂg}

Figure 5.5: All [ﬁlc;]-states belong to the connection $é{a, —b, c}, {—a, —b, c}).

(having fixed}) accounts for at most™~! — 1 states in a hyper-neighbourhood, while
there are™~! states in the seﬁy%] N N(z).

Combining the previous two results shows that the presenaeatisal relationship
underlying aC-link corresponds to the existence of a justifier Iite}ad;uch thal{}] N
N(x) C L(z,y). More precisely,

Corollary 5.4.6 For any two states € W andy € W, there exists a justifier IiterajoE
such that[}] N N(z) C L(z,y), if and only if there exists a causal relationshyfigauses
p if @, for somed true inx, where{p} =y \ x.

This representation result illustrates the mechanicsnoktie causal linkg. In partic-
ular, in order to imitate a chain of causal relationshipshwite binary relatiort, one
would need to “group” those hyper-states that share a péatigustifier literal and prop-
agate to another “group” (in another hyper-neighbourhdboat) shares both the original
justifier literal and, in addition, the justifier of its caligéfect.

Not surprisingly, any connection set may not contair[%:llstates and a[lﬁg]-states
in a hyper-neighbourhood. The set of causal relationsRipsay have relationships like
e causew if & and—e causes if . However, such “conflicting” relationships would
generateC-links originating from different hyper-neighbourhoodBherefore, a hyper-
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neighbourhood may have outgoidglinks generated by only one of the “conflicting”
relationships. Noticing this countenances the followexglusionproperty.

Lemma 5.4.7 For any two states: € W andy € W, there is no justifier literaF such
that both[e] N N(z) C L(x,y) and[—¢] N N(z) C L(x,y) hold.

In this sub-section, we established an important chaiatteof the binary relatiol@
reflected in connection sefs there is a justifier Iitera)% such tha(]%] NN(z) C L(x,y)
for some states andy, if and only if there exists a causal relationship with ktlef
being the cause and litera| where{p} = v \ z, being the effect. In addition, we
verified that if there is a justifier Iiterél such thai[;‘] N N(z) C L(z,y) for some states
x andy, then, by the exclusion propert[yb}} N N(z) C L(x,y) does not hold.

5.4.2 Propagating in Hyper-space

In this sub-section we mainly investigate the nature of pgation in hyper-state space,
where minimal change, triggered by the action, propagates dbne hyper- neighbour-
hood to another. The power-state space propagation is mongies (power-state to
power-state), and will be put to use in the next sub-section.

We previously said that a statas preferred to a statgin terms of the PMA ordering
[70], denotedr <,, y, if and only if Diff(x, w) C Diff(y, w), whereDiff(p, q) represents
the symmetric difference gf andgq, i.e., (p \ ¢) U (¢ \ p). We also defined the set
min(=<., [E]) as a subset of post-condition stajés, containing states nearest to the
statew in terms of the ordering,,. In other words,

min(<y, [F]) ={z € [E] : -y € [E],y # x,y <u T}

We introduce here one more useful definition.trigger setof hyper-states €
is the set where the projectigris) identifies the nearest states (to the initial staje
among states consistent with the direct effé¢tsind justifier literals irh(s) capture the
initial (immediate) causal context.

Definition 5.4.8 (Trigger set)
A trigger set of stateBF||,, is defined for an initial state € VW and an actioru, where
(C,a, E) is an action law, as
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{s€ N(q):q €W,q € min(<u,[E]),h(s) - E}
where<,, is the PMA ordering.

That is, in terms of the PMA ordering,E||,, is the set contained in the hyper- neigh-
bourhoodN (¢) of stateq nearest to the initial state, and the states < || E||,, jointly
represent the initial (immediate) causal context, i.g@tjahcausally justified changes
triggered by effectd’. For instance, if an action lay{b}, z, {—b}), is applied to the ini-
tial state{a, b, c}, then the trigger set{ b} || 1.4,.; COntains exactly those states enclosed
in boxes in Figure 5.5.

The following result is an immediate consequence of thisdedn.
Lemma 5.4.9 For any initial statew € ¥V and an actioru, where(C, a, E) is an action

o

law, ﬂsenEHMh(S) =F.

In terms of justifier literals, what the statesc || £'||,, have in common is precisely the
literals in £. In other words|| E||, = []%] N N(q), whereq € min(=<.,[E]). As was
noted, for example, the trigger s&it—b}|| (a5} CONtains exactly those states enclosed in
boxes in Figure 5.5, represented alternativelyﬁ:%m N(q), whereq = {a,—b,c} =
min (<., [7b]).

Importantly, any trigger set~||,, is properly contained in the hyper-neighbourhood
N(q) of the statey nearest to the initial state among post-condition statgsthat is
IE]l. © N(q).

The intuition behind the trigger set is simple: this set is $tarting point of causal
propagation. In hyper-state space, the triggef|8t, contains hyper-states where jus-
tifier literals in £ corresponding to the immediate effeéisare fixed, and other justifier
literals vary. For example, if the action with the post-cibiotd —b is executed in the
initial state{a,b, c}, then the statda, —b, c} is the nearest to the initial one, and its
hyper-neighbourhood (depicted on the left hand-side ofifeid.5) contains the trigger
set||{—b}|l{ab,c; — OF, in other words, all the hyper-states where the litengls fixed,
and other justifier literals vary.

As established by Lemma 5.4.9, if one takes the interseofibyper-parts of all the
hyper-states in the trigger set, what is left is precisety ltterals £ corresponding to
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the immediate effect& — in the exampIeE = HZ}, where the literak is common
to all hyper-states in the trigger set (the states enclasdzbxes in Figure 5.5). Not
surprisingly, we wish to start our propagation from theeddiounded by the trigger set
(where only immediate causes and their justifier literaésfaeed), and not from some

hyper-states that are not consistent with Iiteralj:j“in

Moreover, in power-state space we start propagation frenptwer-state (|| F||,)
corresponding to the trigger set. For example, the povete storresponding to the set
{0} l{ap,c) is the state mapped from the partial hyper-state-ob, c, ﬁl(;}. In other
words, we wish to start our propagation from the power-geflecting only immediate
causes-tb) and their justifier Iiteralsﬂoy).

With the trigger sef| F||,, defined, we can formally trace a causal propagation in the
hyper-state space.

Definition 5.4.10 (Causally triggered hyper-neighbourhood)

We say that a hyper-neighbourhodd ¢), whereq € W, is causally triggered by the set
|E||.., denoted ad E||, = N(q) if and only if for all s € || E||,,, there exists’ € N(q),
such thatC* (s, s’) holds.

Basically, a hyper-neighbourhoadd(y) is causally triggered wheall initially justified
causal changes propagate to a subsét @f).

Returning to our example of Figure 5.5 we see that (assumingget éction effect
—b) this was an instance when the trigger [setb}|| (q,} triggers the hyper- neighbour-
hood on the right-hand side.

Figure 5.6 gives an example when the same trigger set failigger the same hyper-
neighbourhood. This is due to the fact that, in this caseafiattates in||{—b}||q,5.c}
belong to the connection set. We can easily verify that thesa@larelationship used
to generate the connection set in this example would not pp&caple according to
Thielscher’s approach also. This is because the catgs fiot a part of the history
component which is equal to the direct effeeb) at this stage.
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{a7 _‘b7 c7 8], l(;? g} {_\a’ _‘b7 C? 8’7 Z’ g}
{a, =b, ¢, @, b, ~¢} {~a, =b, ¢, @, b, ¢}
a7 _‘b7 C7 8/, _‘lc;? Z _‘a’ _\b7 C? 8/7 _‘10)7 g
{ N { }
{a, =b, ¢, @, b, ¢} {~a, =b, ¢, @, b, ¢}
{CL7 ‘!b, C7 ‘\(37 ?), E} > {‘!CL, ‘!b, C, ‘!(37 27 8}
{a7 =b, c, _‘Col, Z _\Z} {_'aa -, c, _‘27 27 _'z}
{a7 ﬁbv G, “8‘7 ﬁa g} > {"CL, "bv C, "8‘7 ﬁzv 8}
{a, =b, ¢, ~a, —b, ¢} {~a, =b, ¢, ~a, b, ~¢}

Figure 5.6: TheC-links between hyper-neighbourhoods of the stdtes-b,c} and

{—a,—b,c}, generated by a causal relationshigauses—a if —b. Some[ﬁ((;]-states
do not belong to the connection g&t{a, —b, c}, {—a, b, c}).

5.4.3 Locating Successor States

We can view changes triggered by the Bét||,, as propagating in hyper-state space
towards a hyper-neighbourhood of a possible successa, siassing through some
(causally triggered) hyper-neighbourhoods on the way.plet where this propagation
ends can now be defined explicitly.

Definition 5.4.11 (Final state)

A hyper-states € Q isfinal if and only if {s": C(s, s')} = 0.

A setz C N(r) for somer € W isfinal if and only if some hyper-statec z is final.
A power-stater € T'isfinal if and only if {2/ : z — 2/)} = 0.

Importantly, in defining finasetsof hyper-states we did not require that all elements are
final, but rather, that only some (at least one) are final.

Let us revisit our original example with the causal relasioip —b causes-a if T,
and extend it with another causal relationshipcauses if —a. The case is depicted in
Figure 5.7, where thé-links out-going from the right-hand side hyper-neightimod
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are generated by the added causal relationship (thesedorksect to some other ap-
propriate hyper-states omitted from the figure). Againuketconsider the initial state
w = {a, b, c}, and the action with the direct effeeb. The trigger sefl{—b}||,, triggers
the hyper-neighbourhoal (¢') of the statey/ = {—a, —b, ¢} on the right-hand side. The
hyper-states enclosed in a box belong to the transitivatetl set™ (||{—b}|.,¢). The
second causal relationship is not applicable becais@aot a part of the current effects
(history) {—b, ~a}. The hyper-state space equivalent of this fact is the alesehan
out-goingC-link from at least one state in the SBt(||{—b}||.,, ¢'). This makes the latter
set final.

The hyper-states in the s&t(||[{—b}|.,, ¢’) agree on justifier literals-a and —b,
while the value of the literat varies. If there were out-going-links from all hyper-
states in the transitively traced set, the latter would refibal. Let us demonstrate
that in this case there would have to be another (thaflicablecausal relationship,
continuing propagation further in Thielscher’s approashvall.

The out-goingC-links from both hyper-states in the transitively tracetigeuld be
generated by some other relationship. This relationshipdcoot have—c as its cause
literal simply because the proper pafty) = {—a,—b,c} is inconsistent with-c —
this is, in fact, a key point of the exclusion property forreatl by Lemma 5.4.7. If, on
the other hand, this third relationship hads its cause literal, it could not generate any
C-link from a hyper-state containingc.

Hence, this relationship must have eitheror —b as its cause literal. In either case
it becomes applicable, because bethand—b belong to the current effects (history).
Therefore, propagation would continue according to Toleds's approach too.

Having described the intuition behind final points of prog@on, we are now in a
position to define the set of successor stdtesq(w, a) according to the hyper-state
space semantics. We shall see that this completely chasssd hielscher’s resultant

state seRResgpr(w, a).

Definition 5.4.12 (Resq(w, a))
Let F, A, D, R, L, w, (C,a,E) be the same as in Definition 5.1.32 the set of
hyper-states, and a causal binary relation defined by Definition 5.2.6. A state WV,



146 CHAPTER 5. CAUSAL RELATIONSHIPS APPROACH

{a, —b, ¢, él, Z, Z} {—a, b, c, a, z, Z} >
{a, =b, ¢, @, b, ~¢} {~a, =b, ¢, a, b, ~C}

{a, —b, ¢, &, —\Z, 8} {—a, b, c, a, —\Z, 8}

{a, b, ¢, a, —|Z, ﬂg} {—a, —b, ¢, a, —|lc;, —\g}

{a, —b, ¢, ﬁcol, Z, 8} {—a, b, c, ﬁ&, Z, E} >
{a, -, ¢, —a, z, ﬂg} {—a, —b, ¢, —a, Z, —\8}

{a, —b, ¢, ﬁé, ﬁl(;, Z} {{ﬁa, -b, c, ﬁ&, ﬁg, 3}/

{a, -, ¢, —a, —\I(; —é} > {—a, —b, c, —a, —\27 —é}

Figure 5.7: The final transitively traced set.

satisfyingD, is asuccessor statef w anda, denoted- € Resq(w, a), if and only if there
exists an applicable (with respect &) action law(C, a, ) such that|E|, = N(r)
andT*(||E||,r) is final.

Equivalently,
Resq(w,a) = {r € W : r satisfiesD, ||E||, = N(r), T*(| E|lw.r) is final }.

In other words, a hyper-neighbourhood of a successor stast loe causally triggered
by the trigger set, and the transitively traced set of thiedahust be final (i.e., it must
contain at least one final hyper-state).

The following lemma will prove useful in arriving at the regentation results we
are seeking.

Lemma 5.4.13If ||E|, C N(z), then||E|, = N(y) for somey € W if and only if
(v, E) ~ (y, E') for someE’.

This lemma provides an important link between Thielschapproach and propaga-
tion in the hyper-state space, pointing out that causalagapon in normal state-space
(complemented by an explicit account of all changes) is\ved@nt to propagation along
causally-triggered hyper-neighbourhoods. We can now sia¢ of the results of central
importance in this chapter.
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Theorem 5.4.14 Resgpr(w, a) = Resq(w, a).

There is an interesting and useful dependency betweengabtpa towards causally
triggered hyper-neighbourhoods (in the hyper-state 9@abpropagation towards power-
states corresponding (in the power-state space) to tragigitraced sets. This depen-

dency is given by the following corollary.

Corollary 5.4.15 For any statess € W andg € W, | E|., = N(¢) if and only if
YN Ellw) = AT (IE]w: 0))-

In other words, whenever a hyper-neighbourhdo@) is causally triggered by the
trigger set, the power-state corresponding to the trame$jtitraced setl™ (|| E||., ¢) is
“reachable” by means of the binary relatiem from the power-state corresponding to
the trigger set.

We would like to conclude with a representation result fax gower-state space
semantics. The following definition establishes the s@ladtunction for this semantics.

Definition 5.4.16 (Resr(w, a))

Let F, A, D, R, L, w, (C,a, E) be the same as in Definition 5.1.3; the set of
power-states, and~ be binary relation defined by Definition 5.3.2. A statec W,

satisfyingD, is a successor statef w and a, denotedr € Resr(w,a), if and only if
Y(|Ellw) = ~(z), wherez C N(r) and~(z) is final.

Equivalently,
Resr(w,a) = {r € W : r satisfiesD, v(|E|l.) = v(z), 2 € N(r), v(z) is final }.

Intuitively, the causal propagation in power-state spdagssin the power-state which
corresponds to the trigger set of hyper-states (analogotietgradient area in the aug-
mented preferential semantics), and ends in the final petate- corresponding to the
transitively traced set odll initial justifier literals (or any subset of this transitiye
traced set). In other words, this process simply propadatasmal change” within the
space of possible power-states, instead of keeping arcéx(ind changing) account of
context-dependent effects of actions.
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It is important to realise that, although the underlying stmiction and proofs are
fairly complex, and the dimension of the power-state sgace large, the semantics
remains simple. It describes, in simple terms, a processopiggation from the minimal
elements (gradient area) to final state(s), followed by mtge onto the standard space
W.

The second central result of this chapter can now be obtained
Theorem 5.4.17 Resq(w, a) = Resr(w, a).

Analogous results can be obtained for conservative suacetdes as well. Defining

Res§(w, a) = {r € Resq(w,a), E Cr}
and
Rest(w,a) = {r € Resr(w,a), E Cr},

we obtain:

Theorem 5.4.18
Restpe(w,a) = Res(w, a).

Res§(w, a) = Resj(w, a).

It is quite clear that the power-space semantics is an iostafithe augmented pref-
erential semantics. The precise reduction will be desdrib&€hapter 7, by equating the
information state-space with the power-state sdaceetting the binary causal relation
M = —, and defining an appropriate projection functiBrand preferential structure
0.

5.5 Discussion

We have described here a novel type of semantics for a platicausal approach to
reasoning about action. The basic idea is to abandon théasthetate-space of possible

worlds and consider instead a larger set of possibilitiespeveer-state space — tracing
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the effects of actions (including indirect effects) witke thtates in the power-state space.
These additional states are reminiscent of a semantiddifthaded a labelling function)
provided by Kraus et al. [24] for non-monotonic consequeaetaions. Intuitively, the
purpose of these power-states is to supply extra contexciard the process of causal
propagation. More precisely, we propose to use a binarys@dawelation on states,
while propagating “minimal change” within a set of possibtates, instead of keeping
an explicit (and changing) account of context-dependdattsf of actions. Essentially,
the “minimal change” (encapsulated in the states congistith the direct effects of an
action) triggers the process of causal propagation whidlimaes towards a final state.
The hyper-state space semantics gives the original mativaehind the approach
adopted here and allowed us to establish the initial redtikmables simple causal prop-
agation through states of higher dimension, encoding iatdit contextual information.
This is achieved through the introduction of extra fluents tor each original fluent in
the underlying object language. Abstracting away the ingmarfeatures of the hyper-
state space semantics led us to the power-state space s=mm@he latter gives a more
direct and arguably natural view of causal propagatiomdpaivariant of the augmented
preferential semantics. Equipped with the proposed seosante believe that we can

advance toward a unifying framework for our motivating ajgmhes.
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Chapter 6

Causal Propagation Semantics

We have shown in the previous chapters that a pure prefatesgimantics alone was
not capable of characterising two influential approachagésoning about action and
causality in a uniform way. On the other hand, variants ofggemntial semantics aug-
mented by additional structures on the state space havesheeessfully used to capture
the considered approaches. To re-iterate, McCain and Tsirceausal theory of action
[37] was characterised by a variant of the augmented prafatesemantics, using an
appropriately constructed binary relation on states intemidto a preference relation.
This additional relation captured causal context in actgstems by translating individ-
ual causal laws (rules) into causality-driven state ttéorss. Subsequently, Thielscher’s
causal theory of action [63] has been characterised by anwe#riant of the augmented
preferential semantics. This time the minimality compdng&as complemented by a
binary relation on states of higher dimension. The effet&ctions (including indirect
ones) were traced in the information (power-state) spaggirA the purpose of power-
states was to supply extra context for the process of caunsphpation. The furnished
power-state space semantics can be clearly seen to emplognoaent of minimal
change coupled with causality.

