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Abstract

Conciseness and intuitive representation are two
primary objectives motivating the work on seman-
tics for various logics of action. In addition, a
unifying semantic framework for different reason-
ing approaches provides an ideal tool to compare
these competing alternatives. It has been shown
recently that a pure preferential semantics alone is
not capable of providing such a unifying framework
for a class of action theories dealing with causal-
ity. On the other hand, variants of preferential se-
mantics augmented by additional structures on the
state space have been successfully used to char-
acterise some influential approaches to causal rea-
soning about action. The primary aim of this pa-
per is to provide a general unifying semantics for
Sandewall’s causal propagation semantics [Sande-
wall, 1996] and McCain-Turner causal fixed-points
approach [McCain and Turner, 1995].

1 Introduction
One particular trait emerging in recent literature on Reason-
ing about Action attempts to explicitly embody a notion of
causality in logic-based action theories. It is often argued
that such an extension would not only enhance the expres-
sive power of theories of action, but may also provide more
concise representations. What seems to be lacking so far is a
general semantic framework that covers this particular class
of action theories. It appears that a pure preferential seman-
tics alone is not capable of providing such a unifying frame-
work.

For example, McCain and Turner’s causal theory of ac-
tion [McCain and Turner, 1995] was recently characterised by
an augmented preferential semantics, using an appropriately
constructed binary relation on states in addition to a prefer-
ence relation [Peppas et al., 1999]. This additional relation
captured causal context of action systems by translating indi-
vidual causal laws into (causality-driven) state transitions. On
the other hand, another rather general semantical approach
— the causal propagation semantics proposed by Sandewall
[1996] — deals with causal ramifications without explicitly
relying on the principle of minimal change.

Recently, another causal theory of action — that of
Thielscher [1997] — has been characterised by a variant
of the augmented preferential semantics [Prokopenko et al.,
1999]. This time the minimality component was comple-
mented by a binary relation on states of higher dimension.
The standard state-space of possible worlds was extended to a
hyper-space, and action effects (including indirect ones) were
traced in the hyper-space. Again, the purpose of these hyper-
states was to supply extra context to the process of causal
propagation. The hyper-space semantics [Prokopenko et al.,
1999] can be clearly seen to employ a component of minimal
change coupled with causality. Moreover, another variant of
the augmented preferential semantics capturing Thielscher’s
approach — the power-space semantics — has been unified
with the Sandewall’s causal propagation semantics under cer-
tain conditions [Prokopenko et al., 2000].

This work introduces a preferential style semantics aug-
mented with a causal transition relation on states, that is gen-
eral enough to unify three mentioned frameworks to reason-
ing about action and causality — Sandewall’s causal propa-
gation semantics [Sandewall, 1996], Thielscher’s causal re-
lationships approach [Thielscher, 1997], and McCain-Turner
causal fixed-points approach [McCain and Turner, 1995].
This is achieved by observing that the principle of minimal
change is hidden behind action invocation and causal propa-
gation in all proposals.

In particular, we focus on conditions and approximations
required for the unification of the causal propagation seman-
tics and the causal fixed-points approach. The variant of
the augmented preferential semantics needed for capturing
Thielscher’s causal relationships approach is described else-
where [Prokopenko et al., 2000]. The main contribution of
this paper is identification of a specific semantical component
— a family of choice functions — used in scaling context-
sensitive causal propagation employed by our motivating ap-
proaches.

In the following section we briefly sketch Sandewall’s pro-
posal and McCain-Turner’s causal theory of action. In Sec-
tion 3 we describe a general augmented preferential seman-
tics. Then, in Section 4, we investigate conditions required
to characterise the causal propagation semantics and causal
fixed-points within given generalisation. In particular, sec-
tions 4.2 and 4.4 establish the representation theorems. Sec-
tion 5 discusses the importance of these results.



2 Technical Background
2.1 Causal Propagation Semantics
The causal propagation semantics introduced by Sandewall
[1996], uses the following basic concepts. The set of possible
states of the world, formed as a Cartesian product of the finite
sets of a finite number of state variables, is denoted as R. E
is the set of possible actions. The causal propagation seman-
tics extends a basic state transition semantics with a causal
transition relation. The causal transition relation C is a non-
reflexive relation on states in R. A state r is called stable if
it does not have any successor s such that C(r, s). Another
component, Rc, is a set of admitted states chosen as a subset
the set of stable states.

Another important concept, introduced by Sandewall, is an
action invocation relation G(e, r, r′), where e ∈ E is an ac-
tion, r is the state where the action e is invoked, and r′ is
“the new state where the instrumental part of the action has
been executed” [Sandewall, 1996]. In other words, the state
r′ satisfies direct effects of the action e. It is required that
every action is always invokable, that is, for every e ∈ E and
r ∈ R there must be at least one r′ such thatG(e, r, r′) holds.

