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Undecidable dynamics

“For a dynamical system to be chaotic means that it exponentially amplifies 

ignorance of its initial condition; for it to be undecidable means that essential 

aspects of its long-term behaviour — such as whether a trajectory ever enters a 

certain region — though determined, are unpredictable even from total knowledge 

of the initial condition.” [1]

“…the theorems of a formal system, the output of a UTM [Universal Turing 

Machine], and the attractor set of a dynamical process (e.g., a 1-dimensional 

cellular automaton) are completely equivalent; given one, it can be faithfully 

translated into either of the others.” [2]

[1] Bennett C. H. Undecidable dynamics. Nature 346: 606-607, 1990.

[2] Casti J. L. Chaos, Gödel and truth. In: Casti J. L, Karlqvist A., eds. Beyond belief: randomness, prediction, 

and explanation in science, CRC Press; 1991.
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Tangled hierarchies and strange loops

"an interaction between levels in which the top 

level reaches back down towards the bottom 

level and influences it, while at the same time 

being itself determined by the bottom level" 

—  Hofstadter (1989)

Drawing Hands: 

the product, the hands, are

undertaking the operation – 

the drawing of the hands

Maurits Cornelis Escher (1948)

Oscar Reutersvärd (1937) / 

Lionel Penrose & Roger Penrose (1958)



Self and a functional description of “self”

DNA: genetic instructions (sequence) used in 

development and functioning of a living 

organism (function and structure) – a set 

of “blueprints” needed to construct other 

components of cells, and copy itself

M. C. Escher, Drawing Hands, Wikipedia Wikipedia

Drawing Hands: 

the product, the hands, are

undertaking the operation – 

the drawing of the hands



Self-reference and minority games

?

El Farol Bar Problem:

if less than 60% of the population go to 
the bar, then 

if more than 60% of the population go to 
the bar, then 

Kateryna Direnko: stylized human silhouettes M. C. Escher, Drawing Hands, Wikipedia 

Drawing Hands: 

the product, the hands, are

undertaking the operation – 

the drawing of the hands



The Liar paradox

https://shirt.woot.com/offers/liars-paradox



Formal systems and Hilbert’s Program (1920s)

https://calcworkshop.com/proofs/logic-proofs/



Gödel: incompleteness theorems

Kurt Gödel's achievement in modern logic is singular and 

monumental—indeed it is more than a monument, it is a 

landmark which will remain visible far in space and time. ... 

The subject of logic has certainly completely changed its 

nature and possibilities with Gödel's achievement.

—  John von Neumann (1951)



Kurt Gödel's achievement in modern logic is singular and 

monumental—indeed it is more than a monument, it is a 

landmark which will remain visible far in space and time. ... 

The subject of logic has certainly completely changed its 

nature and possibilities with Gödel's achievement.

—  John von Neumann (1951)

First Incompleteness Theorem: "Any consistent formal system F within which a certain 

amount of elementary arithmetic can be carried out is incomplete; i.e., there are 

statements of the language of F which can neither be proved nor disproved in F.“  (1931)

Second Incompleteness Theorem: "For any consistent system F within which a certain 

amount of elementary arithmetic can be carried out, the consistency of F cannot be 

proved in F itself."  (1931)

Gödel: incompleteness theorems

Wikipedia



The Liar paradox and Gödel sentence

https://shirt.woot.com/offers/liars-paradox
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Turing Machine

Ludger Humbert / TEXample / CC BY 2.5;  http://www.texample.net/tikz/examples/turing-machine/



Turing Machine

Ludger Humbert / TEXample / CC BY 2.5;  http://www.texample.net/tikz/examples/turing-machine/

This "universal computing machine" would be capable of performing any conceivable 

mathematical computation if it were representable as an algorithm. BUT:  It is not 

possible to decide algorithmically whether a Turing machine will ever halt (1937). 

This paper has been called "easily the most influential math paper in history“

— Avi Wigderson (2019)



Universal Turing Machine: 
can simulate any other machine

Glenn D. Blank et al., 2003                                                           http://www.cse.lehigh.edu/~glennb/um/1intro.pdf

M

M’s



Universal Decider Turing Machine: 
does it exist?

M. Prokopenko, M. Harré, J. Lizier, F. Boschetti, P. Peppas, S. Kauffman, Self-referential basis of undecidable 

dynamics: from The Liar Paradox and the halting Problem to the edge of chaos, Physics of Life Reviews,       

31: 134-156, 2019.

Universal Decider



Universal Decider Turing Machine: 
does it exist?

The Liar

Universal Decider



Universal Decider Turing Machine: 
does not exist!

The Liar

Universal Decider

Self-referential 

Liar
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Game of Life

Strange attractors

Edge of chaos

Critical regime (phase transition)



Game of Life: convergence?