There is, however, another prominent framework — Sand&aallsal propagation
semantics [56] — that has attempted to provide a unifyingh@aork to theories of ac-
tion and causality. At a first glance, the causal propagatmnantics is not a preferential
style semantics — it does not contain an explicit componeshtring possible states of
the world, or any other preferential structure, for thatterat

151
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The primary aim of this chapter is to uncover the Principl&aiimal Change hid-
den, we believe, behind action invocation and causal petpagin Sandewall’s frame-
work. In other words, by studying the causal propagationasgits proposed by Sande-
wall [56], we intend to demonstrate that minimal change adsality co-exist in sepa-
rate roles and enhance each other in Sandewall’s framewsosieth

This will further our understanding of causality as introdd by various proposals

and advance us towards a generalised semantics.

6.1 Technical Background

The assessment of ramification methods that use static daraastraints [56] demon-
strated a need for an underlying semantics. The suggespedaagh introduced eausal
propagation semanticas a necessary prerequisite for the analysis of the sourd app
cability of various propagation-oriented ramification ireeds. The purpose of this se-
mantics was to define a set of intended models in “a preciseplsiand intuitively
convincing fashion” [56]. In other words, this semanticsaated us towards a concise
solution to the frame and ramification problems.

In this section we reproduce, for convenience, the techpiediminaries described
in Chapter 2.

Sandewall uses the following basic concepts. The set oftfdesstates of the world,
formed as a Cartesian product of the finite sets of a finite nurabstate variables,
is denoted asV. £ is the set of possible actions. The causal propagation derman
extends a basic state transition semantics witawsal transition relation The causal
transition relatior' is a non-reflexive relation on states)iti. A stater is calledstable
if it does not have any successosuch thatC(r, s); we will denote the set of stable
states{r € W : =3ds € W, C(r, s)} asS.. Another component, is the set of admitted
states chosen as a subsetSpf The setD may or may not be chosen to contain all the
stable states—in other words, some stable states may ndintided.

Another important concept, introduced by Sandewall, ia@ion invocation relation
G(e,r,7"), wheree € £ is an actiony is the state where the actieris invoked, and”’

Is “the new state where the instrumental part of the actialdeen executed” [56]. In
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other words, the staté satisfies the direct effects of the actiant is required that every
action is always invokable, that is, for everye £ andr € VW there must be at least
oner’ such thatG(e, r, ") holds. Of course, this requirement does not mean to guarante
that every action results in an admitted state—on the contiee intention is to trace the
indirect effects of the action, potentially leading to amrattied (and, therefore, stable)
state.

A finite (the infinite case is omitted) transition chain fortatew € D and an action
e € £ is afinite sequence of states ro, ..., (), whereG(e, w,r,) andC(r;, r;11) for
everyi,1 < i < k, and where-,, is a stable state. The last element of a finite transition
chain is called a result state of actieperformed in state). We assume here thétis a
non-empty relation — otherwise a transition chain is (tecélhy) undefined (there must
be at least one propagation step, according to the givenititafinand no result states
are possible

These basic concepts define ation systenmas a tupleV, &, C, D, G). As with
many other state transition action systems, the intentido characterise a result state
r, in terms of the initial state and actiore, without “referring explicitly to the details of
the intermediate states” [56]. In other words, it is dededb define a selection function
Res(r,a). For an action systerfV, £, C, D, G), a function selecting states resulting
from the actiore performed at the state € D, can be given as

Rescg(w,e) = {ry € S.: G(e,w,ry) and C(r;,riy1),1 <i < k}.

The following definition strengthens action systems basethe causal propagation
semantics.

Definition 6.1.1 (<1, (p, q))

If three statesw, p, ¢ are given, we say that the pair ¢ respectsv, denoted asd,, (p, q),
if and only if p(f) # q(f) impliesp(f) = w(f) for every state variablg that is defined
in W, wherer(f) is a valuation of variablef in stater.

! Alternatively, one can extend the definition of a transitabrain to cover the simplest case — when
the state; in G(e, r, r1) is stable.
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Definition 6.1.2 (Respectful action system)

An action systeniW, £, C, D, G) is called respectful if and only if, for every € D,
everye € &£, w is respected by every pait, ;1 in every transition chain, and the last
element of the chain is a memberof

According to Sandewall [56], respectful action systemsiarended to ensure that in
each transition there cannot be changes in state variablek Wave changed previously
upon invocation or in the causal propagation sequence. ddugrement of “respectful-
ness” will be analysed in detalil, in Section 6.4.

We mentioned earlier that, while there are certain sintiegibetween the causal
propagation semantics and our augmented preferentialgEséncluding components
such asW, &, D, and causal transition relation), it is not obvious thayttefine the
same successor states. In particular, the Principle ofrvahChange is not explicit in

the causal propagation semantics.

6.2 Invoking Minimal Change

Our primary focus will be discovering and capturing the natf minimality hidden, as
we believe, in the invocation relatiai.

Motivated by a preferential-style semantics, one may betedto suggest a set of
orderings<,,, each with respect to some < )V, such that the invocation relatia@n for
a given statev can be simply realised by selecting the nearest state(s)datisfying
an action post-condition (the state where the instrumepdetl of the action has been
executed). Again, l€e] denote a set of states satisfying the post-conditions otaora
e. A setmin(<,, [e]) is defined as a subset f containing states nearest to the et

in terms of the ordering:,,. In other words,

min(<uw,le]) ={p € [e] : =3q € [e],q # p.q <w D}

As usual, we will refer to an element ofin(<,, ) as a<,,-minimal state ine].
However, it does not appear possible to realise the invacaglationG for a given
statew through selecting the nearest state(sjytamong states ife]. More precisely,

the following observation can be obtained.
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Lemma 6.2.1 There is no ordering:,, such that for every actionand state-, G (e, w, r)

if and only ifr € min(<,, [€]).

Proof:

Assume that there exists an orderiag, such that for every action and stater,
G(e,w,r) if and only if r € min(<,, [¢]), thatis—3z € [e],x # r, such thatr <,, .
Let w, s, p, ¢ be states of an action system, ande, be its actions. Let7 (e, s, p),
G(e1,s,q), G(er,w,p), G(e1,p,q), G(ey, q,p) be the only invocations of the actien.
These invocations indicate that the stgiesdq are the only states satisfying the post-
conditions of the actiom,, in other words{p, q} = [e1]. But when the action is ex-
ecuted at the state, only the statep is selected. Hence;(¢ <,, p). Analogously,
let G(eq, s,p), G(ea, s,q), Gles,w,q), Gles, p,q), G(ea, q, p) be the only invocations of
the actione,, indicating that{p, ¢} = [e2]. A similar argument leads to the conclusion
—(p < q). Sincele;| = [ea] = {p, ¢}, it follows thatG(e;, w, ¢) andG(eq, w, p) should
also be included among invocations of this action systeni;iwis not the case.

|

This means that it is not possible to define the relatibom terms of a preference
relation on states without imposing some restrictions.

Alternatively, action post-conditions must be conditiliised on states of invocation.
The last suggestion follows the action languages appraz@lh yhere an action is de-
fined in an effect proposition

A causesp if 9,

where A is an action, ang and are fluent formulae; post- and pre-conditions re-
spectively. We did not wish to adopt the latter tactic, asould weaken our quest for
conciseness in seeking a solution to the frame problem. Qoesdly, our intention at
this stage is to restrict the invocation relatiGrin such a way that, given an initial state
and an action, the invoked states can be characterised@leess states nearest to the
initial one in terms of some appropriate minimality orderihis characterisation will
highlight the role of minimal change in the causal propagasemantics under con-
sideration, and open the way to uniformly compare this s¢icewith our motivating
approaches.



156 CHAPTER 6. CAUSAL PROPAGATION SEMANTICS
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Figure 6.1: The actionis a{y, p, ¢}-covering action, and the stagés a{y, p, ¢ }-cover
accessible state, giveR(e, w, y) (shown as the curved arrow marked wifh

Before we identify the required restrictions on the invamatrelationG, we intro-
duce some more abbreviations.

Definition 6.2.2 (S-covering action)
For a set of state$ C YV and an actiorn € &, the actiona is called anS-covering
action if and only if S C [a].

Definition 6.2.3 (S-cover accessible state)
For statesw, z € VW, we say that the state is S-cover accessibleom statew, if and
only if there exists ary-covering actiona such that7(a, w, x).

Furthermore, we say that a statés not S-cover accessibléom statew, if there is
no S-covering actions such thatz(a, w, ).

Importantly, it follows that all states in a s8tsatisfy the post-conditions of as+
covering action. It is worth pointing out that, given twotstsp andq satisfying the post-
conditions of some actioa (that is, the actiom is a {p, ¢}-covering action), the state
p may be{p, ¢}-cover accessible from some state while stateq is not {p, ¢}-cover
accessible fromv. This is the case when the following two conditions are fiatis
da € &,p,q € [a], G(a,w,p) andVe € &, p, q € [e], ~G(e,w, q).
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The first restriction on the invocation relation is given as

(Gy) if p is{p,q}-cover accessible from but ¢ is not, and
q is{q, z}-cover accessible from but x is not
then p is {p, x}-cover accessible from and x is not,
for arbitrary states, p, ¢, x.

The premise of the implication is that, considering all @ts whose post-conditions
are satisfied by two statgsand ¢, statep is chosen at least once by the invocation
relation and state is never chosen; and considering all actions whose postitoms
are satisfied by two statgsandx, stateq is chosen at least once, while states never
chosen. This then necessitates that, considering allrsctidnose post-conditions are
satisfied by stategsandz, invocation of the state must eventuate at least once, but state
x cannot be invoked at all.

At this stage, it might be useful, albeit syntactically cierdbome, to express the

condition(G,) purely in terms of the invocation relatias.
Yw,p,q,z €W,

(Ja € &,p,q € la], G(a,w,p)) N Ve € E,p,q € [e], "G(e,w, q))
A((d €& q,x €ld],G(d,w,q)) N (Ve € E,q,x € [¢/], ~G(e,w, x))
D
(Fa" € E,p,x € [d"],G(a",w,p)) AN (Ve" € E,p,x € [¢"], ~G(e",w, x))

Undoubtedly and not surprisingly, the conditio&;) has a transitive flavour. It
becomes even clearer if one uses the requirement that,desimg all actions whose
post-conditions are satisfied by two stapesndq, statep is chosen at least once by the
invocation relation and statgis never chosen (that ig,is {p, ¢ }-cover accessible from
somew, butgq is not), as a preference criterion. This will be formally captuleigr.

The condition(G;) does not, however, rule out the counter-example used inrdug p
of Lemma 6.2.1. Another condition is needed and is given as
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(G2) Given any two{p, ¢ }-covering actiong’ ande”,
if G(¢/,w,p) and G(e’,w,q) then G(¢,w,q).

This condition simply requires that if neither of two stapes1dq is chosen over the other
in terms of the criterion implicitly used in the conditi¢&'; ), then selection of either of
them necessitates selection of the other. It is interestirgpntrast this condition with
the “irrelevance of syntax” condition which requires, farctactionse’” ande” such that
[¢'] = [¢"] and any states) andg, that if G(¢/, w, ¢) thenG(e”,w, q). In other words,
the irrelevance of syntax condition postulates that if twtiams agree in terms of the
post-condition states, then they have to agree in termswvoftcation states. Clearly,
if the irrelevance of syntax condition holds then the canditG,) holds as well —
simply because any two actions agreeing on post-conditingd “cover”’ the same
sets of states. However, the conditi@,) does not necessarily enforce the irrelevance
of syntax condition, making the former a weaker manifestatf the latter.

It is easy to verify thatG-) is logically equivalent to
Ve e &, p,q,w €W, p,q € e,

—(((Ve' € &, p,q € [¢'], ~G(€',w,q)) A (Sa € E,p,q € |a], Ga,w, p)))
V
((ve' € &, p,q € [¢], 7G(e",w,p)) A (3d' € E,p,q € [d], G(a,w,q))))
A G(e,w,p) D G(e,w,q)

Here, the criterion
Vel € E,p,q € €], ~G(e/,w,q)) AN (Ta € E,p,q € [a], G(a,w,p),

favouring statep over stateq is made explicit, and the negation on the left-hand side
specifies that neither of statesndq is chosen over the other.

Clearly, the condition(G) rules out the counter-example, used in the proof of
Lemma 6.2.1. Since the example postulat&d;, w, p), G(e2, w, q), andp, ¢ € [e1] N
[e2], the condition(G») therefore would implyG(e;, w, ¢) andG ez, w, p) which are not
present in the action system.
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Another useful (contrapositive) form of the conditigf,) is given as

(GY) Given any two{p, ¢ }-covering actions’ ande”,
if G(¢/,w,p) and notG(e',w,q) then notG(e”, w,q).

In other words, if the invocation of the actiehat the statev leads to one state and
not to another state then the invocation of the actiafi (that agrees with the action
in terms of covering the sdp, ¢}) cannot lead to the stateas well.

Finally, we reinforce Sandewall’s constraint that anyatis invokable in principle.

(G?)) VCGS,MGW,HPE[G], G(evwap)

As noted above, this condition does not guarantee that ttoiéa action will succeed
— it may possibly be qualified by causal propagation ending mon-admitted state.

In summary, we presented here three intuitive uniformiipgples restricting the
invocation relationz. The aim of these restrictions is to ensure that insteadeoiio-
cation relation one may simply use some preferential sirectelecting the same states,
for each initial state. Of course, the corresponding pesfeal relations would have to
satisfy certain condition as well. Now, we are in a positiordescribe a set of order-
ings O corresponding to the invocation relation. Ideally, anyresponding ordering:,,

should satisfy only the transitivity property:

(M) if p<,q andq <,z then p <, .

However, it turns out that, given an action system, the edlardering has to satisfy,
in addition, two other properties.
(M) if p is <,-minimal in [a] for some{p, ¢}-covering actior: and
q is not<,,-minimal in[e] for any{p, ¢}-covering actiore

then p <, q.
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(MB) if P <uw(q
then p is <,,-minimal in [e] for some{p, ¢ }-covering actiore.

Basically, the second properfy/;) requires that any statewhich is <,,-minimal in
some seja| is preferred to any statg whereq belongs to the sét| as well, and which
is not<,,-minimal in any sefe| of action post-conditions satisfied by bgtlandg.

The third property( M3) posits that if a statg is preferred to a statgby a preference
relation <,,, then there must exist an actien whose post-conditions are satisfied by
these two states, such that statis <,,-minimal in[e].

Expanded equivalents of conditiof&/,) and(M3) are given below:

(M) Yw,p,q €W, (Ja €&, p,qé€ [a],p € min(<y,a))
A (Vee€ & p,qe€le]l,qgd min(<y,e)) D p<wq

(M3) Yw,p,geW, p<,q D Je€&, p,qc¢€ le],suchthap € min(<,,e)

These conditions may seem to be quite restrictive. For elartipe PMA ordering
[70] does not satisfy conditioi},): a minimal state may not necessarily be preferred
to a non-minimal one. However, this condition is needed ifwest to define the invo-
cation relation in terms of a preference relation in a stréiggward manner, as will be
illustrated later.

We intend to prove at this stage that there is a way to definetioeation relation in
terms of a preference relation and vice versa, while prasgithe respective selections
of states satisfying the direct effects of an action. Thi¥ahg two definitions will be
shown to ensure such an equivalence.

Definition 6.2.4 A new invocation relatiord> - is defined as follows& - (e, w, r) if and
only if ris <,-minimalin[e|, wherew,r € W, e € £.

Put simply, the new relatio’ (e, w, ) specifies states that are nearest among all
states ine] to the initial statev, where the actiom was invoked.

Definition 6.2.5 Given an invocation relatiotr, for eachw € VW we define an ordering
<w.,c On states iV as follows:p <, ¢ ¢ ifand only if statey is {p, ¢}-cover accessible
fromw and state; is not{p, ¢}-cover accessible from.
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This definition specifies a preference relation on statesigéed by a given invoca-
tion relation—state is nearer to an initial state than state if and only if for all actions
whose direct effects are satisfied by both statesdq, the state; is never selected by
the invocation relationds, while statep is selected at least once.

6.3 Representation Results

The following two lemmas establish the sought-after edaivee between invocation
and preference relations.

Lemma 6.3.1 If the relationG satisfies the conditiong~;) — (G3), then for eachu €
W, the ordering<,, ¢; satisfies conditions)/;) — (Ms) .

Lemma 6.3.2 If each ordering<,, for w € W satisfies conditions)/;) — (13), then
the relationG . satisfies the conditiong7,) — (Gs) .

Lemma 6.3.1 provides support for a translation from an acsipstem, based on
Sandewall's approach and relying on the invocation refation order to produce states
consistent with the direct effects of an executed actido an action system which uses
for this purpose a newly constructed preference relatign;, selecting states that are
minimal among states satisfying the actions post-conutio

The parallel Lemma 6.3.2 underlies a reverse translatiogreviven orderings:,,
produce an invocation relatiagi.., while preserving selection of states minimal in terms
of <,,.

Since the relatiort - is constructed from the set of orderings, for eachw € W,
and the orderings.,, ; are constructed for eaeh € W from the invocation relatioiy-,
we can in turn construct, for eaehe W, another ordering,, . from the relation_,
and another invocation relatiai, , from the set of orderings:,, . As expected, the
following identity properties can be established.

Lemma6.3.3G., .(e,w,r) ifandonlyif G(e, w,r).

Lemma 6.3.4 For each ordering<,,, p <wq. ¢ ifandonlyif p <, q.
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Lemma 6.3.3 maintains that a given invocation relations preserved by a process,
which uses it in producing a preference relatiof by Definition 6.2.5, with a subse-
quent construction of a relatiai, ., by Definition 6.2.4.