A finite (the infinite case is omitted) transition chain for a
state w ∈ Rc and an action e ∈ E is a finite sequence of
states r1, r2, ..., (rk), where G(e, w, r1), C(ri, ri+1) for ev-
ery i, 1 ≤ i < k, and where rk is a stable state The last
element of a finite transition chain is called a result state of
action e performed in state w.

These basic concepts define an action system as a tuple
〈R, E, C,Rc, G〉. The following definition strengthens ac-
tion systems based on the causal propagation semantics.

Definition 2.1 If three states w, p, q are given, we say that
the pair p, q respects w, denoted as �w(p, q), if and only if
p(f) 6= q(f)→ p(f) = w(f) for every state variable f that
is defined in R, where r(f) is a valuation of variable f in
state r.

An action system 〈R, E, C,Rc, G〉 is called respectful if
and only if, for every w ∈ Rc, every e ∈ E, w is respected by
every pair ri, ri+1 in every transition chain for the state w,
and the last element of the chain is a member ofRc.

According to Sandewall [1996], respectful action systems
are intended to ensure that in each transition there cannot
be changes in state variables which have changed previously
upon invocation or in the causal propagation sequence. This
requirement, of course, guarantees that a resultant state is al-
ways consistent with the direct effects of the action (which
cannot be cancelled by indirect ones), and that there are no
cycles in transition chains.

As with many other state transition action systems, the in-
tention is to characterise a result state in terms of an initial
state w and action e, without “referring explicitly to the de-
tails of the intermediate states” [Sandewall, 1996]. In other
words, it is desirable to define a selection functionRes(w, a).
For a respectful action system 〈R, E, C,Rc, G〉, the selection
function can be given as

ResCRcG(w, e) = {rk ∈ Rc :

G(w, e, r1), C(ri, ri+1), �w(ri, ri+1), 1 ≤ i < k}.

2.2 Causal Systems with Fixed-Points
In this section we sketch McCain and Turner’s [1995] causal
theory of actions. We shall be working with a fixed finitary
propositional language B whose propositional letters we call
fluents. A literal is a fluent or the negation of a fluent. The set
of all fluents is denoted byF , and the set of all literals byLF .
A state is defined as a maximal consistent set of literals. By
[φ] we denote all states consistent with the sentence φ ∈ B
(i.e., [φ] = {w ∈ W : w ` φ}). Domain constraints are
sentences which have to be satisfied in all states.

McCain and Turner introduce a new connective ⇒ to de-
note a causal relationship between sentences φ and ψ of the
underlying language B. This allows for expressions of the
form φ ⇒ ψ (where φ, ψ ∈ B) which are termed causal
laws (or casual rules). Nesting of⇒ is not permitted. A set
of causal laws Q is referred to as a causal system. Given any
set of sentences Λ ⊆ B and a causal system Q, the (causal)
closure of Λ in Q is denoted CQ(Λ) and defined to be the
smallest superset of Λ closed under classical logical conse-
quence such that for any φ ⇒ ψ ∈ Q, if φ ∈ CQ(Λ), then
ψ ∈ CQ(Λ). We also say that Λ causally implies φ with
respect to Q if and only if φ ∈ CQ(Λ) and denote this as
Λ |∼Q φ.

Another important notion is that of a legitimate state with
respect to a causal system Q. Any state r is legitimate with
respect to Q if and only if r = CQ(r) ∩ LF . That is, a state
is legitimate if and only if it does not contravene any causal
laws of Q.

McCain and Turner’s aim is to determine the set of possi-
ble resultant (or successor) states ResQ(w, e) given an initial
state w and the direct effects (or post-conditions) of an action
represented by the sentence e. We shall refer to actions only
through their direct effects as they play no direct role in Mc-
Cain and Turner’s framework. Formally speaking, we have
for any causal system Q a function ResQ mapping a legiti-
mate (initial) state w and sentence e (direct effects) to the set
of statesResQ(w, e) according to the definition [McCain and
Turner, 1995]:

r ∈ ResQ(w, e) if and only if

r = {p ∈ LF : (w ∩ r) ∪ {e} |∼Q p}

We often refer to the elements ofResQ(w, e) as causal fixed-
points. Intuitively, a causal fixed-point is an outcome incor-
porating direct action effects, where all other changed fluents
(properties) are causally justified (in a certain sense). In other
words, every detail in the outcome must be “explained” ei-
ther as persisting through the action, or as a direct effect, or
as a causal ramification of other properties contained in the
outcome — hence the fixed-point flavour. Obviously, a pos-
sible outcome that contains at least one detail without such
justifications is rejected, even if it does not violate domain
constraints.