Conway's game of life: 

https://www.youtube.com/watch?v=C2vgICfQawEConway's game of life: https://www.youtube.com/watch?v=C2vgICfQawE



Game of Life: adding termination conditions…

chaotic or strange attractor?

Conway's game of life: 

https://www.youtube.com/watch?v=C2vgICfQawE

fixed point or limit cycle?



Universal Cellular Automata: a Metapixel

“Life in Life” by Phillip Bradbury: https://www.youtube.com/watch?v=xP5-iIeKXE8

CC BY license



Cellular Automata



Three-way equivalence

M’s

M



Three-way equivalence

M. Prokopenko, M. Harré, J. Lizier, F. Boschetti, P. Peppas, S. Kauffman, Self-referential basis of undecidable 

dynamics: from The Liar Paradox and the halting Problem to the edge of chaos, Physics of Life Reviews,       

31: 134-156, 2019.



Three-way equivalence

M. Prokopenko, M. Harré, J. Lizier, F. Boschetti, P. Peppas, S. Kauffman, Self-referential basis of undecidable 

dynamics: from The Liar Paradox and the halting Problem to the edge of chaos, Physics of Life Reviews,       

31: 134-156, 2019.



Three-way equivalence
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Self-reference and diagonalisation

M. Prokopenko, M. Harré, J. Lizier, F. Boschetti, P. Peppas, S. Kauffman, Self-referential basis of undecidable 

dynamics: from The Liar Paradox and the halting Problem to the edge of chaos, Physics of Life Reviews,    

31: 134-156, 2019.



Self-reference and diagonalisation

universal decider



Self-reference and diagonalisation

inverter of universal decider



Self-reference and diagonalisation

inverter of universal decider



Self-reference and diagonalisation

inverter of universal decider



Undecidability

Three factors for undecidability:

➢ Program – data duality  (“tangled hierarchy”)

➢ Infinite computational medium

➢ Negation

Self-referential meta-level simulation

Novelty generation
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“The field of computability theory deals mostly with incomputable not computable 

objects.” [2]

“… we must ask if there exists a larger meta-system, encompassing the 

computational undecidability, which may play the role of universal decider and 

inverter… Importantly, an undecidable problem is framed within a given formal 

system, and once the system is appropriately extended, the problem in point 

becomes decidable — at the cost of generating other undecidable problems that 

inevitably arise in the extended system.” [3]

“Jumping out of the system…” (Hofstadter: Jootsing)

[1] Hofstadter, D. R. Gödel, Escher, Bach: An eternal golden braid, 1980.

[2] Soare, R. I., Turing oracle machines, online computing, and three displacements in computability theory, 

Annals of Pure and Applied Logic, 160: 368-399, 2009.

[3] Svahn, A. J., Prokopenko, M., An Ansatz for computational undecidability in RNA automata, Artificial Life, 

29(2): 261-288, 2023.



The well-known theorem of Gödel (1931) shows that every system of logic is in a 

certain sense incomplete, but at the same time it indicates means whereby from a 

system L of logic a more complete system L’  may be obtained… A logic Lω may then 

be constructed in which the provable theorems are the totality of theorems provable 

with the help of the logics L, L1, L2,....

—  Alan Turing (on systems of ordinal logics, 1939)

Ordinal logics (Gödel) and relative computability (Post)

Wikipedia

I would have discovered Gödel's theorem in 1921 — if I had 

been Gödel.

—  Emil Post (in a postcard to Gödel in 1938)

Every recursively generated logic may be extended.

—  Emil Post (1944)



Oracle machine (Turing)

Wikipedia



α −order Oracle machines (Turing, Penrose)



Undecidability

Three factors for undecidability:

➢ Program – data duality  (“tangled hierarchy”)

➢ Infinite computational medium

➢ Negation

Self-referential meta-level simulation

Novelty generation



Self-referential meta-simulation 

Three factors for undecidability:

➢ Program – data duality  (“tangled hierarchy”)

➢ Infinite computational medium

➢ Negation

Meta-level computation

Novelty generation

+

↓



“Evolution during any of these hypothetical stages should 

be qualitatively different from that occurring in any other 

stage, for the basic cell type would probably differ from 

one stage to another more drastically than do any of the 

cell types now extant.“  

(1965)

Carl Woese on the first steps of life and novelty

“...the overwhelming amount of novelty needed to bring modern cells into existence 

...is the central and most challenging question...This is a kind of novelty that we 

would not encounter in the modern biological era, and it had to have been generated 

in a kind of way that we have yet to fathom.”

(2004)



Conclusions

➢ universal computation and undecidable dynamics

➢ undecidability is generated by self-reference, infinite 
computation and negation

➢ computational novelty can be created by agents with 
functional self-description coupled with environment 
performing meta-computation

➢ complex systems are dynamical systems with 
undecidable dynamics
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