The identity in Lemma 6.3.4 indicates that a process, stutiith orderings<,, for
eachw € W, transformed into an invocation relatigr. by Definition 6.2.4, with a
subsequent construction of preference relatiapg;_ by Definition 6.2.5, preserves an
original ordering<,, for eachw € W.

6.4 Causal Propagation in Respectful Action Systems

Having “discovered” the role of minimality in the processaation invocation, we now
proceed to an analysis of actual propagation in the stateesmlriven by causal chains
after an action is invoked.

According to Sandewall, respectful action systems arended to work as follows
[56]:

Suppose the world is in a stable stateand an action® is invoked. The
immediate effect of this is to set the world in a new state,clwhs not
necessarily stable. If it is not, then one allows the worlgdathrough the
necessary sequence of state transitions, until it reacktble stateThat
whole sequencef state transitions is together viewed as the action, aad th
resulting admitted state is viewed as the result state adi¢hien.

In particular, what a respectful action system tries to emgithat in each transition
there cannot be changes in state variables which have ath@ngeously upon invoca-
tion or in the causal propagation sequence. This requireraeoourse, guarantees that
a resultant state is always consistent with the direct &ffetthe action (which cannot
be cancelled by indirect ones), and that there are no cytleansition chains.

It is important to analyse at this stage, how much the “refpleess” requirement
restricts an action systetV, £, C, D, G).

First of all, it is interesting to observe that the respdotgs requirement in terms of
states is related to the notion of minimality as well. More@sely, the former can be
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achieved by a preference relation on states. Let us recdlbtistater is preferred to a
statey in terms of the PMA ordering [70], denoted~,, v, if and only if Diff (z, w) C
Diff(y, w), whereDiff(p, ¢) represents the symmetric differencepoéndg, i.e.,(p\ ¢) U
(¢ \ p). Formally, the following observation holds.

Lemma 6.4.1 The pairp, ¢ respectsw if and only if p <,, ¢ in the PMA ordering<,,
associated witho.

Let us denote the fact that a pairq respects a state by <,(p,q). This lemma
established that, (p, ¢) if and only if p <, g.

As defined in Section 6.1 (Definition 6.1.1), an action systgvh £, C, D, G) is said
to be respectful if and only if, for every € D, everye € &, w is respected by every
pair g, s in every transition chain, and the last element of any firfi@ic is a member of
D.

Lemma 6.4.1 indicates that in a respectful action systersatiy propagates from
closer states to states which are more distant from thalimtie, in terms of the PMA
ordering. This explains why a resultant state always sasisfie direct effects of an ac-
tion: any reversal in truth value of a changed state varialdeld mean a propagation
backward to a PMA-closer state, which is ruled out in a regpkaction system. Conse-
guently, direct effects stay unchanged in any transitianrchs they have been changed
once on invocation.

The given definition defines a strongly respectful system —emén admitted state
has to be respected by any pairewerytransition chain. We believe, however, that
Sandewall is likely to have intended that an admitted staite required to be respected
by every pair in every transition chafor the statew, and not in every other transition
chain. This interpretation definesaeakly respectfuhction system.

Definition 6.4.2 (Weakly respectful system)

An action systemiW, £, C, D, G) is called weakly respectful if and only if, for every
w € D, everye € &, w is respected by every pait, r;,1 in every transition chairfor
the statew, and the last element of the chain is a membeP of

The selection function of the weakly respectful action egsts given by
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Rescpg(w,e) = {r, € D: G(w,e,r1),C(ri,riz1), <w(ri,riz1),1 <i < k}.

The difference between this selection function and the avengn Section 6.1 is,
of course, the requirement that a successor state belorfigsia not just to the set of
stable states,, and the condition that any pajr;, ;1) in a transition chain from the
stater; satisfying the direct effects of the action to a successest respects the initial
statew.

We also define drivial systemas a system where invocation never connects with
causality. In other words, there are no transition chairssthivial action system.

Definition 6.4.3 (Trivial system)
An action systeniW, £, C, D, G) is called trivial, if and only if for any states p and
an actione € £ such thatG(e, r, p), there is no state such thatC(p, q).

The following two observations shed more light on the natinespectfulness.
Lemma 6.4.4 A strongly respectful system is trivial.

Obviously, the use of trivial action systems is severelytloh— a legitimate (admitted)
state can become a successor state only if it is reached bwtheation relation directly.

Let C* be the transitive closure of.

Lemma 6.4.5 In a weakly respectful system, for any pairy such thatC*(p, ¢), and
stateq is stable, and for every action there is noG (e, ¢, p).

This again restricts the invocation relatiGh— we need to disallow those membergof
which associate the last state of a transition chain witlb&ggnning (or any intermediate
state) of the chain.

It appears that what is needed to avoid cycles and preseraetam’s direct ef-
fects while propagating, is weak respectfulness. In otherds; if there is a chain
p1, .- Pk, (q), Whereq is admitted, then invocation of any action@tannot bring us
to any ofp, ..., pr. But invocations from states other thaare allowed to do this.

However, absence of cycles is not the only restriction inrepldsy weak respectful-
ness. A weakly respectful system must satisfy another reopgnt—also concerning
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Figure 6.2: States ands share the causal linfe, h).

the invocation relatiowd-. If transition chains intersect then, due to the trangitiof the
relationC*, some causal links become shared by chains. Since thessidimkis have
to respect all the initial states where an action invocatiafi(e, r, p;) propagates along
more than one transition chain, an additional restrictioidzanust be enforced.

We say that two states and s share a causal linkp;, p») if and only if the pair
(p1,p2) belongs to transition chains far ands (Figure 6.2).

Lemma 6.4.6 In a weakly respectful system, any two statesnd s that share a causal

link (p1,p2), agree on all state variableg that change values between and p,:

pi(f) # p2(f) impliesw(f) = s(f).

Clearly, when transition chains intersect, more chains @méd by combining be-
ginning and ending sub-chains. And any link in ending suahthis shared. Therefore,
the longer the shared propagation is, the fewer the numisatefs allowed to participate
in it. The following lemma captures this intuition formally

Lemma 6.4.7 In a weakly respectful system where every statenhstate variables, the

number of states allowed to share causal chains of lekgthrestricted from above by
2(n=k) 1,
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Another side of the observed dependency is thaaimdw are complementary states —
in other wordsw(f) # s(f) for all state variableg — then these two states cannot
share any causal link.

These connections and lemma 6.4.1 indicate that, in a weagpectful action sys-
tem, the binary relatiod”’ is not a component independent from the invocation relation
G. To make these components independent, in the context aierglesemantics, one
would need either to relax the requirement of weak respleetds, or further constrain
orderings<,, in order to capturaveakly respectfuction systems. The following two

conditions will prove to be useful.

(My) if p<,q then p <, q.

The additional conditior{},) ensures that an ordering,, incorporates the PMA
ordering, or, in other words, includes all pajrs; such thap <., ¢. Itis easy to verify
that the following observation follows from the conditiom, ).

Corollary 6.4.8 If an ordering<,, satisfieg /) then
min(<uy, [e]) C min(<y,[e]).

Proof:
Letr € min(<,, [e]). We need to show thate min(<,, [e]).
By definition of min(<,, [¢]), there are no statesin [¢] different fromr such that
r <, r. In other words, for all states in [¢] different fromr, = £, r. Then, the
condition (M,) ensures that 4, r. Therefore, by definition ofnin(<,, [e]), r €
min(<.w, [e]). Hence,
min(<,, [e]) C min(=<y, [€]).

|
Our next condition corresponds to the Unique Minimalityussption [44], and is
similar to what Lewis call$Stalnaker’'s assumptid26].

(Ms) For every actiore and statev, the setnin(<.,, [¢]) is a singleton.
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The condition()/;) relates to a connectivity of the def in terms of an ordering,.
In other words, it ensures that the minimal element of thée$ét preferred to any other
element ofie]. Otherwise, if there are, for example, two minimal elemerasdg in the
setmin(=<y, [e]), then they are obviously incomparable in terms<qf That would be a
potential obstacle on the way to a weakly respectful actystesn simply because there
might be a causal link’(p, ¢) in some transition chain for the state

The next chapter will finally introduce a general augmenteddgoential semantics,
capable of capturingzeakly respectfuhction systems, while preserving sets of intended
models. The condition§)M,) and (M;) will be shown to be sufficient to ensure that
propagation along a transition chain starts from an eleragntin(<,, [¢]), and links
states that pair-wise respect the initial state (i.e., fmwhecausal linkC(p;, p;) in the
chain, the preferencg, <, p,; holds). At this stage, however, the following simple
result illustrates sufficient conditions for weak respelciéss. LetC’ denote astratified
causal relation, extracted from a given relat@y preserving only links connecting to
stable states?’(p, ¢) if and only if C*(p, ¢) andq € S..

Lemma 6.4.9 If an ordering<,, satisfies condition&\/; ) — (M5) for each statev € W,
and G is the invocation relation constructed by Definition 6.2d@ni orderings<,,,
then an action systerWW, &, C’, D, G.), whereC"’ is a stratified causal relation, is

weakly respectful.

Proof:

Let an ordering<,, satisfy conditiongM;) — (M;) for each statev € W, andG
be the invocation relation constructed by definition 6.20#f orderings<,,.

Then itis clear that the invocation relatiéh. (e, w, ) will choose (by its definition)
precisely<,,-minimal states ine| for every invoked action. We need to show that state
w is respected by any pair of states in the transition chaiiggnating fromr.

From Corollary 6.4.8

min(<.,, [e]) € min(=<y, [€]).

Moreover, the set of minimal statesin(<.,, [¢]) is a singletor{r} (by condition(}5)).
Hence, we obtain that any transition chain must start inrkheminimal stater € [e]. It
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also must end in a stable state [¢] (given the stratified causal relaticri(r, ¢)). Since
r € min(<., [¢]) and is the only<,,-minimal state, ang < [e] as well, it follows that
r < q. Therefore<,,(r, ¢) (by Lemma 6.4.1). This holds for every transition chain for
the state, ensuring that the whole action system is weakly respectful

u
This lemma is needed to show selection-equivalence betaem systems based on
the causal propagation semantics and the general augnmefedential semantics.

6.5 Summary

The focus of this chapter was to demonstrate that, undeginexdnditions, the Principle
of Minimal Change can be found in the invocation relation ubgdhe causal prop-
agation semantics. The presented findings support the iatMminimal change and
causality co-exist in separate roles and enhance each iatisandewall’s framework
as well. More precisely, the causal propagation semantitstire restricted invocation
relation is compatible with the augmented preferentialessims. This comparison was
achieved under the approximatiovi = I'.

We should point out, however, that restrictions imposedhanitvocation relation
G in the causal propagation semantics may seem to limit theilpespreconditions of
actions. We believe that Sandewall has chosen a more getednaition of invocation
because direct effects were not the topic of his study onfreations. Arguably, an
action’s direct effects should not be contingent on theespainvocation. However, in
some domains such specificity may be required. In these,dasé=ad of restricting the
invocation relatiorG and orderings i, we may choose to abandon the approximation
W = T. In other words, we may consider the information state-spawhere relevant
preconditions are properly encoded, enabling preferregagation and achieving the
desired selection-equivalence. The precise nature ofla-té between restrictions on
the preference relation and dimensionality of the propagatpace remains a subject

for future research.



Chapter 7

General Augmented Preferential
Semantics

A unifying semantic framework for different reasoning apgrhes provides an ideal tool
to compare these competing alternatives. A historic exangpgbhoham’s work opref-
erentialsemantics [60] which provided a much needed framework timtmly represent
and compare a variety of nonmonotonic logics (including sdogics of action). How-
ever, as has been shown in previous chapters, a pure pridésEmantics alone is not
capable of providing such a unifying framework. On the ofend, variants of prefer-
ential semantics augmented by additional structures ostéte space were successfully
used to characterise three influential approaches to regsabout action and causality.
The primary aim of this chapter is to provide an augmentetepeatial semantics that
Is general enough to subsume the considered frameworkasoniag about action and
causality — McCain-Turner’s proposal based on causal fbadtp [37], Thielscher’s
causal relationships approach [63] and Sandewall’'s cguephgation semantics [56].
The approaches considered in previous chapters argued &éxpdicit representation
of causal information as a way to solve the Frame and Ramgitgtioblems in a con-
cise manner. We have shown that these approaches deman@ aaongslex semantics
than pure preferentiality can supply. For example, McCaohBurner’s causal theory of
action [37] was characterised by the augmented prefeteetmantics, using an appro-
priately constructed binary relation on states in addittma preference relation (Chapter
4). Thielscher’s [63] causal theory of action was charaster by another variant of an

augmented preferential semantics, where the minimalitypzment was complemented

169
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by a binary causal relation on information states of highereshsion (Chapter 5). We
have also shown in Chapter 6 that another rather general sealaapproach — the
causal propagation semantics proposed by Sandewall [56}ilises the Principle of
Minimal Change (hidden behind action invocation) as welinptemented by causal
propagation in the state-space.

This chapter generalises the augmented preferential smsi@ntroduced in Chap-
ter 2. The final variant is general enough to subsume all roeeti frameworks to rea-
soning about action and causality — McCain-Turner’s propbaaed on causal fixed-
points [37], Thielscher's causal relationships approd3j,[and (under certain condi-
tions) Sandewall’s causal propagation semantics [56]. nilam technical contribution
of this chapter is the identification of a specific semanta@ahponent — a family of
choice functions — required to represent context-serigitof causal propagation.

7.1 Context-sensitive Propagation

A simple variant of the augmented preferential semantics prasented in Chapter 2
(section 2.6). Here, we enhance it with a component resplenfsir capturing context-
sensitive propagation observed in the considered appesadinis new component is

a family of choice functions defined dhx £ x I, and pin-pointingyradientareas ire"
— the “slopes” in the information space from which the pracekcausal propagation
starts.

7.1.1 General Semantics: Minimal Change vs Causal Change
Thegeneral augmented preferential semantias be presented as a tuple
H=W,D, T, & O, M, %),
where
e W is the set of world states;
e D is the set of legitimate world state®, C WV,

e ['is the set of information states;
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e £ is the set of actions;

e O is the preferential structure dn x I' (the set of orderingsc,, defined with
respect to each information state= I');

e M is the causal binary relation dnx I’;

e ¥ is the family of choice functions : I' x & x I' — 2T,
together with the functions

e post-conditiorfe] : £ — 2";

e projectionP(v) : I' = W;

e selectionRes(w,e) : W x €& — 2.

In other words, the Principle of Minimal Change (identifiedw®) and the Prin-
ciple of Causal Change (identified with) are explicitly represented and play a clear
and distinct role. We maintain that both principles are neglito solve the Frame and
Ramification problems in a concise fashion.

To elaborate on this, let us re-iterate the technical poé®btaining a successor
state, given an initial state and an action — motivated byrgpk and clear state tran-
sition semantics. Intuitively, a successor state is an @edhstate which is reachable
(by means of some transition relation) from states neapdbgtinitial one among states
satisfying the post-conditions of the performed actionotimer words, tracing all effects
of the action (both direct and indirect) may involve two stepirst, we find states sat-
isfying the action’s post-conditions while staying as elas possible to the initial state
according to some preference relation. Then, we propadmatg ghe transition relation
from all such minimal states all the way to some stable (amdiitheld) state — our result
state.

However, sometimes there is a causal context present irothaid that may require
additional checks and balances, potentially obscuring shinple and clear view. For
example, the causal relationships approach introducedhigisther [63] attempts to
encode contextual information in (state, history) pairdevnacing causal ramifications.
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To capture context-sensitivity, a bounded start area @igng) is chosen in the infor-
mation state-spade. This can be done using an orderiig € O and a choice function
o € Y. As mentioned earlier (Chapter 2, Section 2.6), the ageeti@ms the states in
the gradient area as the most preferred information stat@patible with the action’s
direct effects. Intuitively, the purpose of the informatistates is to serve as possible
causal extensions of normal world states, providing necgsontext to the process of
causal propagation. The propagation starts from the gnadrel is driven (in a very sim-
ple way) by the causal relatioff. This propagation may explore the whole state-space
I', but is expected to reach at least one stable informatide.sta

The difference between the simple variant sketched in Ch&pterd the general
augmented preferential semantics is that a final stablermé&tion state must bé1-
reachable fromall the states in the gradient area.

As with the simple variant of our semantics, if a projectioonfi such a final state
to the state-spack) results in a legitimate state compatible withe (in other words,

r € DN [e]), then the state is the desired successor state of the action at hand.

At this stage, we need to repeat some notation from Chapteddnaparticular, from
section 2.3 — summarised at the end of Chapter 2.

The sefe]! is the set of information states whose normal-space piojectmake up
the post-condition sét]. Similarly, the seD" contains all information states that would
project to the admitted statesTh Accordingly, the setnin(<., [¢]") is a subset ofe]"
containing states nearest to the stata terms of the ordering:,,. In other words,

min(<., [l]") = {8 € [, ~Ta € ', a # B,a <, B}.

An element ofmin(<,, [e]") can be referred to as a state-minimal in [e]".

The set-projection functiotk’ maps sets of information states onto sets of world
states fromV. In other words, the functiot’ : 2 — 2" is defined as follows:
X({711,m}t) = {P(1)} U ... U {P(y.)}, where the functiorP is our projection
function.

The important density condition is given by

DNXT\Kp) =0,
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wherelC,, is the set of stable information states. This conditiondadli specifies that
an unstable information state should not be projected otggiamate state. It implies
that

D C X(Kpm).

In other words, as noted in Chapter 2, some domain constra@yliminate more
illegitimate states than causal propagation alone. Arfyyahy state which is not admit-
ted, should be excluded by some causal laws—and tt#¢ sah bemadeequal to the set
X (K ) of stable states. However, the distinction between addéitel (causally-)stable
states may be useful in providing some flexibility to domasmstraints. For example,
stable states may reflect hard constraints, while admitegdssmay correspond to soft
constraints. Varying selection requirements on succeststes (stable and admitted,
or merely stable) would allow us to capture an additionalréegf state eligibility if
required.

Before specifying a selection functiaies for the general augmented preferential
semantics, we need to (re-)define a few more (familiar) caot derived from elements
of the action systerf.