Note that it follows from this definition that if r ∈
ResQ(w, e), then r ∈ [e] (i.e., r must satisfy the direct ef-
fects of the action). Intuitively speaking, the elements of
ResQ(w, e) are simply those e-states where all changes with
respect to w can be justified by the underlying causal system.



3 Augmented Preferential Semantics
3.1 Minimal Change vs Causal Change
The general augmented preferential semantics presented in
[Prokopenko et al., 2000] included a concept of the power-
state space needed to faithfully trace ramifications produced
by Thielscher’s causal relationship approach. Components of
this system can be viewed as a tuple

H = 〈W, D, E ,Γ, O, M,P, Res〉

where W is a set of states; D a set of legitimate (admitted)
states; E a set of actions; Γ a set of power-states; O a set of
(non-strict) orderings <γ , each with respect to some power-
state γ ∈ Γ; M a binary relation on power-states; P a pro-
jection function from Γ to W; and Res a selection function
defined on W × E and responsible for producing successor
states inW .

A particularly simple variant of this semantics is obtained
under the approximation W = Γ and the trivial projection
function P(ι) = ι. In this case, the power-states (playing the
role of meta states) are not needed, and both the preferential
structure O and the binary relationM are defined on normal
statesW . This variant was used in unifying the proposed se-
mantics with Sandewall’s causal propagation semantics under
certain conditions [Prokopenko et al., 2000] .

In this paper we take this simplified variant of the gen-
eral augmented preferential semantics as a “baseline”, and
enhance it further with a component responsible for scaling
context-sensitive propagation observed in McCain and Turner
theory of actions [Peppas et al., 1999] (described in detail in
section 4.3). Components of this system can be viewed as a
tuple

HΣ = 〈W, D, E , O, M,Σ, Res〉
where the new component Σ is a family of choice functions
defined onW × E ×W .

The principle of minimal change can be identified with O
and that of causality withM. In other words, both principles
are represented and play a clear and distinct role. They are
not inter-reducible but go hand-in-hand to capture causal ac-
tion theories. We maintain that both principles are required to
solve the frame and ramification problems in a concise fash-
ion.

Let us describe informally how a successor state can be ob-
tained, given an initial state and an action, if we wish to stay
within simple and clear state transition semantics. Intuitively,
a successor state is an admitted state which is reachable (by
means of some transition relation) from states nearest (to the
initial one) among states satisfying post-conditions of the per-
formed action. In other words, tracing all action effects (both
direct and indirect) may involve two steps. First, we find
states satisfying the action’s post-conditions while staying as
close as possible to the initial state according to some prefer-
ence relation. Then, we propagate along the transition rela-
tion from all such minimal states all the way to some stable
(and admitted) state — our result state.

However, sometimes there is a causal context present in
the domain that may require additional checks and balances,
potentially obscuring this simple and clear view.

A starting point of propagation, for example, can be asso-
ciated with a group of states that capture a direct effect (an
immediate causal context) of an action. This can be done
using an ordering <w ∈ O and a choice function σ ∈ Σ,
providing necessary context to the process of causal propaga-
tion. An appropriately constructed transition relation M on
states would then allow us to propagate in a very simple way,
resulting in a clearly defined “final” set of successor states.

Let [e] denote a set of states satisfying the post-conditions
of an action e. We also define a set min(<w, [e]) as a subset
of [e] containing states nearest to the state w in terms of the
ordering <w, in other words,

min(<w, [e]) = {β ∈ [e],¬∃α ∈ [e], α 6= β, α <w β}.

Sometimes, we will refer to an element of min(<w, [e]) as a
state <w-minimal in [e].

Let us denote by KM the set of stable states

{p ∈ W : ¬∃q ∈ W,M(p, q)},

an obvious counterpart of the set of stable states in the causal
propagation semantics. In spirit of the latter, we require that

D ⊆ KM.

In other words, some domain constraints may eliminate more
illegitimate states than causal propagation alone. Arguably,
any state which is not admitted, should be excluded by some
causal laws—and the set D can be made equal to the set KM
of stable states. However, the distinction between admitted
and (causally-)stable states may be useful in providing some
flexibility to domain constraints. For example, stable states
may reflect hard constraints, while admitted states may corre-
spond to soft constraints. Varying selection requirements on
successor states (stable and admitted, or merely stable) would
allow us to capture an additional degree of state eligibility if
required.

3.2 Selection Function and Gradient Choice
Functions

Before specifying a selection function Res based on our aug-
mented preferential semantics, we need to define a few more
constructs derived from elements of action systemHΣ.

Firstly, we define e-predecessors of a given state — a set
of states preceding the given state with respect to an ordering
from O. Formally:
Definition 3.1 Given any two states γ, β and any action e,
the set of e-predecessors of β with respect to γ is defined to
be the set

〈[β, e]〉γ = {α : α ∈ [e] and α <γ β}.