Firstly, we define=-predecessorsf a given information state — a set of information
states preceding a given state with respect to an ordengd@. Formally:

Definition 7.1.1 (e-predecessors)
Given any two information states $ and any actiore, the set ok-predecessors of
with respect toy is defined to be the set

(B,e), ={a: ae [e]" anda <, B}.

Thee-predecessors ¢f with respect toy are just thge]" states which are closer to
thans. The ordering<, is reflexive, and it is clear that amy/ € [e]" is ane-predecessor
of itself with respect toy (in other wordsj € (3, €) )

It is interesting at this stage to compare the statesminimal in [e]", and thee-
predecessors of some information stateith respect toy (Figure 7.1). Intuitively, the
<.-minimal states ife]" compose a boundary separating the[sgtfrom an informa-
tion state corresponding to the initial normal stateA projection’? of a <,-minimal
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Figure 7.1: The=-predecessors of the information stateclude states, r, u, v, x and
p. The direct preferences are shown as arrows. Ihe)-minimal states ife]" include
statess andr.

information state results in an intermediate normal staét is used to form a starting
point of propagation in Thielscher's and Sandewall's apphes. In other words, the
boundarymin (<., [e]") is the earliest “zone” where we may start causal propagation
the information space. In some sense, the states on the &gutsiipport” the prop-
agation, and can be thought of as “collaborators” in pragigiguccessor state(s). On
the other hand, the-predecessors ifi3, ) ., “compete” against each other because any
of them could be eventually selected as a successor infimmstiate. For example, in
the McCain-Turner approach, all predecessors of a causdtfi@atr have to be elimi-
nated during the state transition process leadingteso, in a sense, thepredecessors
in (3, )., frame a potentially final point (or Borizor) of propagation.

By definition, some:-predecessors of an information staterith respect toy, lie on
the boundarynin(<,, [e]"):

min(<,,e) N (B, e). # 0.
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Intuitively, the setsmin(<,,e) and (3, €], represent a minimality-driven component
of an action system, and indicate a possipadientof causality-driven propagation (a
“slope” in the information space along which the propagatiegins). In other words,

the minimal change component contributes to the seleatioction by shaping the state-

space “boundaries” and surfaces tmordinatedcausal propagation.

7.1.2 General Semantics: Gradient Choice Functions

The motivation behind our general augmented preferergrabstics is to represent var-
ious approaches uniformly. That is why an attempt is madetoramodate seemingly
different selection functions discussed in chapters 4, &b &m one generic selection
function Res. To achieve this goal, however, we will need to employ défdrchoice
functions fromX aimed at identifying (narrowing down) the minimality-dev “gradi-
ent” of state transitions. A choice function is defined foraaigmtial successor informa-
tion stateg € I', an actiore € £, and an information state such that its projection is a
given initial statew € W (in other words;P(y) = w). We shall call states chosen by a
choice functioro (5, e, ), theo-chosen states in thg, e, v)-gradient.

Our first choice functiow (3, e, ), called afull-meet gradientmerely returns all

e-predecessors of some information stateith respect toy:

UF(B?&V) = <[67 e]>'y

The second choice functiany, (5, e, ), called amini-choice gradientchooses one
<,-minimal state ife]", or in other words, an element ofin(<., [¢]"):

oum(B,e,7) = {a}, wherea € min(<,, [e]")

The full-meet gradient defines a set(f, e,y) that identifies potential challengers
for a successor information state place. Intuitively, thetes in this set compete to
become a successor information state and the informataia /stis being tested as a
potential winner.

The mini-choice gradient, on the contrary, does not tespatgntial winner or chal-
lengers (in fact, it is independent of the first argument$tdad, this choice function at-
tempts to make subsequent causal propagation as flexibkesable — by picking just
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one of the<,-minimal states irie]". Intuitively, the “mini-choice gradient” supports all
possibilities in terms of intermediate information stateasistent with the direct effects
of an action (more precisely, projections of these interiatedstates satisfy the direct
effects of an action).

Sandewall’'s causal propagation semantics, for examgyslthe propagation to
start at any such intermediate state — accounting, in pdaticfor disjunctive direct
effects. Thielscher’'s approach also suggests to stag statsitions at an intermediate
state that is as close as possible to the initial state. Sheéatter approach handles
actions with conjunctive effects, there is only one suckrimiediate state. However, an
approach reported by Thielscher [64] extends the original [63] towardsalternative
effect propositions, where the disjunction of effeetsv e, is interpreted as exclusive,
and inclusive disjunction is simply modelled@sv es V (e; A e2). In this extended case,
alternative effects lead to alternative intermediatel{mieary) states, and the original
causal relationship approach is then applied to each oé thediminary states. In other
words, in order to account for indirect effects, prelimiynatates are “taken as starting
points for the successive applications of causal relatiqss until overall satisfactory
successor states are obtained [64].

Therefore, the mini-choice gradient should be considdr@aaction system includes
non-deterministic actions, or more precisely, actiondwisjunctive direct effects.

We introduce two more choice functions. One(g, e, ), is called gpartial-choice
gradient!, and chooses &.-minimal state irfe]" ND" or in other words, a minimal ele-
ment among information states that would project onto aehitormal states consistent
with the direct effects of actioa.

op(B,e,7) = {a}, wherea € min(<,, [e]' N D")

It is important to point out that the partial-choice gradiep(5, e, ) is weaker than
a more demanding choice function

o(B,e,7) = {a}, wherea € min(<,,[e]") N D"

11t can be easily guessed that names of some choice functiahsve use are loosely based on well-
knownfull-meet partial meetandmaxi-choicebelief revision functions [13].
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which could be referred to adegitimate-choice gradient

Intuitively, the legitimate-choice gradient choosescaminimal state in[e]" that
is, in addition, legitimate with respect @ (more precisely, its projection is ®). It
may result, sometimes, in the empty set — when all infornmesiiates on the boundary
min(<.,[e]") are not legitimate with respect 1.

On the contrary, the partial-choice gradient function gesudirectly on information
states inmin(<,, [e]" N D). Clearly,

min(<,,[e]") N D" C min(<,,[e]' ND")

The set on the right-hand side of the containment can be ttioofgas another in-
formation space boundary, “located” further from the adigpoint v than the bound-
ary min(<.,[e]"), and the “partial-choice gradient” function targets thagermation
states.

It is worth pointing out again that all the gradient choicadtions narrow down the
search and selection of potential (context-sensitivefesgor states in the information
space, based on a preference relaton and without the causality componett of
an action system. In other words, the gradient choice fanstscale potential causal
propagation towards context-sensitive ramifications.

7.1.3 General Semantics: Selection Function

Let M* be the transitive closure of the relatigrt. As usual, we say that an information
states is M-reachable from an information staie if M*(«, 5). Also, for simplicity,
we denote by, any information state such th&{~,,) = w. Now we are ready to define
our final selection function.

We say that an admitted statés a successor statec Res(w, e), if and only ifr is
a projection of some stable information statevhich isM-reachable fronall o-chosen
information states in th&s, e, 7,,)-gradient. More precisely,

Definition 7.1.2 (Selection Function) A selection function of an actioneyst = (V,
D, T, & O, M, ¥)isgiven as
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Res(w,e) ={reD: foral a € o, e, ), M*(a,p),
whereg € Ky and P(5) =r}.

The notions of “stable” and “reachable” are understood imgeof the causal transition
relation M, and the gradient is given by one of the choice functions)guan ordering
<y, fromO.

This definition does not require that successor stategw, e) satisfy the direct
effects of an action. In other words, we did not requites(w, ¢) C [e]. However, this
property may be seen as one of the most fundamental to selasftisuccessor states.
This motivates us to introduce a sub-classohservativeaction systems, where any

successor state must satisfy the direct effects of actions.

Definition 7.1.3 A selection function of eonservative action systeni = OV, D, T,
E, O, M, ¥)is given as

Res(w,e) ={reDnle]: forall a« €o(f,e,v), M*(a,p),
whereg € Ky and P(5) =r}.

We shall see that action systems capturing McCain-TurnerSamdlewall frameworks
are in fact conservative.

If we believe thatD = X(K ), or in other words, a distinction between stable and
admitted states is not required, then the selection functém be accordingly simplified.
This is the sub-class afompactaction systems where domain constraints are captured
by causal dependencies alone, embodied in the causatimangilation M:

Definition 7.1.4 A selection function of ampact action systeni{ = (W, D, I', €&,
O, M, ¥)is given as

Res(w,e) ={re W : forall a€o(f, e, V), M*(a,p),
wheres € Ky and P(5) = r}.

Obviously, there could beonservativeandcompactaction systems, where the selection

function is given as
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Res(w,e) = {r € [e] : forall « € o(8,¢,7,), M*(a,f),
whereg € K and P(5) = r}.

We shall specify another important sub-class of actioresyst where the selection func-

tion can be modified; more precisely, strengthened as fellow

Definition 7.1.5 A selection function of & amiltonian action systend = (W, D, T,
E, O, M, ¥)is given as

Res(w,e) ={reD: foral ac o, e, ), M*(a,p),
there is a Hamiltonian path through statesds, e, v,,),
wheres € Ky and P(5) = r}.

In other words, not only should a stable successor infoonagtate be reachable from
all information states lying on the chosen gradient, but thenstrbe a Hamiltonian
path through these states. When a successor informati@istaself on the gradient
(for example, “full-meet gradient”), the requirement of ariltonian path is clearly
stronger than the requirement of reachability. This is dubé condition that a successor
information state should be stable, which ensures that audamiltonian path ends in
this information state. Therefore, this state is reachfbla all gradient states.

A Hamiltonian conservative compact action system will lpureed to show selection-

equivalence with McCain-Turner action systems.

7.2 Examples of Reduction

7.2.1 Preferential Semantics

Before we demonstrate how the desired selection-equivalean be achieved for all
three approaches considered previously, we consider a@hegius simplification of
action systems, captured by the general augmented préééreemanticsH. Staying
within normal state-spaceé¥ = T, P(1) = ), settingM = () and taking the “partial-
choice gradiento (3, ¢,v) as our choice function, produces a traditional preferéntia
semantics with a variety of suitable preference relat@n$/lore precisely, the selection

function is given then as
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Resp(w,e) = {r € min(<,, [e] N D)}.

Obviously, taking a more demanding “legitimate-choicedigat” o, (3, ¢, ) as our
choice function, produces a preferential semantics tenirisqualify more successor
states:

Resp(w,e) = {r € DNmin(<y,|e])}.

Clearly, action systems based on these selection functrensoaservative.

7.2.2 Causal Systems with Fixed-points

Now we shall specify action systems within the general augetepreferential seman-
tics H that capture our motivating approaches.

We begin with our semantics for the McCain-Turner framewoks mentioned
above, we focus on Hamiltonian conservative compact ady@tems. In this case,
we do not need the information space concept, as causalktaviliebe represented en-
tirely by a Hamiltonian path throughpredecessors of a successor state. Therefore, we
shall stay within normal state-spacd/(= T", P(:) = ¢) and set all orderings i¥ to
be PMA orderings, as defined in Chapter 4. The transitionioglat1 is constructed
as described in Chapter 4 as well. Since we do not extend toniafiion space, some
notation simplifies as well. For example, by definitign! = [e], andKy = X (K ).

Importantly, we take the “full-meet gradient’=(3, e, ) as our choice function. This
results in the following reduction:

Res(w,e) ={reDnle]: forall a e (r,e),, M*(a,r),
there is a Hamiltonian path through stategine),,,
andr € K},

Given the compactness of the action systéms= X(K ) = K, and the fact that a
successor state is in the chosen gradient (and therefoeadbable from all states in the
gradient), we can simplify the selection function further:

Res(w,e) = {r e Ky Nlel:
there is a Hamiltonian path through stategine),, }.
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Re-iterating, a stable statesatisfying the direct effects of the actiens a successor
state if and only if there is a Hamiltonian path through alkHpredecessors (this path is
bound to end inr).

This is precisely the selection functi®ucc(w, e) used in Chapter 4 to achieve
the desired selection-equivalence with the original Mc€aimer characterisation of
causal fixed-points.

Therefore, the following result (based on Corollary 4.6.68Cbfapter 4) can be ob-
tained.

Theorem 7.2.1 For every causal action syste@® there exists a selection- equivalent

Hamiltonian conservative compact action systet, D, ', £, O, M, ).
Conversely, for every Hamiltonian conservative compadbactystemV, D, T,

E, O, M, %), withW = T" and the full-meet choice function, there exists a selection

equivalent causal action systeth

7.2.3 Systems with Causal Relationships

The next example is, in fact, the only one that uses the irdtion space concept. Nev-
ertheless, we believe that it exemplifies quite a generasaéaction systems. We refer
here to the framework of Thielscher analysed in Chapter 5.

In order to achieve the desired selection-equivalence gpmduce the information
spacd’ as described in Chapter 5. We also take= —, and include in the set all the
actionsa from the set of action lawd, where each action law has the foffi, a, E), E
being the direct effect ai.

The setD is chosen as a subsetdf such that its elements satisfy the constraibts

The projection functiorP is defined via the hyper-space projection functijpas
follows:

where~(z) is an information (power-) state,is the corresponding set of hyper-states,
ands € z is an arbitrary element.

For example, consider the state- {a, —b, ¢} and two hyper-states= {a, -, c, a,
—b, ¢} ands’ = {a, =b,c, ~a, ~b, —¢}. Letz = {s,s'}. Then the information (power-)
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statey(z) corresponds to the partial statg z) = {a, b, c, ﬂloj}. The projection ofy(z)
to the spac@V simply returns the staig

The next step is a construction of the preferential str@otr The intention is to
construct orderings< in O in such a way thats-minimal elements would be pin-
pointed by appropriate choice functions. Importantly,abastruction of any<., should
avoid any references to actionséin— in other words, the preferential structueshould
be action-independent.

We intend to base the preferential structure in the infolonagpacd’ on the PMA
ordering, atleast in part. Informally, given three infotioa statesy,,,, ; andy, that cor-
respond to partial hyper-statesz; andz, from different hyper-neighbourhood$(w),
N(¢1) andN(g2), we would consider thay; is closer toy,, thany,, denotedy; <, 72,
if ¢, is closer tow thang, in terms of the PMA orderingg; <., ¢o. Intuitively, if there
is a preference relation between the projections,dnd~, we take it as an indication
of some preference between the information states theese®imilarly, if the corre-
sponding projections are not comparable: neitheg., g2 norqs <., ¢1, we do not wish
to specify any preference betwegnand-, as well.

There is, however, a case when some additional care mustkbe ta- the case
when two information states are projected onto the same 8iaty, more precisely,
P(v(z1)) = P(v(22)) = q. This may occur when both setsandz, belong to the same
hyper-neighbourhood (¢). In this case, the only distinguishing features are thetge se
z; andz, and the corresponding partial hyper-staigs; ) and~,(z2).

In order to exploit these distinguishing features in definivhich information state,
v(z1) or y(z2), is closer toy,,, whereP(~,) = w, we need to introduce a few auxiliary
functions, and an auxiliary preference relatioramong partial hyper-states.

Firstly, we define th@bserved chang®bs(q, w), between two normal statesand
q, as the set of literals ify \ w) expressed in terms of justifier literals. More precisely,

Obs(q,w) = [}, where U = ¢\ w.

Put simply, the observed change is the literAlsom the state; that are not present
in the statew, expressed in terms of justifier Iitera}s For example, given two states
q = {a,—b,c} andw = {a, b, c}, the observed change@@®s(q, w) = {ﬁZ}.
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Secondly, we define thastified changeJust(v,(z)), for a partial hyper-state, (z),
as the set of all justifier literals i, (z). In other words, the justified change contains all

justifier literals common to all hyper-statesznMore precisely,

Just(v4(2)) = 74(2) \ ¢-

For example, ify,(z1) = {a, b, c, =}, thenJust(v,(z1)) = {~b}, and if y,(zs) =
{a,—b,c,—a, ﬂZ}, thenJust(v,(22)) = {—a, ﬂlc;}

Finally, we compare these change sets using the symmetiecetficeDiff (=, y) =
(y\ ) U (x\ y). More precisely, we define théivergent changeDiv(v,(z),w), for a
partial hyper-state, (=) and statewv, as the set of justifier literals that appear either in
the observed change s8bs(q, w) or in the justified change sétust(v,(z)), but not in
both. More precisely,

Div(v,(z),w) = Diff( Obs(q,w), Just(y,(2)) ).

For example, ifv = {a, b, ¢} andv,(z1) = {a, b, ¢, ﬁZ} we obtainDiv(v,(z1), w) = 0,
and fory,(z) = {a, —b, ¢, ~a, —@} we obtainDiv(v,(z), w) = {—a}.

Intuitively, a partial hyper-state,(z;) is preferred to a partial hyper-staig(z2)
(with respect to state) if and only if the divergent change fo,(z;) is contained in the
divergent change foy,(z2) (with respect to state). Formally,

Y4(21) Cuw 74(22) if and only if

Div(,(1), w) € Div(y,(25), w).

Essentially, the—,, ordering is based on the PMA idea, generalising it to setssiifjer
literals. Now we are ready to construct the preferentialcttire on the information
space. The s&? is a set of orderings defined on information states in such a way that
respective projections satisfy the PMA ordering, whilefeneng subsets with smaller
divergent change within each hyper-neighbourhood. Moeeipely,

v(z1) <y Y(22) if and only if
either P(v(z1)) <p¢y) P(7v(22)) or

both P(v(z1)) = P(v(22)) = q and 7,(z1) Cp(y) Yq(22)-
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Figure 7.2: Hyper-neighbourhoods of the states {a, —b, ¢} andr’ = {—a, —b, c}.

In other words, an information (power-) statéz; ) is nearer toy than-~(z,) if and only

if

e the statesy(z;) and~(z,) correspond to different hyper-neighbourhoods, and the

projection ofy(z;) to normal space is nearer to the projectionydhan the pro-

jection ofy(z9), or (if the projections are the same, i.e. the state

e the partial hyper-state,(z,) is preferred to the partial hyper-statg(z,) with

respect to the projection of — i.e. the states(z;) and~(zy) correspond to the

same hyper-neighbourhood, but in the first partial hypateshe observed change

diverges from the justified change at most as much as in trendqgartial hyper-

State.

This two-tiered PMA-based preference relation ordersrmgdion (power-) states rep-

resenting partial states from different hyper-neighboods, and then prefers subsets

with smaller divergent change within each hyper-neighboad.

Let us illustrate this with an example (Figure 7.2), where gktz; = N(r) N HZ]

includes all four hyper-states enclosed in two boxes ondfiehand side, while the set

2 = N(r)N[-a A ﬁ((;] includes two hyper-states enclosed in the bottom box on the

left-hand side. The se¥ (') N [-a A ﬁ((;]) is enclosed in the box on the right-hand side.

We again denote by the state{a, b, ¢}. The statey = (N (w)) is the information
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state that corresponds to the whole hyper-neighbourhgod). It is easy to check
thatP(~(N(w))) = w (by definition of projection function), and the partial hyjstate
(N (w)) = w (by definition of partial hyper-state). We also abbreviate

o

1 =(N(r)N[=b)),
Y2 = 4(N(r) 0 [~a A b)),
s = (N () N [~a A b)),

and obtain

N <L e < s

Both information states; and~; that correspond to the hyper-states on the left-hand side
(in setsz; andz, respectively) are preferred to the information stateorresponding to
the setz; of hyper-states on the right-hand side. The reason is that#te- is closer to
the statev than the state’ according to the PMA ordering: <., .

In addition,y; <, 72, because the partial hyper-state ;) is preferred to the
partial hyper-state,.(z;) (with respect to state):

%«(Zl) Cw ’YT(ZQ)-

To verify the latter preference we note that the partial Imgtatey, (z;) has no divergent
change fromw: Div(v.(21),w) = 0 (both observed and justified change sets contain
only the IiteraIﬁZ), while the divergent change betweenand the partial hyper-state
v (z2) is non-empty and contains the literat (this literal belongs to the justified change
set but not to the observed change set).

Not surprisingly, given an initial state and an action with the post-conditids the
information (power-) state (|| £||.,) is a<< v (w)-minimal state among all information
(power-) states ifE]". We choose the partial hyper-stagg(N (w)) as the point of
reference because it has no divergent change frotme observed change set is empty,
(w \ w); and the justified change set is empty,(N(w)) = w. This observation is
important because it identifies the information state amoading to the trigger set as a
minimal element. Therefore, this information state maydoee an appropriate gradient
for subsequent causal propagation. Formally, we can obskevfollowing.



186 CHAPTER 7. GENERAL AUGMENTED PREFERENTIAL SEMANTICS

Lemma 7.2.2 For a statew € W and an action lawC, a, £),
VIElw) € min(<sww), [E]').

We have observed earlier that Thielscher’s approach haradigons with conjunctive
effects, producing only one intermediate state that is @sechs possible to the initial
state. Hence, there is always only one corresponding triggfeand therefore,

{(1EN)} = min(<s v, [E]).

Moreover, we may apply the definition of trigger sets to theeesled Thielscher’s ap-
proach [64] that treatalternativeeffect E = F; Vv ...V E,. In this extended case,
alternative effects lead to alternative intermediateesiaind hence, to the alternative
trigger sets. It is easy to show that the information statesesponding to these mul-
tiple trigger sets are<, v (.,)-minimal elements as well, and together make up the set
min( <Ky (vw)), [E]'):

{U1E ), - v (I Enllo)} = min(<q vy, [E]).

In summary, we constructed the information spBcthe preferential structu®, the
transition relationM = —, the space of legitimate statés the set of actiong = A,
and the projection functiof.

In addition to these constructs, we take the mini-choiceligra oy, (5, a,~) as our
choice function — one that chooses<a -minimal state inE]", or in other words, an
element ofmin(<,, [E]"). Here we consider, as usual, the action l@Wa, E). We
may recall that any information state such that its projectiof® () is the statev, can
be taken as the point of reference of the employed ordeting For example, we can
choose as the information state(/N (w)) that corresponds to the hyper-neighbourhood
N(w). This results in the following reduction (for an action &, a, £) and an initial

statew):

Res(w,a) ={r € D: M*(a, ) such thata € min(<K (v, [E]"),
B eKm, and P(3) =r}.
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Informally, a successor state must satisfy the domain caings D (belong to the set
D) and be a projection of some stable state thatiseachable from a state closest to
v(N(w)) among all states if]".

According to Lemma 7.2.2, the information statg| F||.,) that corresponds to the

trigger set, is the only<, (v () -minimal element:
(V1 Bllw)} = min(< vy, [E]D)-
This fact allows us to simplify the selection function fugth
Res(w,a) ={reD: M*(v(|E|w),B), where g e Ky and P(3) = r}.

This selection function is identical to the selection funietResr(w, a) used in Chapter
5 to completely characterise the original selection furcesgp,.(w, a). Therefore,
the construction described above allows us to obtain thigpfns of the following result.

Theorem 7.2.3 For every action system based on causal relationshipthere exists a
selection-equivalent action systéwv, D, I', £, O, M, X).

Conversely, for every action systémV, D, I', £, O, M, %), with the mini-
choice choice function, there exists a selection-equitaetion system based on causal
relationshipsR.

The second part of the theorem is essentially trivial if oaesps the stratified binary
relation M’ into fully-qualified causal relationships. In other wordis; every pair of
information states such that!*(«, 5) and§ € K we consider the pair of states=
P(a) andy = P(3). Then we createn? causal relationships

€; causesp; If g AL AEN. A€,

wherez = {e1,...,€,...,exyandy = {p1,...,p;,. .., pm}

This selection-equivalence does not demand that an acgiem is Hamiltonian,
compact or conservative. Of course, if needed, these deaistics could be added,
resulting in a strengthening of the original approach ofeldther [63]. For example,
successor states satisfying the direct effects of actimeasily accommodated by con-
servative action systems, and compactness would be neketieddausal relationships
R and the domain constrainf3 rule out exactly the same states.
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7.2.4 Causal Propagation Semantics

Finally, we shall demonstrate selection-equivalence \8i#imdewall’s action systems.
This can be achieved with the state-space approximatios I" andP(:) = ¢, staying
within the same action domathand the same set of admitted (legitimate) stdes

To achieve the desired result, we take the “mini-choiceigratic, (r, e, w) as our
choice function — one that chooses:a-minimal state ine] = [¢]'. Also, we focus on
conservative action systems. This results in the followedypction.

Res(w,e) ={reDnle]: M*(a,r), wherea € min(<y, [e])}.

Here, an admitted (and therefore, stable) state is a suarcsase if and only if it satisfies
the direct effects of action, and is, in additionM-reachable from a state closestito
among all states ife].

This construction together with settingt = C and the representation results of
Chapter 6 allows us to achieve selection-equivalence bas&d<w, ¢) and the original

selection function:
Rescpg(w,e) = {ry € D: G(w,e,r1),C(ri,ris1), <w(ri, riz1), 1 <i < k}.

More precisely, it leads us to the first part of the followirgult, based on the represen-
tation lemmas 6.3.1 and 6.3.2 of Chapter 6.

Theorem 7.2.4 For every respectful action systéi, £, C, D, GG) there exists a selection-
equivalent conservative action systéwv, D, ', £, O, M, ), if the relationGG
satisfies condition§&,) — (G3).

Conversely, for every conservative action systéth D, ', £, O, M, %), with
W = I" and the mini-choice choice function, there exists a salaetiquivalent respect-
ful action systemW, €, C, D, G), if the orderings inO satisfy conditiong/;) — (Ms;).

While the first part of the theorem us@4 = C, the second part needs an extraction

of the causal relation’ from a given relationM in a certain way. More precisely,

C(p,q) ifandonlyif M*(p,q)andq € K.
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In other words(C' = M’, where M’ is a stratified relation extracted from! (as defined
in Chapter 6) containing short-cuts to stable states. Tegetith conditiong( /) and
(Ms) Lemma 6.4.9 ensures that propagation along a transitioim starts from a<,,-
minimal state, and links states that pair-wise respectrfali state. It should also be
pointed out that if a respectful system is not required, thersufficient conditiong),)
and(Ms;) can be dropped. This theorem establishes the conditionsreggto capture
respectful action systems.

We may choose not to capture respectful action systemsyiicyar, but rather fo-
Cus on conservative ones. After all, the most serious jaatibn for respectful action
systems was a requirement not to undo the direct effectstminscduring causal prop-
agation. Conservative action systems necessarily havessmcstates satisfying the
direct effects of actiom, while allowing the propagation to transit through statetsale

[e], and sometimes “backtrack” in a direction opposite the Pbtéering.

7.3 Classification and Discussion

In this section we intend to categorise variants of the gdreumgmented preferential

semantics according to the identified properties of actystesns:

conservatismRes(w, e) C [e],

compactness) = X (K ),

the Hamiltonian path condition (“extreme” context-sengi), and

the approximationV = T'.

The latter property essentially allows us to charactengeassor states without the in-
formation state-space. In addition, the classificatioesthispecifies the employed pref-

erential structures and the appropriate choice functions:
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Causal Causal Causal

fixed-points| relationships | propagation
Conservative yes no yes
Compact yes no no
Hamiltonian yes no no
Information state-space W =T W#T W=T
Preferential structure PMA two-tiered PMA PMA
Choice function full-meet mini-choice | mini-choice

Our characterisation of the causal propagation semantssdene under the approxi-
mationV = I'. TheW = T classification entry for Sandewall’s framework reflects a
possibility to encode relevant action preconditions iroinfation states, achieving the
desired selection-equivalence without restricting tiveaation relationG and orderings
in O.

In this chapter we considered the general augmented pnéfrgemantics for causal
reasoning about action. As mentioned above, the PrincipMimimal Change can be
identified with the set of orderings, while causality is eg@nted by the additional bi-
nary relation on states. Varying these and other comporadioiss us to specify dif-
ferent instances of the framework, ranging from pure pesfeal semantics to causal
propagation-oriented semantics.

In addition, the uniform framework of the general augmemtexferential semantics
allows us to easily compare existing approaches. In pdaticthhe nature of the distinc-
tion between Sandewall’s and Thielscher’s approachesjgggation-oriented ramifica-
tion may be uncovered and reduced to the variance in transpace dimensions and
the employment of different preference metrics when idginty states nearest to the
initial one.

In light of the general semantics, both of these cases (Saliland Thielscher’s)
can be found very similar to McCain and Turner’s causal thebmgction using causal
fixed-points [37]. This was also characterised by a variatii@augmented preferential
semantics, relying on the PMA ordering and an appropriatelystructed binary rela-
tion operating on the normal state-space. Here, the mdiereifce appears to be the
additional condition requiring that there exisHamiltonianpath through certain states
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in a state transition system, serving as a contextual méahaand leading to causal
fixed-points.

Essentially, the causal propagation employed by all ourvaing approaches is
context-sensitive. In order to capture various manifestatof context-sensitivity we
identified a specific semantical component — a family of cadienctions. In other
words, rather than develop more sophisticated transittations or preferential struc-
tures (that could have encoded context-sensitivity irodiy®, we chose to capture this
aspect explicitly. In fact, the appeal of an explicit remsition of the underlying prin-
ciples strongly motivated our overall approach, and isretmd the general semantics

presented in this work.
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Chapter 8

Conclusion

8.1 Summary

In this dissertation we set out to examine the role of catysalireasoning about action
and change, and develop a general semantics for a classaf #wtories. Our inves-
tigation covered a variety of semantics for causal reagpabout action and change —
ranging from pure preferential semantics to its variantg@ented with a causal relation.
In our search we also attempted to highlight some of the aspéctime’s arrow” and
causation relevant to an agent’s reasoning process, wialeng the weakest possible
semantical assumptions. In fact, we committed neither tartaiqular philosophic stand-
point on the metaphysics of causation or minimality nor tp srecific logical language.
This approach allowed us to explore the role of several foretdal underlying princi-
ples transparently and objectively, on a set-theoreticshasd without obscuring these
principles by the internal structure of system componeht® investigation culminated
in a general unifying semantics for a broad class of causalratheories, represented
by a number of recent influential approaches.

We focused on three of the most prominent causal framewaorkkd Reasoning
about Action literature: the causal systems with fixed-fsoguggested by McCain and
Turner [37], the causal relationship approach of Thiels¢f@], and Sandewall’s causal
propagation semantics [56] (the transition cascade sersant

The reasons behind our expectations that these motivghipigpaches can be repre-
sented in a unifying setting were clarified in the first cheptd this dissertation. First of

193



194 CHAPTER 8. CONCLUSION

all, we presented and analysed the multi-dimensional tamsspace (Figure 2.10) and
placed our semantical framework in the ontological-epti®gical plane of this space
— this allowed us to characterise and contrast our motigatpproaches systematically.
Then, a simple variant of our framework for reasoning abatibas and change was
introduced in Chapter 2. This simple semantics describesatagasoning about action
as the propagation of an action’s effects from minimal stédietermined with respect to
a choserpreferential structurgto stable states (ascertained with respect to stemesal
relation). Importantly, we identified the concept of tiidormation state-spacevhere
the propagation process takes place. This concept actestine differences between
system dynamics (related to transitions between worl@s}and knowledge dynamics
(involving transitions between information states). laliéidn, we established a valuable
densitycondition linking legitimate system states and stablerimfation states. The den-
sity condition ensures proper causal priority of the binafgtion used in propagation.

As a next step, we studied possible areas of interactiondsstwnertia and causal-
ity, in the context of action languages with different cormménts towards causality and
categorisation policies. Subsequently, we provided aepeetial-style semantics (aug-
mented with a causal relation on states) for the causal fpaats framework of McCain
and Turner and the causal relationship approach of Thietsch

It is important to realise that, although the underlying stamctions and proofs re-
quired to achieve the desired selection-equivalence ahgdamplex, and the dimension
of the information state-spademay be high (as is the case with the causal relationship
approach), the semantics remains simple:

it describes, in simple terms, a process of propagation ftbenminimal
elements (gradient area) to final state(s), followed by tluggution onto the
standard spaceV.

A variant of the augmented preferential semantics was alated to the causal prop-
agation semantics (the transition cascade semantics)mafe8all, subsuming it under
certain uniformity assumptions. It is important to realisat, although the causal prop-
agation semantics is sufficiently general and concise,ntesehat lacks the intuition
behind the invocation relatiofy. If one is capable of specifying the precise immediate
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effects of actions for each state of invocation, why is it petmitted to specify all fi-
nal successor states directly as well (in other words, sirepibedG in the selection
function Res)? On the other hand, the preferential structure employealimframe-
work reflects the fundamental and intuitive Principle of Mial Change, achieving the
selection-equivalent identification of both the immedeate indirect effects of an action
in the relevant state-space.

The additional assumptions stipulated in our charactirisaf Sandewall's seman-
tics are required if we wish to keep the direct effects ofawtiuniform — in other
words, not dependent on the states of invocation. The phiaewe pay for it is the
restrictions imposed on the invocation relati@nin the causal propagation semantics,
limiting the preconditions of an action. As mentioned earlin Chapter 6, instead of
restricting the invocation relatiot¥ and orderings in®, we may choose to abandon
the approximation’V = T', and consider the information state-spacehere relevant
preconditions are properly encoded. In this case, the piaehigher dimension of the
information state-space, and potentially a more convdlptejection function.

In summary, the unifyinggeneral augmented preferential semantiesierging as a
result of this study, captures two fundamental underlyinggiples — thePrinciple of
Minimal Changeand thePrinciple of Causal Change- and illustrates their clear and
distinct roles.

Furthermore, the general semantics emphasises the rolentdxtual information
affecting both minimality and causality and provides a nsefor balancing different
contributing factors. In particular, by utilisingpntext-sensitive choice functiosisch as
full-meet gradient and mini-choice gradient, an agentescahd coordinates the causal
propagation in the transition state-space. In other wdahdsgeneral framework that we
incrementally built in this work, allows an intelligent ageo represent a dynamic world
in many ways, choosing certain components and discardimgrstwhile staying within
a uniform semantics.

It is argued that hidden or less immediate forces shapingnmiivating approaches
become transparent with the help of the general semanticddition, it is hoped that
the unifying semantics would provide further insights ithe views on causation and
minimality, shared by these and other approaches.
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8.2 Future Work

There are several interesting directions that can be pdrigllewing the development

of the general augmented preferential semantics.

One of them is an investigation into the applicability of gpresented semantics to
different approaches to Reasoning about Action. The inss&oonsidered in this work
are already quite representative. However, there are a fiegr tngics of action, and
without a doubt, new proposals will appear in the near futlitee immediate question
is whether the semantics proposed here is general enougdatavith new theories of
action, without any extensions. After all, it encapsulaesumber of powerful con-
cepts, such as the information state-space, preferemihtausal structures, the fam-
ily of choice functions. The potential variations of the quunents appear to be rich,
and stretching the framework might be an interesting egerdeven more importantly,
identifying specific properties of action logics that pldabem outside of the proposed
semantics may become a motivating research subject.

An additional challenge would be to verify which ones of timepéoyed semantical
components are most useful in characterising a given Idgaction — in other words,
investigate limits of applicability with various comporien For example, it is quite
clear that the causal relation and full-meet gradient, usexpturing the McCain and
Turner theory, were the most principal components in thaecahile the information
state-space and the corresponding projection functioyegla significant role in char-
acterising the causal relationship approach of ThielscRerhaps, future research will
make some of the components marginal. The primary candfdateductions would
be the family of choice functions. One might attempt to emcodusal context in the
preferential structure and causal relation, already ptese¢he semantics. A success in
this direction will make the selection function more unifousing, for example, a mini-
choice gradient on all occasions. We believe, however,ahaxplicit specification of
some choice function (be it a mini-choice, a full-meet, oother function) helps in a
better understanding of the causal context-sensitivilyn&imes, the forces behind the
causal propagation are more demanding than in other casepéce, for instance, the
full-meet gradient with the mini-choice one), and may regua precision that can be
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more easily achieved with the dedicated component, raltiaer with a smart encoding.
Nevertheless, this trade-off is an attractive topic foufatwork.