The e-predecessors of β with respect to γ are just the [e]
states which are closer to γ than β. If the ordering <γ is
reflexive, then any β ∈ [e] is an e-predecessor of itself with
respect to γ (in other words, β ∈ 〈[β, e]〉γ).

It is interesting at this stage to compare the states <γ-
minimal in [e], and the e-predecessors of some state β with re-
spect to γ. Intuitively, the<γ-minimal states in [e] compose a
boundary separating the set [e] from the initial state γ. For ex-
ample, as we shall show, any <γ-minimal state may be used



to form a starting point of propagation in Sandewall’s ap-
proach. In other words, the boundarymin(<γ , [e]) is the ear-
liest “zone”, where we may start causal propagation. In some
sense, the states on the boundary “support” the propagation,
and can be thought of as “collaborators” in producing succes-
sor state(s). On the other hand, the e-predecessors in 〈[β, e]〉γ
“compete” against each other because any of them could be
eventually selected as a successor state. For example, in the
McCain-Turner approach, we will request that all predeces-
sors of a causal fixed-point r have to be eliminated during
the state transition process leading to r — so, in a sense, the
e-predecessors in 〈[β, e]〉γ frame a potentially final point (or
a horizon) of propagation. Intuitively, the sets min(<γ , e)
and 〈[β, e]〉γ represent the minimality-driven component of an
action system, and indicate a possible “gradient” of causality-
driven propagation. By definition, some e-predecessors of a
state β with respect to γ, lie on the boundary min(<w, [e]):

min(<w, e) ∩ 〈[β, e]〉γ 6= ∅.
To accommodate seemingly different selection functions

discussed in section 2, we will need to employ different
choice functions from Σ aimed at identifying (narrowing
down) the minimality-driven “gradient” of state transitions.
A choice function is defined for a potential successor state
β ∈ W , an action e ∈ E , and a state γ ∈ W . We shall call
states chosen by a choice function σ(β, e, γ), the σ-chosen
states in the (β, e, γ)-gradient.

Our first choice function σF (β, e, γ), called a “full-meet
gradient”, merely returns all e-predecessors of some state β
with respect to γ:

σF (β, e, γ) = 〈[β, e]〉γ
Second choice function σM (β, e, γ), called a “mini-choice

gradient”, chooses one <w-minimal state in [e], or in other
words, an element of min(<w, [e]):

σM (β, e, γ) = {α}, where α ∈ min(<γ , [e])

The “full-meet gradient” defines a set σF (β, e, γ) that
identifies potential challengers for a successor state place. In-
tuitively, the states in this set compete to become a successor
state and the state β is being tested as a potential winner.

The “mini-choice gradient”, on the contrary, does not test
any potential winner or its challengers (in fact, it is indepen-
dent of first argument). Instead, this choice function attempts
to make subsequent causal propagation as much flexible as
possible — by picking just one of the <γ-minimal states in
[e]. Intuitively, the “mini-choice gradient” supports all possi-
bilities in terms of intermediate states consistent with direct
action effects.

We introduce two more choice functions. One, σP (β, e, γ),
is called a “partial-choice gradient”1, and chooses a <γ-
minimal state in [e]∩D or in other words, a minimal element
among legitimate states consistent with direct effects of the
action e:

σP (β, e, γ) = {α}, where α ∈ min(<γ , [e] ∩ D)

1It can be easily guessed that names of some choice functions
that we use are loosely based on well-known full-meet, partial meet
and maxi-choice belief revision functions [Gärdenfors, 1988].

It is important to point out that the “partial-choice gradient”
σP (β, e, γ) is weaker than a more demanding choice function

σL(β, e, γ) = {α}, where α ∈ min(<γ , [e]) ∩ D

which could be referred to as “legitimate-choice gradient”.
Intuitively, the “legitimate-choice gradient” chooses such

a <γ-minimal state in [e] that is, in addition, legitimate (ad-
mitted) with respect to D. It may result, sometimes, in an
empty set — when all states on the boundary min(<γ , [e])
are not legitimate with respect to D. On the contrary, the
“partial-choice gradient” function focuses directly on states
in min(<γ , [e] ∩ D). Clearly,

min(<γ , [e]) ∩ D ⊆ min(<γ , [e] ∩ D)

The set on the right-hand side of the containment can be
thought of as another state-space boundary, “located” further
from the initial point γ than the boundary min(<γ , [e]), and
the “partial-choice gradient” function targets these states.

It is worth pointing out again that all the gradient choice
functions narrow down the search and selection of potential
(context-sensitive) successor states in the state-space, based
on the preference relation<γ , and without the causality com-
ponentM of an action system. In other words, the gradient
choice functions scale potential causal propagation towards
context-sensitive ramifications.