Another avenue for future work points toward a further corngmn between the
Principles of Minimal and Causal Change. Recent results regant [43] indicated a
simple way to distinguish betweeninimisabledynamic systems (that can be described
by theories of action based on minimal change) and thosersgsthat requireausal
theories of actionor in general, the systems “capable of forms of reasoniagdannot
be captured by the Principle of Minimal Change” [43]. Themrfrework included a
number of formal properties serving as necessary and ssfticonditions under which
a dynamic system is minimisable. This establishes the rafgplicability of the
Principle of Minimal Change: “one simply needs to verify tagoperties” [43].

Interestingly, the McCain and Turner theory of causal fixetis was shown to be
minimisable, while the causal relationship approach oeHaher was not. In particular,
the causal fixed-points were characterised purely via apeefial structure, and with-
out causal propagation — however, the employed prefetesttiecture was defined over
meta-states of a higher dimension. These meta-statesdplageole identical to infor-
mation states in our semantics. In other words, the restdtepted in [43] described an
alternative representation of the McCain and Turner thaolye with our semantics —
this time, with the empty causal relatigrt = (), but without the approximation) = T'.
The following table allows us to compare different charastgions in terms of the em-
ployed preferential structures, the nature of causal waten, and the possibility to
approximate the information spatewith the original state-spadé/ .

Preferential | Propagation Information space
structure approximation
primary characterisation
of McCain-Turner’s theory| PMA <, M A0 w=r
alternative characterisation transitive
of McCain-Turner’s theory|  ordering M= W#T
characterisation two-tiered
of Thielscher’s approach | ordering<,, M #£D W#T
restricted characterisation <,, satisfying
of Sandewall’s semantics| (M;) — (Ms) M #0D W=T
unrestricted characterisation transitive
of Sandewall’s semantics|  ordering M#£D W#T
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More importantly, the findings presented in [43] demonstthat the general aug-
mented preferential semantics may cover both minimisabtereon-minimisable sys-
tems. The natural question is, whether this is too broad vdrether one would not be
better off concentrating on non-minimisable (causal)@ystindependently from min-
imisable ones. In short, perhaps it is wiser to focus onmtitlif causal theories of action
and their unique properties. While this intention is defigifgraiseworthy, we believe
that the unifying framework presented in this dissertapoovides an efficient way to
compare minimisable and non-minimisable systems. Foairtg, in light of the results
reported in [43], the systems with causal fixed-points amdstystems based on causal
relationships definitely differ with respect to being miisable. However, the (alter-
native) representation of the former (based/oh = () andW # T') can be clearly
differentiated now from the representation of the latteat needed botiM # () and
W # T'. In addition, if one chooses our characterisation of cafilsadl-points presented
in Chapter 4, using! # () andV = T, it becomes very clear that the approximation
W = T has the information cost reflected in then-emptycausal relatiooM. That is,
there is a trade-off between these two components. Thesmeots bring us closer to
the subject of conciseness. As pointed out in [43],

...if the class of domains at focus is within the range of ejaybiility of both

causal and minimal change approaches, the determining filmcthoosing
between the two could be the “information cost” associatél the usage
of each approach.

Developing a unifying semantics for a classohciseminimisable and non-minimisable
(causal) logics of action appears at this stage to be oneahtist appealing and engag-
ing themes in Reasoning about Action and Change.



Appendix A
Proofs for Chapter 3

Lemma 3.3.2 Let)~ be anAC~ domain description such that each non-inertial fluent
is an effect-complete fluent:

F\®C 3.

ThenQ), = Q~ defined in the signatureF, (), £ ) by abandoning the frame designation
® is an.AC» domain description, and thdC» models of(), are exactly theAC~ models
of Q.
Proof:
By constructior2, = 2. Consider now the séing((sNs' N Lg) U E). Itis clear
that
Cng((sNs'NLs)UE) C Cng((sNs’)UE) (A1)

Let L = be the set of all domain fluent literals, aigl be the set of domain effect-
complete fluent literals. Then

Cngo((sNs)UE)=Cno((sNs'NLyr)UE) =
Cng((sNs'N(LeU(Lxr\ Ly))) UE) =
Cng((sNs'NLy)U(sNs'N(Lr\ L)) UE).

By the lemma assumptioriL,]_- \ Ls C Lyx. This entails

Cng((sNs)UE)C Cng((sNsNLe)U(sNs' NLg)UE).
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Let us introduce the following abbreviation¥: = sNs' N L and X = sNs' N
Lyx. Then the right-hand side expression of the last contaimweem be abbreviated as
Cno(Y UXUE).

Given that every effect-complete literal iy, is defined through inertial literals in
Lg, itis easy to verify that for alp, if s Vs’ N Ly g ¢, thens Ns' N Lg g @ In
other words, ifp € Cng(s N s’ N Ly) thenp € Cng(sN s’ N Lg). Hence,

Therefore, for any sef, we obtain
Cng(XUY UE)CCng(YUE).

Using this observation, we conclude that

Cno((sNs)UFE)C Cno((sNs'NLs)UE) (A.2)

Relationships A.1 and A.2 together establish that
Cno((sNs'NLy) UE)=Cng((sNs')UE)

Therefore, for everyd ands, the sets of possible successor states are the same for the
ACo» and theAC~ state transitions:

Resaco (s, A) = Resac-(s, A).

Consequently, thelC», models of(2, are exactly thedC— models of()~.
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Proofs for Chapter 4

Lemma 4.5.6 For any two states, w and sentencé’,

[(wNr)U{E} = (r, E)w.

Proof:

(=) We intend to prove that
[(wnr) U{E}] C {r, EDw.

Let states € [(w N r) U {E}], meaning in particulars € [E]. Let us assume that
s ¢ (r, E)).. Then the state is not a predecessor ofwith respect tav, and therefore,
Diff(w, s) ¢ Diff(w,r). Hence, there exists a literal such thath € Diff(w, s) and
h ¢ Diff(w, r). Or, alternativelyh ¢ (w Ns) andh € (wNr)— note that every state is
a maximal consistent set of literals. Immediatély? s and—h € s. Sinceh € (wNr),
we obtain that
(wnNr)U{E}F {h}.

Also, s € [(wNr)U{FE}]. By definition of[-], states is consistent witwNr)U{ E'}.

Since—h € s, it follows that

{=h}UAF (wnr)U{E}

wherel = s\ {—h} is a consistent subset of state
This leads to a contradictiof-h} U A - {h}, showing thak € (r, E),,, and hence,

[(wNr)U{E} C (r, E)w.
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(<=) Now we need to prove that
{r, E)w C [(wnr) U{E}.

Lets € (r, E),. Thens € [E], and moreoveiff(w, s) C Diff(w, r). Consequently,
(wnr) C (wns),andfwns] C [wNr]. Hence,

[(wns) U{EY C [(wnr) U{E}].

Sinces € [E], we obtains € [(w N s) U {E}], and therefores € [(w N 1) U{E}].
This establishes that

(r, E)w C [(wnr)U{E}.

|
Theorem 4.5.7 For every causal system there exists a selection-equivatate elim-
ination system. Conversely, for every state eliminatiomesyghere exists a selection-
equivalent causal system.
Proof:
(=) Let Q be an arbitrary causal system. For every causalpute ¢ in Q, produce
the elimination rulgy] > [p A ¢]. Call S the set of elimination rules so produced. We
shall verify that for any legitimate state and sentencé’,

Resg(w, E) = Nexts(w, E).

(@) Let stater € Resg(w, E). We need to show € Nexts(w, E). The state- is a
causal fixed-point. By definition dReso(w, E), stater is consistent witwNr)U{E}.
Then by definition of ], » € [(w N r) U{E}].

The state elimination systegincludes an elimination rulgy;| > [p; Av,] for every
causal rulep, = v, in the causal syste@. Let

[1] > [01 A 9]

be a rule such that
[(wnr) U{E} C [py].
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By definition of~» |

[(wnr)U{E}Y ~ [(wnr) U{EY N (e Agy].

Let us now consider a sequence of causal ryles- ¢, (1 < i < n), such that their
successive application eliminates as many statgsim ) U { E'}] as possible. In other

words, for each, 1 <i < n, we require

[(wnr) U{E N ler A 00 e A] C i

This process results in

[(wnr) ULE}] ~ [(wnr) ULER N ey Ay
~ [(wnr)U{E}N e A¢1]m[902/\¢2] e
~ [(wnr)U{E N[ MM“ Nl A] ~
~ [(wnr)U{EN[er Ayl 0.0 e, Ay,

wheren is the number of all applicable elimination rules used irefilig of the set
[(wnr)U{E}].
We focus now on the last right-hand side expression

[(wnr) ULEF N s Ay 0 0o, Ay,

and intend to show that the statés the only element of this set:

{r} =[(wnr)U{E} N[ A0 0 e, Ay

First of all, the state is a causal fixed-point and must satisfy all the causal rules.
Then it would belong to the intersectidop, A ¢,] N ... N [p, A,]. Also, the Lemma
4.5.6 established that

[(wNr)U{E} = (r, E)w.

Sincer € (r, E)).,, we obtainr € [(w N r) U {E£}]|. Consequently,

rel(wnr)yU{EH N[, A N...0p, A,].
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Now we need to show that there is no other staia the set on the right-hand side.
Assume the opposite: there exists a statg r, such that

rel(lwnr)U{EN[p; AN 0 [p, A,].

The assumption’ € [(wNr)U{E}] = (r, E)., means that the staté is at least
as close tav as the state in the PMA ordering. Moreover, sincé # r, the state”’
is closerto w than the state. In other words, there is at least one litehakE (w N 7’)
such that: ¢ (w N r). It follows that—A € r. This would mean that there was a causal
rule ¢, = 1,;, where—h € [p, A 1,]. The latter conclusion contradicts our assumption
thatr’ € [, AN ...N e, A,]. In other words, the “extra” literahh might have
appeared in the stateonly as a result of causal inference, and then this infereanaot
support the literah.

Therefore,r is the only element of the considered set, and the elimingiirocess
yields

[(wnr)U{E} ~ {r},

where state is a final state ir5. Using the Lemma 4.5.6 again, we obtain

(r.E)w ~
meaning that € Nextgs(w, E), and hence

Resg(w, E) C Nexts(w, F).

(b) Now let stater € Nexts(w, E). We need to show € Resg(w, E). Starting with

(r,E)w ~5 r
and using the Lemma 4.5.6, we obtain

[(wnr)U{E}] ~

wherer is a final state irS.
Reversing the elimination process described above, we wdac¢hat the state sat-

isfies all causal ruleg, = 1, in the causal syste®, applicable to[(w N r) U {E}].
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Therefore, it is a causal fixed-point,c Resg(w, E), verifying that for any legitimate
statew and sentencé,

Resg(w, E) = Nexts(w, F).

(<=) Let S be an arbitrary state elimination system. For every elitomarule X >Y
produce the causal law = 1), wherey, 1 are such thaty] = X and[y] = Y (since
our language is a finitary propositional one, sychnd always exist). We intend to
prove that the set of causal laws so produced, c&ll ils selection-equivalent t§:

Nexts(w, E) = Resg(w, E).

(@) Letstater € Nexts(w, E). We need to show € Resg(w, E). As in the previous
case we start with
(r,E)w ~5> 1

and use the Lemma 4.5.6, in obtaining
[(wnr)u{E} ~

wherer is a final state ir§. Now, given the “engineered” nature of the causal systgm
it is easy to see that there is a chain of elimination rules

(wNr)U{E}=X1>Xo> ...> X,,.1 > X, = {1},
where for each (1 < i < n), X; C X;_1, and a chain of causal rules
(wmr)U{E}:SD1$SO2:> "‘:>90n71:>90n:/\7n7

where/ r is a conjunction of all literals in the state In other words, every literal in
r can be causally inferred from the sentefieen r) U { '}, meaning that is a causal
fixed-point,r € Resg(w, E). Therefore,

Nexts(w, E) C Resg(w, E).

(b) Now let stater € Reso(w, E). We need to show € Nexts(w, E). By definition
of Resg(w, E), stater is consistent withw N r) U {E}. Then by definition of]],
re[(wnr)U{E}.
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Repeating the elimination process from the earlier proobfdhe (= ) part, we
obtairt

[(wnr)U{EY -~

where state is a final state irS. Using the Lemma 4.5.6, we obtain
(r.E)w ~>
meaning that € Nexts(w, E), and hence
Resg(w, E) C Nexts(w, E).
This concludes the proof, verifying that for any legitimatatew and sentencé’,
Nexts(w, E) = Resg(w, E).

|

Theorem 4.6.5 For every state elimination systefthere is a selection-equivalent
state transition systemM. Conversely, for every state transition syst@rhthere is a
selection-equivalent state elimination systém
Proof:
(=) Let S be a state elimination system. L&t be a unary state elimination sys-
tem that is selection-equivalent & FromS’ we construct a selection-equivalent state
transition systero\ in the following manner.

For any two stateg andr’, we shall specifyM (r, ') if and only if there is a dissolv-
able set of stateH containingr andr’, such that for some trace of in S’, ' appears
immediately after-.

We intend to show that is selection-equivalent t§':
Nextgs (w, E) = Succpy(w, E).

(a) Let state € Nexts (w, E). We need to show € Succy(w, E).

!Please note that now we use the causal rgles + constructed from the elimination ruléé>Y as
follows: [p] = X and[y] =Y.
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First of all, sincer € Nexts/(w, E), the stater € [E]. Also, it is not difficult to see
thatr is final in M. If it was no so, there would exist a statsuch thatM(r, ¢). This,

in turn, would require an existence of a trace
TLT2s s3T5 g5y

and a corresponding string of elimination rules
01,025 505"+,

where the ruler, is the rule{r,q,...} > {q, ...} eliminating state-. More precisely,
it can be derived from the rule, that{r} ~ (), contradicting with- being final inS’.
Hence,r is final in M, and the only remaining part to show here is that there eaists
Hamiltonian path through states {n, E)),,.

Let us assume, without loss of generality, that the[geE)) , hasn elementsi, > 1).
Since(r, E)),, ~» r (because is an element ofiexts (w, F)), there is a sequence of

elimination rules

such that
oi1s X; > Xiqq,

whereX; is chosen agr, E)).,, X,,-1 = {r,_1,r} for some state,,_,, X,, = {r}, and
eachX; \ X;., is asingleton, whileX;,; C X; (1 <1i < n). Then

Xq \XQ;"';Xi\XiJrl;"';anl \Xn;Xn
is a trace, equivalently represented as (denaling X, by ;)
T 3T a1 T = T,

where the se{r, E)),, is a union of allr; (1 < i < n). Therefore M (r;,r;;1) for all 4,
1 <i < n. This effectively constructs a Hamiltonian path through states ifjr, £,
Hence, € Succy(w, E), and

Nexts (w, E) C Succp(w, E).
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(b) Now let stater € Succy(w, E). We need to show € Nexts (w, E). Since
r € Succp(w, F), the state € [E]. Itis also clear that is final in S’. If this was not
so, there would exist a statesuch that- ~ ¢. This would presuppose an elimination
rule {r,q,0} > {q,d}, whered is a sequence of states such that . Assuming
existence of at least one state § final in S’ (otherwise, if there are no final states and
no traces, the proof is trivial), we obtain a trace; . . . ; p, resulting inM(r, ¢). This
contradicts being a final state itM. Hencey is final in S, and we only need to show
now that(r, E).,, ~ {r}.

Sincer € Succy(w, E), there exists a Hamiltonian path through state§rinZ),,.
Let us assume thdt, E),, = {r1,...,7, ..., }, and let the sequence of states

TYS T Tt T = T

be such a path. This sequence is, by Definition 4.6.4 and rmtisin of M, a trace.
Hence, there exists a string of elimination rules

0157304, 30n—1

such that for alk (1 < i < n), the rules; = {ry,rit1,...,rn} > {ris1,. .., ra} elimi-
nates the state. Therefore,

(r,E)w ={r1,...,7%,...,mn} ~> {r,},
and consequently € Nexts (w, F). Hence,
Succp(w, E) C Nextg (w, E).
This concludes the proof, verifying that for any legitimatatew and sentencé&’,
Nextg (w, E) = Succpm(w, E).

(«<=) Let M be a state transition system. Frown we construct a selection-equivalent
unary state elimination systefi in the following manner.

For any two states andr’, we shall specify{r, 7'} > {r'} if and only if M(r,r’).
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Given that the state elimination systes is “reverse-engineered” from the con-
struction presented above, the proofs are identical teetbb$—- ), and show thas’

is selection-equivalent td1:

Succp(w, E) = Nexts (w, E).
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Appendix C
Proofs for Chapter 5

Lemmab5.1.4 If (s/, E") & (5", E"), thenE" C s".
Proof:

First of all, we observe that any initial pdi¢, F) is constructed a§w \ C) U E| E),
wherew is the initial state and’', £/ are the action condition and effect respectively.
Clearly, if a literale is in E, then it belongs t@ = (w \ C') U E as well. Hence,

E Cs. (C.1)
Furthermore, by definition 5.1.2, {, £') ~ (s, £’), then
s'= (s \ {=p}) U{p} (C.2)

E" = (E\{=p}) U{p}. (C.3)
In other words, both propagated components - current statecarrent effects - are
updated with respect to the effgcsimultaneously and analogously. Using C.1, C.2 and
C.3, we obtainE’ C s'. A simple induction on a length of &, Ey) ~ (s1, 1) ~
... ~ (sn, E,) shows thatF,, C s,,. Therefore, the propert¥’ C s’ holds for every pair
(s', B")if (s, E) ~ (s, E").

Lemmab5.2.1 If f € F,theni(—f) = =l(f).
Proof:
To prove it, we note that, if € F, then—f is a negative literal. By definition df

and|f], [(=f) = =i (lf) = =i(f) = ~I(S). -

211
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Lemma 5.4.4 For any two states € W andy € W, if the connection selt(z, y) # ()
then there exists a justifier Iiterg?l such that{}] NN(z) C L(x,y).
Proof:

Letz € W andy € W be two states. Suppodez,y) # (. We need to show that
there exists a Iitera} such thal[}] NN(z) C L(z,y).

Since L(z,y) # (), then by definition ofL(z,y) there exists &-link between a
hyper-state inV(x) and a hyper state itV(y). That is,C(s1, s2) for s; € N(x) and
sy € N(y). Thenp(s,) = z andp(s2) = y by definition 5.2.4.