Now we are ready to define our selection function. LetM∗
be a transitive closure of the relationM. We shall say that a
state β isM-reachable from a state α, ifM∗(α, β).

We say that an admitted (and therefore, stable) state r is
a successor state, r ∈ Res(w, e), if and only if r ∈ [e]
and isM-reachable from all σ-chosen states in the (r, e, w)-
gradient. More precisely, a selection function of the action
systemHΣ is given as
Res(w, e) = {r ∈ D ∩ [e] : ∀ α ∈ σ(r, e, w), M∗(α, r)}.

The notions of “stable” and “reachable” states are under-
stood in terms of causal transition relationM, and the gradi-
ent is given by one of the choice functions, using an ordering
<w from O.

There is an important sub-class of action systems, where
the selection function can be modified; more precisely,
strengthen as follows:
Res(w, e) = {r ∈ D ∩ [e] : ∀ α ∈ σ(r, e, w), M∗(α, r),

and there is a Hamiltonian path through states in σ(r, e, w)}.
In other words, not only a stable successor state should be

M-reachable from all states lying on the chosen gradient, but
there must be a Hamiltonian path through these states. When
a successor state is itself in the gradient (for example, “full-
meet gradient”), the latter requirement (a Hamiltonian path)
is clearly stronger than the former (M-reachable state) — the
condition that a successor state should be stable ensures that
such a Hamiltonian path ends in this state which is, therefore,
reachable from all gradient states. We shall refer to such ac-
tion systems as Hamiltonian action systems. A Hamiltonian
action system will be required to show selection-equivalence
with McCain-Turner action systems.

Following [Peppas et al., 1999], we shall say that an action
system incorporating a function Res1 is selection-equivalent



to an action system with a function Res2 if and only if

Res1(w, e) = Res2(w, e),

for every action e and state w. Now, our main goal becomes
clear: we intend to identify under what conditions it is possi-
ble to achieve a selection-equivalence between a generalised
action system and action systems based on our motivating
frameworks. More precisely, we wish to identify conditions
when

Res(w, e) = ResCRcG(w, e),
Res(w, e) = ResQ(w, e).

Before we demonstrate how the desired selection-
equivalence can be achieved for our motivating approaches,
we consider a most obvious simplification of action sys-
tems, captured by the augmented preferential semantics HΣ.
Setting M = ∅ and taking the “partial-choice gradient”
σP (β, e, γ) as our choice function, we may produce a tra-
ditional preferential semantics with a variety of suitable pref-
erence relations O. More precisely, the selection function is
given then as

ResP (w, e) = {r ∈ min(<w, [e] ∩ D)}.
Obviously, taking a more demanding “legitimate-choice

gradient” σL(β, e, γ) as our choice function, produces a
preferential semantics tending to disqualify more successor
states:

ResL(w, e) = {r ∈ D ∩min(<w, [e])}.

4 Representation Results
4.1 Invoking Minimal Change
In this section, we intend to describe under what conditions
it is possible to represent the Sandewall’s causal propagation
semantics as an instance of the augmented preferential se-
mantics HΣ. Following [Prokopenko et al., 2000] 2, this re-
duction will be carried out while staying within the same sets
of states and actions (W = R, D = Rc, and E = E) and
transforming the causal transition relation C into the binary
relationM. In other words, our primary focus will be discov-
ering and capturing the nature of minimality subsumed by the
invocation relation G.

Motivated by a preferential-style semantics, one may be
tempted to suggest an ordering on states such that the invo-
cation relation G can be simply realised by selecting nearest
states satisfying action post-condition. However, this does
not appear to be possible without restricting the relation G.

Lemma 4.1 There is no ordering <w such that for every ac-
tion e and state r, G(e, w, r) if and only if r ∈ min(<w, e).

Consequently, our intention at this stage is to restrict the
invocation relation G in such a way that, given an initial state
and an action, the invoked states can be characterised pre-
cisely as states nearest to the initial one in terms of some ap-
propriate minimality ordering. Before we identify required
restrictions on the invocation relation G, we introduce some

2For convenience, we partially reproduce here results reported in
[Prokopenko et al., 2000].

more abbreviations. If V ⊆ [a], for a set of states V and
an action a ∈ E, we call the action a a V -covering action.
Furthermore, if there exists a V -covering action a such that
G(a,w, x) for states w, x ∈ R, we say that the state x is V -
cover accessible from state w. Also, we say that a state x is
not V -cover accessible from statew, if there is no V -covering
actions a such that G(a,w, x).

Importantly, it follows that all states in a set V satisfy post-
conditions of a V -covering action. It is worth pointing out
that, given two states p and q satisfying post-conditions of
some action a (that is, the action a is a {p, q}-covering ac-
tion), the state p may be {p, q}-cover accessible from some
state w, while state q is not {p, q}-cover accessible from w.
This is the case when the following two conditions are satis-
fied:

∃ a ∈ E, p, q ∈ [a], G(a,w, p),

∀ e ∈ E, p, q ∈ [e], ¬G(e, w, q).