By definition 5.2.6, there exists a causal relationshtauses if ®, such that

p(s1)FeNDPA—p (C.4)
h(si) F ¢ (C.5)

p(s2) = (p(s1) \ {~p}) U {p} (C.6)
h(s2) = (h(s1) \ {-P}) U {p} (C.7)

Consider the seB, = [¢] N N(z) and an element € B.. We need to show that
s € L(x,y).
For any state € B. we haves € N(z) ands € [¢], which means

h(s) F €. (C.8)

Statess, s; belong to the same neighbourhoddx), and thereforep(s) = z = p(s;)
by definition 5.2.4. Hence, using C.4, we obtain that

p(s)FeNDA—p. (C.9)
Now consider the set = (s \ {—p, ﬁﬁ}) U {p, B} (obviously,s’ is a state). Clearly,
p(s') = (p(s) \ {=p}) U {p} (C.10)

h(s') = (h(s) \ {=P}) U {p}. (C.11)

Putting C.8, C.9, C.10, C.11 together and using the definitior65v2e obtain that
C(s,s’) holds. From C.6 and the fact thats) = p(s;) it follows thatp(ss) = (p(s) \
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{=p}) U{p}. Hence, using C.10, we obtaijriss) = p(s’) = y. Therefores’ € N(y).
By definition of L(x, y) it follows thats € L(z,y). Thereforef is a suitable candidate
and[e] N N(z) C L(x,y) as desired.
n

Lemma 5.4.5 For any two states € W andy € W, if there exists a justifier Iiterajof
such that[;‘] N N(x) C L(z,y), then there exists a causal relationshfigauseg if o,
for somed true inx, where{p} =y \ z.
Proof:

Letx € W andy € W be two states. Suppose that there exists a justifier Iipoéral
such that[jo"] N N(z) C L(z,y). We need to show that there exists a causal relationship
f causeg if @, for somed and where{p} =y \ z.

Consider the seB; = [f] N N(z) and its element - a state € B;. We have then
s; € N(z) which yields, by definition 5.2.4,

p(s;) = . (C.12)

By lemma assumptior; € L(z,y), and hencé€(s;, s;) holds for somes; € N(y). By
definition 5.2.6, there exists a causal relationship ¢; cause if ®;, where

p(si) = (p(si) \ {—n}) U{p} (C.14)

for some®,. Using C.13 and C.14, we obtain thigt} = p(s]) \ p(s;). From C.12 and
the fact thats; € N(y) (or, equivalentlyp(s;) = y), it follows that

{p}=y\= (C.15)
Using C.12, C.13 and setting = ®;, we obtain that
xF o (C.16)

We only need to show now thgt= ¢, for somesx.
Let us assume that this is not the case, and fo¢;alt; # f. In other words, all
possible causal relationships; have causes; distinct from the literalf. Using C.13,
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we can see that(s;) - ¢;. Using C.12 we observe that= p(s;) for all 7, and therefore,
due to consistency of the statec )V, there are no two causal relationshipsandcr;
among ones under consideration such that —¢;. Hence, there are at most — 1
different justifier literalse; (as the literalf is excluded). It is easy to show that varying
n (n < m) distinct justifier literals:; # ﬁé} (and keepingn — n justifier literals fixed),
accounts for precisely;” . ,2™ " states in any hyper-neighbourhoddz). Hence,
varyingm — 1 justifier literalse; accounts for at mosty 1) 2R =omel
states. However, there a2&~! states in the seB,, which were obtained by fixing the
justifier Iiteral}.

The contradiction shows thdt= ¢, for somei, and therefore, there exists a causal
relationshipf causes if @, for some® andp, where, as shown by C.15 and C.16,
{p} =y \ z,andz - .

u
Lemma 5.4.7 For any two states: € W andy € W, there is no justifier literaF such
that both[¢] N N (z) C L(x,y) and[—€] N N(z) C L(z,y) hold.
Proof:

Letx € W andy € W be two states. We need to show that there is no justifier litera
¢ such that bothe] N N(z) C L(z,y) and[~¢] N N(z) C L(z,y) hold.

If L(x,y) = 0, the result follows trivially. Supposé(z,y) # (. By lemma 5.4.4
there exists a justifier literalsuch that

[€] NN (x) C L(z,y). (C.17)

We now need to show thate] N N(z) C L(z,y) does not hold. To do so we assume
the opposite:
[~ N N(z) € L(,y). (C.18)

Then the corollary 5.4.6 and C.17, C.18 together yield thaktlegist two causal rela-
tionshipse cause9 if ®; and—e cause9 if ®, for somed, and®,. Therefore, by defi-
nition 5.2.6 there exist two differerdt-links C'(s1, s7) andC(ss, s5), wheres; € N(x)
ands, € N(zx) such that

1. p(s1) FendPLA—p
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2. p(sg) = —e NPy A —p

It clearly follows that
p(s1) e (C.19)

p(s2) F —e. (C.20)

Usings; € N(z)andsy, € N(z)and the definition 5.2.4, we obtain thadk,) = p(s2) =
x. Since the state € W is consistent, the latter observation contradicts C.19 ag@.C.
|

Lemma 5.4.9 For any initial statew € W and an actiona, where(C, a, F) is the
action Iaw,mse”EHwh(s) = E.
Proof:

Let £ be effects of some action law C,a, £ > and let||E£|,, be the trigger set
defined by 5.4.8. We need to show t”%te”EHwh(S) ~ E.

We first show thas C msGHEH h(s). Consider an element df. If ]% € B, then, by
definition 5.4.8 of|| £/|

ws h(s) F ;’for all statess € || E||,- Hence,} € HSGHEH h(s),
andg C mSGHEHwh(S)'
In order to show the reverse part of the containrrmpet“EH h(s) C E, we consider

an elemenyf € ﬂsEHEHwh(s). Clearly,

h(s) F} for all statess € || E||.. (C.21)

We need to show tha;f € . Let us assume the opposité: ¢ L. Consider the set
{7 = £ U {f}. By definition 5.4.8 of| £]|.,,

h(s) F E for all statess € | E |- (C.22)

Combining C.21 and C.22, we obtaki{s) + U for all statess € |E||,. Then, by
definition 5.4.8,
} ¢ L. Therefore} €E, andﬂsEHEH h(s) C b

|U||., is the trigger set, and = E, leading to a contradiction with

ThUS,ﬁsenEHwh(S) =F.
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Lemma 5.4.13 If ||E||, C N(x), then||E||, = N(y) for somey € W if and only if
(z,E) & (y, E') for someF'.
Proof:
(=) Let||E||, € N(z), and||E|, = N(y) for somey € W. We need to show that
(v, E) ~5 (y, E') for someFE'.

By assumptionj| E'||,, = N(y), and the definition 5.4.10 of, we obtain that/s
|E|lw, 35" € N(q), such thatC*(s, s’) holds. SinceC* is a transitive closure of, it
follows that for each state ihF||,, there is a sequence of state$insy, ..., s, such that

s1 € |Ellw, sn € N(y), and C(s;,s;+1) for 1 <i<n. (C.23)

According to the definition 5.1.2, in order to prove the lemma need to show that
there exists a sequence of causal relationstips.., cr,,_1, such thatr; : ¢; causes;
if ®;, andcr; is applicable to the paifq;, £;), yielding (¢;11, Ei11), whereg; = p(s;),
{pi} = @i+1\ @i, Eiv1 = (E; \ {-p:i}) U{p:}, andE; = E.

We prove it by induction on the length of this sequence. et 2, ¢ = z, and
¢2 = y. The fact C.23 for the case = 2 means that for alk € || F|., there exists
s" € N(g2), such that(s, s’) holds. Using this and the definition éf ¢y, ¢2), we obtain
that

1Bl C Lgi, 0)- (C.24)

We need to show that there exists a causal relationship
€, causes py if Dy,

applicable to(g;, £1) and yielding(gz, E»), where{p:} = g2\ q1, E2 = (E1 \ {-p1}) U
{p1}. In other words, we need to show that £,) < (y, Es).

We plan to show this by proving that there exists a litéfaE £, such thafd;] N
N(q1) € L(q1, g2) and using the corollary 5.4.6.

The connection sekt(q, ¢2) is non-empty — it contains at least the non-empty trig-
ger set, as established by C.24. Then, the lemma 5.4.4 shatsiticeL (¢, ¢2) # 0,
there is at least one justifier literabuch thafe] N N(q,) € L(q1, ¢2). We need to show
that such a literal belongs to the justifier effect set, E@,f?.
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Let us assume the opposite and consider the case e (¢;) C L(qy, ¢;) holds
only for literals¢ ¢ £.

This assumption, first of all, entails that the trigger §&t|,, is not a singleton —
otherwise (if it was a singletoZ||,, = {s}, wheres = ¢, U¢;), the hyper-state would
contain all theixedjustifier literals, and therefore, for one of théfinNN (¢1) € L(q1, ¢2)
would hold.

Since the trigger sétF||., is not a singleton, there must be a justifier literal noEin
such that its value varies across the statédif,,, as required by the observation 5.4.9.
This ensures that there exists a pair of states € || E||,, that agree with respect to all
literals except the one which is not . In other wordss \ {¢} = s'\ {~¢}, where
¢¢E.

Both states ands’ are in the trigger set, and hence, frqm s’} C || E||,, and C.24
it follows that

{s,5'} C L(q1, q2)- (C.25)

However, by construction of statesand s/, s’ = (s \ {¢}) U {—€}. Therefore,

s € [(] N N(q) ands’ € [-¢] N N(q). Using the lemma 5.4.7, we can see that either
s € L(q1,q2) or s’ € L(qi1, g2) — but not both. This contradicts C.25.

It follows, as the only possibility, that there exists afite’; € £, such thafc,] N
N(q1) € L(q1,92). Then, settingz; = E and using the corollary 5.4.6, we obtain that
there is a causal relationship; : €; causes p;, if ®q, applicable tqq, ;) and yield-
ing (g2, E»), where{p1} = ¢2\q1, B> = (E1\{=p1})U{p1}. Hence(z, E,) < (y, Es).

Consider a case of length k. Let us assume that for a sequesiateas irf2, s1, ..., sg,
such thats; € [|E|y, sk € N(qx), and||E|l, = N(q), there is a sequence of causal
relationshipscry, ..., cri_1, underlying(qi, E1) ~ (qi, Ex), Wwhereq, = z. Assume
also that for alls, € N(qx) such thatC*(s, si), wheres € || E||,, C(sk, sk+1) holds
for somes;; € N(qxr1). The argument relying on the corollary 5.4.6 and obser-
vation 5.4.9 and analogous to the= 2 case shows that there is a causal relation-
shipcery @ € causes p, if @, underlying propagatiofigs, E.) ~ (qer1, Exs1),
whereEr 1 = (Ex \ {—px}) U {pr}. By transitivity of ~», we obtain immediately
(2, E) % (qri1s Err).
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Therefore, assuming¥||,, = N(y) for somey € W, ||E||.,, € N(z), we prove that
(z,E) ~ (y, E') for someFE'.

(<) Let||E|, € N(x) and(z, E) ~ (y, E'), for somez,y € W andE’. We need
to show that| E||,, = N(y).
Consider a state € || E||,,. Using lemma assumptiotiy, E) ~ (y, E'), we can

see that there exists a sequence of causal relationships
CT1y .y Crp_1,CT; ¢ € causes p; if P,

underlying the propagatiofw, E) ~ (y, E'). Lete; € E. From ﬂSeHEHwh(s) =
E (observation 5.4.9) we obtai(s) - ¢, or e, € s. Then the definition 5.2.6, the
definition of~», and simple induction capitalising on transitivity©field thatC* (s, s)
for somes’ € y. This holds for every € || E||,,. Therefore, using the definition of,
we obtain|| E'||,, = N(y) as desired.

Together, the results established ia={ ) and (<) prove the lemma.

Theorem 5.4.14 Resgrpr(w,a) = Resq(w, a).
Proof:
(<=) Consider a statg € Resq(a, w). We need to show thate Resgpe(a, w).

The case of a zero-length causal propagation is triviahefé are n@-links from
a statey € Resq(a, w), then, using the definition of 5.2.6, we observe that theee ar
no causal relationships applicable (i@ £). Moreover, by definition 5.4.12, the state
y satisfies all domain constraints ih. Therefore,y € Resgp.(a, w) (in fact, both
resultant sets are singletons becafiss just a set of literals).

The case of a k-length causal propagatién> 0) follows immediately from the
lemma 5.4.13. If) € Resq(a, w) then the lemma ensures that £) ~ (y, E') where
|E|lw € N(x)for someE’. The fact||E||, C N(z)yieldsz = (w\ C) U E (by proper-
ties of the PMA ordering). In addition, if a stagec Resq(a, w), the setl™ (|| E||., y) is
final and, hence, there are Gdinks from some elements @f*(|| E||.., y). Then, using
the definition of 5.2.6 and corollary 5.4.6, we obtain thatréhare no causal relationships



219

applicable to(y, £') for the E’ obtained by propagatiofx, £) ~ (y, E’). Again, the
definition 5.4.12 ensures that the statgatisfies all domain constraints in. Using the
definition 5.1.3, we obtain that€ Resgp,(a, w), and therefore,

Resq(a, w) C Resgpr(a, w).

(=) Consider a statg € Resgp,(a, w). We need to show that € Resq(a, w).

Again, the case of a zero-length causal propagation istriifithere are no causal
relationships applicable t@/, £'), wherey € Resgpc(a, w), then there are n6-links
from y (follows from the definition 5.2.6). Hence, the §&t(||E||.,, y) = || F||. is final.
Therefore, by definition 5.4.12, € Resq(a, w).

The case of a k-length causal propagatién> 0) follows immediately from the
lemma 5.4.13. Ify € Resgpe(a, w), then the lemma ensures thet ||, = N(y). In
addition, if there are no causal relationships applicabléyt E’) for the E’ obtained
by propagation{(z, E) ~ (y, E'), then there are n6-links from some elements of the
setT*(||E|lw,y) (definition 5.2.6 and corollary 5.4.6), and it is final. Thiere, by
definition 5.4.12y € Resq(a, w), and

Resppr(a, w) C Resq(a, w).
Together, the results established ia={- ) and (<= ) prove that
Resgpr(a, w) = Resq(a, w).

n
Corollary 5.4.15 For any statesv € W andq € W, ||E|l, = N(q) ifand only if
YIEllw) = AT*(1Ellw, q))-
Proof:
(=) Let||E||, = N(g) for somew andg.

The corollary assumptiopZ||,, = N(g) means that there is a sequence of causally
triggered hyper-neighbourhood$(q; ), ..., N(g,) = N(q) for n statesy, ..., ¢, = q,
wheren > 1, such that| E||,, = N(g;), for all i, wherel < i < n.

We intend to show, by induction am, thaty(|| E|l,) = Y(T*(||E|.,)) for all 4,
wherel < i < n.
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Let n = 1. By definition 5.4.10 of-, for all s € ||E|,, there exists’ € N(q¢),
such thatC(s, s'). Let us consider the maximal subset/éfq; ), denoted:, containing
all statess’ such thatC(s, s’). In other words, for alk’ € z, C(s, s') holds, and there is
no states” € N(q1) \ z, such thaC(s, s’), wheres € || E||,.

By definition 5.4.2 of the traced set, for all elemesits T'(||E|,,q1) there exists
an element of the trigger sete || £|,,, such that(s, s’). Therefore, the constructed set
ZIsT([|Ellw, q1)-

Hence, there are no hyper-state$ it|, without an out-goin@-link to some hyper-
state inT'(|| E'||,, ¢1 ), and there are no hyper-statesifi| || ,, ¢1) without an incoming
C-link from some hyper-state ihE||,, .

Then, by Definition 5.3.2 of~, we obtain

YUE) = TN Ellw, 1)) or y(IE]l) = HT(IE]|w, q1))-

Let: > 1, and let us assume that

YUEw) = AT (1B, 4:)- (C.26)

We need to show that(| E]l,) = +(T*(||Ellu, gi+1))-
By using the argument employed for the case 1, where the subsé&t*(||E||., ¢;)
of the hyper-neighbourhoal (¢;) plays the role of the trigger sé#||,,, we obtain that

VT (1 Ellw; ¢:)) = (T (1 Ellw, gi41))- (C.27)

Using C.26, C.27, and transitivity of the relatios> , we conclude that

YUEN) = AT (Ew, giv1))-

Thereforey (|| Ellw) = (T*(|E]lw: ), whereg = g,

(=) Lety(|Ellw) = Y(T*(|Elw, q)) for somew andg.

This assumption and an induction similar to the one used+s-(), entail that for all
s € ||E||w, C*(s,s") holds for some stat€ € T*(||E||w, q))-

Then, by the definition 5.4.10 of, we obtain thaf| ||, = N(q).
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Together, the results established is={- ) and (<) prove the corollary.

Theorem 5.4.17 Resq(w,a) = Resr(w,a).
Proof:
(=) Consider a statg € Resq(a, w). We need to show thate€ Resr(a, w).

If y € Resq(a, w), then by definition 5.4.12 of a successor state with respetbiet
hyper-state space semantidgy||,, >~ N(y) and the sef™ (|| E||.,, v) is final.

By corollary 5.4.155(]| E|lw) = Y(T*([[E]|w, y))-

In other words (|| E|l.) = ~(z) for somez = T*(||E||w,y), Wherez C N(y),
and~(z) is final.

Therefore, by definition 5.4.16, the stafas a successor state with respect to the

power-state space semantigs; Resr(a, w), and
Resq(w,a) C Resr(w,a).

(<=) Consider a statg € Resr(a, w). We need to show thate Resq(a, w).

If y € Resr(a, w), then by definition 5.4.16 of a successor state with respettiet
power-state space semantigg||E||,) — ~(z) for some set C N(y), and~(z) is
final.

For any element’ € z, C*(s,s’) holds for some € || E||,, — in other words, there
is an incoming (transitiveJ *-link from a state in the trigger set to each eleméndf -.
This observation and the fact that_ N(y) entail that||E'||,, = N(y), by the definition
5.4.10 of-.