The first restriction on invocation relation is given as
(G1)

if p is {p, q}-cover accessible from w but q is not, and

q is {q, x}-cover accessible from w but x is not

then p is {p, x}-cover accessible from w and x is not,

for arbitrary states w, p, q, x.

The premise of the implication is that, considering all ac-
tions whose post-conditions are satisfied by two states p and
q, state p is chosen at least once by the invocation relation
and state q is never chosen; and considering all actions whose
post-conditions are satisfied by two states q and x, state q
is chosen at least once, while state x is never chosen. This
then necessitates that, considering all actions whose post-
conditions are satisfied by states p and x, invocation of the
state p must eventualise at least once, but state x cannot be
invoked at all. The condition (G1) is intended to capture
transitivity of a corresponding preferential relation. Another
condition is given as

(G2) Given any two {p, q}-covering actions e′ and e′′,

if G(e′, w, p) and G(e′′, w, q) then G(e′, w, q).

This condition simply requires that if neither of two states p
and q is chosen over the other in terms of invocation in one in-
stance, then selection of either of them necessitates selection
of the other in another instance as well. Finally, we reinforce
the requirement that any action is invokable in principle.

(G3) ∀ e ∈ E, w ∈ R, ∃ p ∈ [e], G(e, w, p)

As noted above, this condition does not guarantee that the
invoked action will succeed—it may possibly be qualified by
causal propagation ending in a non-admitted state. Now, we
are ready to describe a set of orderingsO corresponding to the
invocation relation. Ideally, any ordering <w should satisfy
only the transitivity property:

(M1) if p <w q and q <w x then p <w x.

However, it turns out that, given an action system, the re-
lated ordering has to satisfy, in addition, two other properties:



(M2)

if p is <w-minimal in [a] for some {p, q}-covering action a
and
q is not <w-minimal in [e] for any {p, q}-covering action e

then p <w q.

(M3) if p <w q then
p is <w-minimal in [e] for some {p, q}-covering action e.

Basically, the second property (M2) requires that any state
p which is <w-minimal in some set [a] is preferred to any
state q, where q belongs to the set [a] as well, and which is
not <w-minimal in any set [e] of post-conditions satisfied by
both p and q.

The third property (M3) posits that if a state p is preferred
to a state q by a preference relation <w, then there must exist
an action e, whose post-conditions are satisfied by these two
states, such that state p is <w-minimal in [e].

We intend to show at this stage that there is a way to define
the invocation relation in terms of a preference relation and
vice versa, while preserving respective selections of states,
satisfying direct action effects. The following two definitions
can be shown to ensure such an equivalence.

Definition 4.2 A new invocation relation G< is defined as
follows: G<(e, w, r) if and only if r is <w-minimal in [e],
where w, r ∈ R, e ∈ E.

Put simply, the new relation G<(e, w, r) specifies states r
that are nearest among all states in [e] to the initial state w,
where the action e was invoked.

Definition 4.3 Given an invocation relation G, for each w ∈
R we define an ordering <w,G on states in R as follows:
p <w,G q if and only if state p is {p, q}-cover accessible
from w and state q is not {p, q}-cover accessible from w.

This definition specifies a preference relation on states
driven by a given invocation relation—state p is nearer to an
initial state w than state q if and only if for all actions whose
direct effects are satisfied by both states p and q, the state q
is never selected by the invocation relation G, while state p is
selected at least once.

4.2 Representation Results for Causal Propagation
Semantics

The following lemma establishes the sought-after equiva-
lence between invocation and preference relations.

Lemma 4.4 If the relation G satisfies the conditions (G1)−
(G3), then for each w ∈ R, the ordering <w,G satisfies con-
ditions (M1)− (M3).
If each ordering <w for w ∈ R satisfies conditions (M1) −
(M3), then the relation G< satisfies the conditions (G1) −
(G3) .

It is interesting to observe, at this stage, that the respect-
fulness requirement in terms of states is related to the notion
of minimality as well. Let us recall that a state x is preferred
to a state y in terms of the PMA ordering [Winslett, 1988],

denoted x ≺w y, if and only if Diff(x,w) ⊆ Diff(y, w),
where Diff(p, q) represents the symmetric difference of p
and q, i.e., (p \ q)∪ (q \ p). Formally, the following observa-
tion holds.

Lemma 4.5 The pair p, q respects w, �w(p, q), if and only if
p ≺w q in the PMA ordering ≺w associated with w.

Lemma 4.5 indicates that in a respectful action system
causality propagates from closer states to states which are
more distant from the initial one, in terms of the PMA order-
ing. In order to capture respectful action systems, we would
need the following two conditions.

(M4) if p ≺w q then p <w q.

(M5) For every action e and state w, the setmin(≺w, [e])
is a singleton.

The condition (M4) ensures that an ordering <w incorpo-
rates the PMA ordering, or, in other words, includes all pairs
p, q such that p ≺w q. The unique minimality assumption
(M5) relates to connectivity of the set [e] in terms of the or-
dering ≺w. In other words, it ensures that the minimal ele-
ment of the set [e] is preferred to any other element of [e].

The conditions (M4) and (M5) are sufficient to ensure that
propagation along a transition chain starts from an element
of min(≺w, [e]), and links states that pair-wise respect the
initial state.

Having established these necessary connections, it is easy
to observe that action systems based on the causal propa-
gation semantics and the augmented preferential semantics
HΣ are selection-equivalent under certain conditions. The
selection-equivalence can be achieved without extending the
state-space and action domain. Formally, R = W , Rc = D
and E = E . This indicates that minimal change is present in
the causal propagation semantics subsumed by the invocation
relation.

To achieve the desired reduction, we take the “mini-choice
gradient” σM (r, e, w) as our choice function — the one that
chooses a <w-minimal state in [e]:

ResM (w, e) =
{r ∈ D ∩ [e] : α ∈ min(<w, [e]), M∗(α, r)}.

This allows us to unify the causal propagation semantics
and our augmented preferential semantics.

Theorem 4.6 For every respectful action system 〈R, E, C,
Rc, G〉 there exists a selection-equivalent action system
〈W, D, E , O, M,Σ, Res〉, if the relation G satisfies condi-
tions (G1)− (G3).

Conversely, for every action system 〈W, D, E , O, M,
Σ, Res〉 there exists a selection-equivalent respectful action
system 〈R, E, C,Rc, G〉, if the orderings in O satisfy condi-
tions (M1)− (M5).

Basically, this observation establishes that, under consid-
ered conditions, we obtain

ResCRcG(w, e) = ResM (w, e).

for any action e and state w.



4.3 Propagating Minimal Change towards a
Fixed-Point

One particular state-selection mechanism based on state elim-
ination that captures causal fixed-points was described in
[Peppas et al., 1999]. A state rejected by a state elimination
rule is one which contravenes a causal relationship deemed to
hold in the resultant state (in fact, in the causal system as a
whole).

Definition 4.7 (State elimination rule)
A state elimination rule (or simply, elimination rule) is an ex-
pression of the form

{r1, r2, · · ·, rk, rk+1, · · ·, rn} � {r1, r2, · · ·, rk},
where each ri is a state.

An elimination rule functions by rejecting certain states from
among those currently considered possible. Suppose that ac-
cording to an agent’s current beliefs it considers the states
that are possible to be among {r1, · · · , rn}. An elimination
rule like that in Definition 4.7 allows the agent to reject states
rk+1, · · · , rn.

The underlying idea is to use state elimination rules to dis-
card some states in [e] from further consideration, given that
in McCain and Turner’s [1995] causal theory ResQ(e, w) ⊆
[e]. At any point we are working with the set of states cur-
rently being entertained (a subset of [e]). We repeatedly apply
elimination rules to this set of states to reject the illegitimate
ones (those not possible) focusing on the possible resultant
states. All elimination rules need to be applied until no fur-
ther states can be rejected to ensure that all illegitimate states
have been purged and only definite possibilities remain. To
put it another way, a state elimination system acts as a fil-
tering mechanism; illegitimate states are successively filtered
out through use of elimination rules. The states that cannot
be eliminated by any combination of such rules are called
compact.

The reduction described in [Peppas et al., 1999] produces
an elimination rule [φ]�[φ∧ψ] for every causal law φ ⇒ ψ
in Q. It has also been shown in [Peppas et al., 1999] that
all PMA-ordered e-predecessors of a causal fixed-point are
eliminated by a repeated application of elimination rules.

4.4 Representation Results for Causal
Fixed-Points

The elimination rules can be re-arranged, without loss of gen-
erality, in such a way that a single rule eliminates only one
state. Subsequently, it is possible to construct a binary re-
lation on states M(r, p) which traces the process of states
elimination.

Consider an arbitrary set of states V with cardinality n +
1. The string of elimination rules σ1;σ2; · · · ;σn dissolves V
if and only if after applying these rules successively (in the
order given), all but one of the states of V are eliminated and,
furthermore, the one remaining state is compact [Peppas et
al., 1999]. Assume that σ1;σ2; · · · ;σn dissolves V and for
all 1 ≤ i ≤ n, let ri be the state of V that is eliminated by
the rule σi; let us also call v the one state of V that is not
eliminated. The sequence of states r1; r2; · · · ; rn; v is called
a trace for V .