Moreover, each element € z is, by the definition 5.4.3 of transitively traced sets,
an element of * (|| ||, y) as well. It follows that: C T*(||E||..,y). Since the set is
final and is a subset of the sBt(||E||.,, v), the latter is final too (it contains at least on
final hyper-state).

Therefore, by definition 5.4.12, the stafas a successor state with respect to the

hyper-state space semantigs; Resq(a, w), and

Resp(w,a) C Resq(w,a).
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Together, the results established s ) and (<) prove that

Resq(a, w) = Resr(a, w).



Appendix D
Proofs for Chapter 6

Lemma 6.3.1 If the relation G satisfies the condition&~;) — (G3), then for each
w € W, the ordering<,, ; satisfies conditionsM;) — (M3).
Proof:

Let the relation’ satisfy conditiongG,) — (G3).

a) We show first that the preference relatiap  defined by definition 6.2.5 satisfies
condition(M,).

Consider states, ¢,z € W such thap <, ¢ ¢ andq <, ¢ =. By definition 6.2.5,
the factp <, ¢ ¢ yieldsVe € &, such thap, ¢ € [e], -G(e,w,q) and3a € &, such
thatp, ¢ € [a], G(a,w, p). Analogously, the same definition and the fact,,  « yield
Ve' € £, suchthay, z € [¢/], -G (¢, w,z) and3a’ € £, such thay, x € [¢'], G(d',w, q).

Consider now an actioa’ € £, such thap,z € ¢”. Since, by lemma assumption,
the relationG satisfies conditiofiG; ), we can apply its syntactically expanded variant:

(Ja € &,p,q € la], G(a,w,p)) A (Ve € €, p,q € [¢], =G (e, w, q))
ANFd' € E,q,x € [d],G(d,w,q)) N (Ve € E,q,x € [¢],~G(e, w, x))
imply
(Ba” € E,p,x € [d"],G(a",w,p)) A (V" € E,p,x € [¢"], ~G(e", w, z)).

The implication and definition 6.2.5 yielgs<,, ¢ . Hence, the conditiod/; is satis-
fied.

223
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b) Now we intend to show that the preference relatiqy; satisfies conditiof//;).
Consider an arbitrary actionand statep, ¢ € [¢], such that

-3z € [e],z # p, T <we D (D.1)

and assume that
Vee &, p,qelel,3y € le],y <we g (D.2)

These two assumptions set the premises of the condifiy). By definition 6.2.5, the
fact D.2 yields that stateis never selected b{p, ¢ }-covering actions:

Ve € &, such thap, q € [e], =G (e, w, q). (D.3)

Now we only need to show thata’ € &, such thatp,q € [d/], G(d’,w,p) (in other
words, state is selected at least once by{a ¢}-covering action). To do so we assume
the opposite:

Va' € € such thap, g € [a], -G (d', w, p). (D.4)

This will be true for all such actions, including therefore,~G(e, w, p). Since actiore,
invoked atw, results neither ip nor in¢, the condition/G;) requires tha& (e, w, h) for
some other statk € [¢]. Then the conditioG),) ensures that invocation of any action
¢’ such that both statés p € ¢”, cannot result ip, that is,—~G(e”, w, p) (it follows from
G(e,w,h) N =G(e,w,p) andh,p € [e] N [¢"]). Thus, we established that

Ve" € E h,p € [€"],~G(e",w,p).

The latter and the fact (e, w, k), by definition 6.2.5, will yieldh <,, ¢ p. This conclu-
sion contradicts the earlier assumption D.1 — note that|e]. Therefore, the assump-
tion D.4 is wrong and there exists an actidre &, such thap, ¢ € [¢'], G(¢/, w, p).

The last conclusion, alongside with D.3, leadspto<,, ¢, following definition
6.2.5. Hence(M,).

c) Finally, we show that the relation,, ¢ satisfies conditiof\/3).
Letp <, ¢ q. Then, by definition 6.2.5,

Ve € £ such thap, q € le], ~G(e,w,q),
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and

Jde € £ such thap, g € [e], G(e,w,p). (D.5)

The latter fact alone ensures thafiz € [e], 2 <, p. To verify this, assume the op-
positedx € [e],x <, p. This would require, by definition 6.2.5/c € £, z,p €
le], =G (e, w, p), contradicting D.5. Thereforeje € &,p,q € [e], such that-3z €
le], z <., p, establishind ;).

|
Lemma 6.3.2 If each ordering<,, for w € W satisfies conditionsM;) — (M), then
the relationG . satisfies the conditiong7;) — (G3).
Proof:

Let the relation<,, satisfy condition(M;) — (M3).

a) We show first that the invocation relatih. defined in 6.2.4 satisfies conditid6, ).

Consider stateg, ¢, z € VW such that on one hand,

Ve € &,p,q € le], ~G(e,w,q) (D.6)
and
da € &,p,q € [a], G(a,w,p), (D.7)
and on the other hand,
Ve' e £ q,x €[], ~G(,w,x) (D.8)
and
da’ € E,p,q € [d], G-(d',w,q). (D.9)

In other words, we assumed that the left-hand side of theidamdn in the condition
(G1) holds.
By definition 6.2.4, the fact D.7 means that

-3z € [a],p, ¢ € [a] such thatr <, p. (D.10)

The fact D.6 yields
Ve € €,p,q € [e], Ty € [e],y <w q. (D.11)
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Then the conditioriM,) ensures that the facts D.10 and D.11 imph,, q.

Analogously, the facts D.8 and D.9 and conditigv,) lead tog <,, . Now, the
condition (M) and factsp <,, ¢ andgq <,, = yield p <,, z. This conclusion and the
definition 6.2.4 guarantee that

Ve e E,p,x € [e], "G (e,w,x),

establishing one conjunct on the right-hand side of comalit(7, ).
The condition(M3) requires that, sincg <,, x, then3e’ € £, p,x € [¢/], such that
-3z € [¢'], 2 # p, 2 <, p— ensuring thap is a minimal state in somle’]. Hence,

e’ € €,p,x € [¢'], suchthaG_(¢',w,p),

proving the other conjunct on the right-hand side of conditiz; ). Hence(G,).

b) Now let us show that the relatiagf. satisfies conditior{G,), in other words, that
for all {p, ¢}-covering actions’,¢” € £ and statesv € W, the factG_(¢/,w,p) A
G- (", w,q) impliesG (¢, w,q).
Assume
Go(e,w,p) NG(e",w,q), wherep,q € [¢'] N [¢"] (D.12)

and the opposite of the desired implicatieft; - (¢/, w, ¢). By definition 6.2.4, the latter
implies that some other state|irl] is preferred tay:

Ve' € E,p,q € €],y € [¢'], such thay <, q. (D.13)

From the factG_ (¢/, w, p) — the first conjunct in D.12 — we obtaindz € [¢/] such
thatz # p andz <,, p. This and fact D.13 yield, using conditi@ti/;), p <,, ¢. In other
words, the minimal (ifje’]) statep is preferred to the non-minimal (jia]) stateg.

The obtained facp <,, ¢ would imply, by definition 6.2.4, that invocation of any
actione” such thatp, ¢ € [¢”], cannot result in state, meaning—~G_(e”, w, q). This
contradicts the assumpti@i. (¢”, w, ¢) — the second conjunct in D.12.

Therefore, the assumptiofG(¢’, w, ¢) was wrong, and

G< (6,7 w7p) A G< (6//7 w, Q> 0 G< (ela w, Q)
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forall p,q € [¢/]| N [¢"]. Hence(Gy).

¢) What remains to be shown is th@t satisfies conditiofiGG3), in other words, that for
alle € £,w € W, there exist® € [e], such thatG (e, w, p).

Assume the oppositede € £,w € W, such that'p € [e], the fact—-G_ (e, w, p)
holds. Consider any stajg € [e]. By definition 6.2.4, the factG (e, w, p;) would
meandp, € [e], p» <, p1. Sincep, € [e], the fact-G (e, w, p») holds as well. There-
fore, continuing this inductive process, we obtap, € [e], p, <. pn—1. Since the set
[e] is finite, such a process will require thap;, € [e],p; <w pn, Wherel < i < n.
However, the transitivity conditiofid/;) ensures thati, 1 < ¢ < n,p, <, p;- The
contradiction shows thate € £,w € W, 3p € [¢], such thatG - (e, w, p). Hence(G3).

|
Lemma6.3.3 G-, ,(e,w,r) ifandonlyif G(e,w,r).
Proof:

(<= First, we establish that
G(e,w,r) C G, (e, w,T).

LetG(e, w, ). We need to showi ., (e, w,r). Assume the oppositeiG ., (e, w, 7).
This means that, according to the definition 6.2.4, therstexic [e], such thatr # r
andx <, r. Then by definition 6.2.5, for al{z, r}-covering actions’ € &£ (in
other wordsyx, r € [¢']), =G(€',w,r) holds and there exists &, r}-covering action

a € & (in other words,z,r € [a]), such thatG(a,w, ). The former fact alone yields
—G(e,w,r) (noting thatr, x € [e]). This conclusion contradicts the lemma assumption
G(e,w,r). ThereforeG ., (e, w,r) holds, and

Gle,w,r) C G, .(e,w,7). (D.14)

(=) Now letus showG . (e, w,7) C G(e,w,7).
LetG., (e, w,r). By definition 6.2.4,

—3Jx € [e], such thatr # r andz <, ¢ . (D.15)
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Or, alternatively, for alk: € [e], =(z <, ¢ 7). Applying definition 6.2.5to(z <, ¢ 7),
we obtain that for alk: € [¢e],

—((Ve' € &, z,r € [¢], 7G(e',w,r)) A (3a € E,z,7 € [a], Ga,w,x))).
It follows that for allz € [e],
(Ve € & x,r € ], -G(;w,r))V—=(Fa € &, z,r € |a], Ga,w, 1)),
which is equivalent to the following: for alt € [¢],
(Fe' € & x,r ele],G(e,w,r))V Va € E x,r € [a], ~G(a,w,x)). (D.16)

We need to prove thdt(e, w, r). Let us assume the opposité/(e, w, ). The ques-
tion we pose now is whethé¥(e, w, z) or not. We intend to show that either outcome is
not possible, leading to a contradiction.

If G(e,w,x), then by the conditiofG,), for all ¢”, r, z € [¢”],

=G(e,w,r) A Gle,w,x) D ~G(e", w,r).

This implication would eliminate a possibility that the fidssjunctin D.16 is true. Atthe
same time(= (e, w, z) means that the second disjunct in D.16 is false as well, iegul
in a contradiction.

Since the assumptiofi(e, w, z) is incorrect, the only possibility remaining is that
—G(e,w, z). Since invocation of action at statew results in neither nor z, the con-
dition (G3) requires that there exists € [¢], G(e,w, h). Again, the conditionGY) is
applied: for alle”, r, h € [¢"],

-G(e,w,r) ANG(e,w,h) D =G(" w,r).

Now, by the definition 6.2.5, we can obtain <, . Both statesh,r € [e], and
therefore, the obtained fact contradicts D.15.
Thus, neithelG (e, w, ) nor —G(e, w, z). This contradiction implie§:(e, w, r), and
hence,
G, ole,w,r) CGle,w,r). (D.17)
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The established containments D.14 and D.17 yield the dk&lsntity

G(<wa e, w,r) = G(e,w,r).

m
Lemma 6.3.4 For each ordering<,,, p <uc. ¢ ifandonlyif p <, q.
Proof:
(=) First, we show that for any two statesg € W, if p <,, . ¢ thenp <, q.
Letp <, . ¢. Then by definition 6.2.5 of new ordering,, ¢_,

Ve € &, suchthap, q € [e], =G (e,w,q) (D.18)
and

Jda € &, suchthap, q € [a], G(a,w,p).
The latter fact and the definition 6.2.4 of new relat@n imply

—dz € [a], suchthat # p and z <,, p. (D.19)

This means that stageis a minimal element of the sét]. We intend to show now that
the statey is not a minimal element of sét].
The fact D.18 and the definition 6.2.4 imply

Ve € &,p,q € le],3y € [e],y <u g, (D.20)

establishing that the statels not a minimal element of any sgf, wheree is a{p, ¢}-
covering action, for example the actian

Hence, the facts D.19, D.20 and the conditjdr, ) establish thap <,, ¢. Therefore,
if p<wce. qthenp <, q.

(=) We need to show that for any two stajeg € W, if p <,, g thenp <, ¢_ ¢.
Letp <, ¢, and let us assume the oppositecf,, ;_ ¢. In other words;~(p <.
q). Applying definition 6.2.5 to~(p <, ¢. ¢), we obtain

~((Ve € &,p,q € [e],~G<(e,w,q)) A (Ja € &,p,q € [a], G (a,w,p))).
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It follows that
~(Ve € &,p,q € [¢], ~G<(e,w,q)) V ~(Fa € €,p.q € |a], G<(a,w,p)),
which is equivalent to
(Fee & p,qele,Gele,w q) V (Va €& p,q€ a], "G(a, w,p)) (D.21)

Consider the first disjunct in D.21. It states that there exagp, ¢}-covering action
e such that the statgis selected by the relatiofi.., namelyG (e, w, ¢). This means,
by definition 6.2.4, that

—Jx € [e], such thatr # ¢ andz <,, q.

This, however, contradicts the lemma assumption,, ¢. Hence, the first disjunct in
D.21 cannot be true.
Consider the second disjunct in D.21. It states that fofall; }-covering actions,
the statep is never selected by the relatiéh., namely—-G_ (e, w, p). However, the fact
p <, ¢ and the conditior{/;) require that the statgis <,,-minimal in [¢/] for some
{p, q}-covering actior¥’, or in other words{ _(¢’, w, p). This contradicts-G - (e, w, p)
for all {p, ¢}-covering actiong, making the second disjunct in D.21 false as well. The
obtained contradiction means that,, ¢_ q.

Thereforep <, . ¢ ifandonlyif p <, q.

Lemma 6.4.4 A strongly respectful system is trivial.
Proof:

Consider a strongly respectful action system. Assume it ignwal. Then there
exists at least one transition chain. letps, ..., p,, (¢), n > 1, be a transition chain for
some statev: G(e,w,p;). In a respectful action system, the last element of any finite
chain must be a member ®f. Sinceq € D then it has to be respected by any pair in any
transition chain: for example, in the transition chainps, ..., p,, (¢). The discreteness
property (03) of the ordering<, requires, as mentioned in the Chapter 2, that any gtate
is the single minimal element with respect to an orderngentered on itself. Clearly,
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for anyp;, ¢ <, p; and —(p; <, ¢). Hence, by lemma 6.4.%,is not respected by any
pairp;, q, foralli,1 <i <n.

Therefore, by contradiction, a strongly respectful sysieirivial.

u
Lemma 6.4.5 In a weakly respectful system, for any paily such thatC*(p, ¢), and
stateq is stable, and for every action there is noG (e, ¢, p).
Proof:

Consider a paip, ¢ such thatC*(p, q), whereg is stable. Since the system is respect-
ful, ¢ € D. Thengq has to be respected by any pair in a transition chain stawntitigs,
whereG(e, q, s). Clearly,q is not respected by the pair ¢ (the discreteness property
(O3) of the ordering<,). Hences # p. In other words, there is nG(e, ¢, p).

u
Lemma 6.4.6 In a weakly respectful system, any two statesnd s that share a
causal link(py, p2), agree on all state variableg that change values betwegnpandps:
pi(f) # pa(f) impliesw(f) = s(f).
Proof:

Consider a paip;, p; such thatw,, ..., p1, ps, ..., (¢) is a transition chain for the state
w, invoked byG (e, w,w,), andsy, ..., p1, pa, ..., (¢) IS a transition chain for the state
invoked byG(¢/, s, s1). Statesw; ands; do not have to be different. Since the action
system is respectful, the pair, p, respects botlv ands. By definition,

pi(f) # p2(f) D p(f) = w(f)

pi(f) # p2(f) D pa(f) = s(f)
By lemma assumptiomy (f) # p2(f). It follows immediately thato(f) = s(f).

u
Lemma 6.4.7 In a weakly respectful system where every statenlrstate variables, the
number of states allowed to share causal chains of leggthrestricted from above by
2(n=k) 1,
Proof:

In a respectful system, a causal chain of lengtias to use up ak state variables.
Then(n — k) is the number of state variables allowed to vary. All possitbmbina-
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tions amount t@("~*) states. One of these states is the beginning of the chairheSo t
maximum number of sharing state/8=% — 1.



Appendix E
Proofs for Chapter 7

Lemma 7.2.2 For a statew € YV and an action law(C, a, E),

YU Elw) € min(<s vy, [E]')-

Proof:

Let stateg be the nearest state to the initial statemong the post-condition states
[E], in terms of the PMA ordering,,. In other wordsg € min(=<., [E]).

Let us recall now that (by definition) the trigger $€t||,, is always contained in the
hyper-neighbourhood/ (¢) of the statey, that is|| £/, C N(q).

Consider the information (power-) staté||E£|,,) that corresponds to the partial
hyper-statey, (|| E|.,). Its projection is precisely which is a<,,-minimal state inE].
In other words, there is no staje € [E] distinct from ¢ such thatp <, ¢. Con-
sider an information state(z) in [E]" that corresponds to some sein the hyper-
neighbourhoodV (p) distinct from N(q). We know thatp <, ¢ does not hold for
any statep € [E]. Then, by construction of our projection function, it folle that
7(2) <y(n@w)) Y9(||E]lw) also does not hold for any information statg:) that corre-
sponds to the partial hyper-statg( =), wherep # q.

Hence, the statg(||E||,,) would be preferred in terms o& (v (.) to any other
information statey(z) that corresponds to the partial hyper-staje:), wherep # q.

This leaves only those information space contenders foimnaility that correspond
to the same hyper-neighbourhodd(¢). Among them, however, the staté| F||.,)

233
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would be minimal because the divergent change betweand the partial hyper-state

7 (|E|lw) is empty by definition. To verify this, we note théibs(q, w) = E and
Just(v,(|| E|w), w) = E. On the other hand, all other divergent change sets corre-
sponding to partial hyper-states with at least one diffgjestifier literal, are non-empty.
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