For any two states r and p, M(r, p) if and only if there
is a dissolvable set of states V containing r and p, such that
state p appears immediately after r in some trace of V . This
binary relationM is exactly what is needed to fully charac-
terise causal fixed-points ResQ(w, e) according to the aug-
mented preferential semantics.

As mentioned above, we focus on a Hamiltonian action
system. In this case, causal context will be represented en-
tirely by a Hamiltonian path through e-predecessors of a suc-
cessor state. We shall set all orderings inO to be PMA order-
ings.

Importantly, we take the “full-meet gradient” σF (β, e, γ)
as our choice function. This results in the following reduc-
tion:

ResF (w, e) = {r ∈ D ∩ [e] :
there is a Hamiltonian path through states in 〈[r, e]〉w}.

It is easy to observe now that action systems describing
fixed-points and the augmented preferential semanticsHΣ are
selection-equivalent. More precisely, the following result can
be obtained.

Theorem 4.8 For every causal action system Q there exists
a selection-equivalent Hamiltonian action system 〈W, D, E ,
O, M, Σ, Res〉.

Conversely, for every Hamiltonian action system 〈W, D,
E , O, M, Σ, Res〉 there exists a selection-equivalent
causal action system Q.

In short,

ResQ(w, e) = ResF (w, e).

for any action e and state w.

5 Discussion and Conclusions
In this paper we considered an augmented preferential seman-
tics HΣ for reasoning about action and causality. As men-
tioned above, the principle of minimal change can be identi-
fied with the set of orderings, while causality is represented
by the additional binary relation on states. Importantly, a
new component — a family of choice functions — was in-
troduced to capture context-sensitive nature of causal prop-
agation. Varying all these components allows us to specify
different instances of the framework. For example, a pure
preferential semantics can be obtained by requesting that the
causal relation is an empty set.

Under certain conditions, the causal propagation seman-
tics, proposed by Sandewall [1996], is unified with the aug-
mented preferential semantics HΣ, and can be found very
similar to McCain-Turner’s theory of action based on causal
fixed-points [McCain and Turner, 1995]. The latter ap-
proach was characterised by the augmented preferential se-
mantics relying on the PMA ordering and an appropriately
constructed binary relation operating on standard state-space.
The main difference appears to be in the additional condi-
tion requiring that there exist a Hamiltonian path through cer-
tain states in a state transition system leading to a McCain
and Turner causal fixed-point. Essentially, such a Hamilto-
nian path serves as a contextual mechanism: the effects of
causality are allowed to contribute in certain situations and



not in others. Similarly, the additional conditions (M4) and
(M5) capture the context present in respectful action systems,
where causal propagation is not allowed to change “direc-
tion”.

The well-known approach of Thielscher [1997], captured
by the augmented preferential semantics [Prokopenko et al.,
2000], can be characterised within the general augmented
preferential semantics by using an extended state-space and
embedding causal laws into the causal relation. The dis-
tinction between Sandewall’s and Thielscher’s approaches to
propagation-oriented ramification may be explained by the
variance in the transition space dimensions and employment
of different preference metrics in identifying states nearest to
the initial one.

Sandewall’s causal propagation semantics allows the prop-
agation to start at any intermediate state — accounting, in
particular, for disjunctive direct effects. Thielscher’s ap-
proach also suggests to start state transitions at an interme-
diate state that is as close as possible to the initial state.
Since the latter approach handles actions with conjunctive
effects, there is only one such intermediate state. However,
the approach reported by Thielscher [1998] extends the orig-
inal one [Thielscher, 1997] towards alternative effect propo-
sitions, where disjunction of effects e1 | e2 is interpreted
as exclusive, and inclusive disjunction is simply modelled
as e1 | e2 | e1 ∧ e2. In this extended case, alternative ef-
fects lead to alternative intermediate (preliminary) states, and
the original causal relationship approach is then applied to
each of these preliminary states. In other words, in order to
account for indirect effects, preliminary states are “taken as
starting points for the successive applications of causal rela-
tionships” until overall satisfactory successor states are ob-
tained [Thielscher, 1998]. This extension is easily handled
by the “mini-choice gradient” function. In general, this func-
tion should be considered if an action system includes non-
deterministic actions, or more precisely, actions with disjunc-
tive direct effects.

We should point out, however, that restrictions imposed
on the invocation relation G in causal propagation seman-
tics may seem to limit actions preconditions. Arguably, an
action direct effects should not be contingent on state of in-
vocation. However, in some domains such specificity may
be required. In these cases, instead of restricting the invoca-
tion relation G and orderings in O, we may choose to extend
our state-space by encoding relevant preconditions, achieving
the desired selection-equivalence. Precise nature of a trade-
off between restrictions on the preference relation and dimen-
sionality of the propagation space remains a subject for future
research.
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