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ABSTRACT: This paper addresses the problem of learning an order of an autoregressive (AR) 
model with multi-step ahead prediction properties and describes a computational learning 
algorithm based on a new selection criterion (“pattern residuals’ interdependence measure 
estimator” - PRIME). The PRIME criterion for the selection of an AR model with sufficient 
predictive power measures interdependence among residuals obtained from a given training set 
(an observed time series), a time series modelled by an autoregressive-moving average (ARMA) 
process, and a corresponding deterministic pattern extracted from the original data by a 
smoothing filter. As a measure of the residuals' interdependence a mean expected log-likelihood 
function of a correlation coefficient between the residuals is defined. The paper presents the 
results of Monte Carlo simulation which generate an empirical distribution of the proposed 
estimator and provide evidence of appropriate identification of data. It illustrates also the results 
obtained by multi-step ahead forecast for actual data. The comparison between models selected by 
the proposed criterion and well-known criteria provides favourable evidence for the strength of 
the PRIME criterion. 
 
1. INTRODUCTION. 
 
 Building a system that can learn from its environment has become a major focus of 
research in Computational Learning Theory and in related areas of Artificial Intelligence such as 
Machine Learning and Neural Networks. According to the recently proposed definition [7] a 
system is called intelligent, if it can 1) generate and store information about its environment and 
its state; 2) create knowledge from this information; 3) use this knowledge for achieving its 
goals. In particular, the system is allowed to see a set of examples and must develop a hypothesis 
(a model) that can explain those examples [6]. The process of “detecting and perhaps formally 
expressing an apparent regularity or pattern in a body of data about many particular instances or 
events” can be called inductive learning [14] and covers such topics as the acquisition of general 
theories from particular data, and “explanation” as a way of making data less surprising or more 
probable under a plausible theory. 
 At the same time the fundamental principles of computer learning have strong 
interconnections with traditional methodology developed in the fields of applied mathematics 
(interpolation and function approximation), engineering (signal filtering and pattern 
recognition), statistics (regression analysis, ARMA modelling, classification). It is well known 
in time series analysis that the aim of model selection is not only to check the adequacy of a 
model, or to identify a system but also to obtain a good predictor [11]. The same idea supports 
the development of learning systems which attempt to extract useful prediction rules by 
processing data taken from the past - in other words, based only on cases for which the values of 
both inputs and outputs of a real system have been determined (a given training set). If the 
environment in which the system operates changes dynamically or/and the input information is 
uncertain or otherwise deficient then an accepted hypothesis (a selected model) can quickly 



 

 

 

become inadequate. These more realistic scenarios suggest to consider models capable of 
providing an effective multi-step ahead prediction.  
 The most influential work on time series forecasting was carried out by Box and Jenkins 
[4], who used ideas of Wold decomposition (any stationary process can be uniquely represented 
as the sum of linearly deterministic process and purely nondeterministic, or an MA(∞) process, 
and these components are mutually uncorrelated [15]), formulated the class of ARMA models 
and developed a model selection strategy. The basis of the Box-Jenkins forecasting method is 
formed by recognition of statistical patterns - “from what has been observed, infer significant 
characteristics of the process generating the data such as significant time lags, significant 
frequencies, extractable signals, and noise” [8]. The model selection strategy consists of three 
stages: identification, estimation and diagnostic checking. At the first stage the principle of 
parsimony [4] is of major importance. It is worth noting that the interpretation of learning as a 
competition [14] uses the similar idea of complexity: other things being equal, simple theories are 
to be preferred to complex ones (Occam’s Razor). Another analogy between learning and model 
selection is that a degree of fit to the known data is also a critical criterion. “The primary objective 
of the concept learner is to infer a classification rule that describes the target concept. While 
attempting to achieve the primary objective, the secondary objective is to infer a classification rule 
that is as close as possible to the target concept” [13]. If ARMA model is a classification rule, then 
a model order selection and parameters estimation correspond to inferring the rule “closest” to the 
target concept (true model). 
 
2. MODEL  SELECTION  AND  THE  PRIME  CRITERION.  
 
 A typical way of realising balancing behaviour between overfitting and underfitting risks is 
to select orders p (AR) and q (MA) which minimise 
 
      T + αααα (p + q),     (1) 
 
where T is one of test statistics. The second term can be considered as a penalty term for the 
complexity of the model, and a term for compensating the random fluctuation of T [11]. There 
exist several so called criterion procedures: Akaike Information Criterion (AIC) [1,2], Schwarz 
Bayesian Criterion (SBC) [12], or φ [5]. All criteria are of the form of (1) with 
 
     T = - 2 log(maximum likelihood)   (2) 
 
The choice of α depends on the aim of the selection (prediction, identifying, etc.). And “the 
conclusion that the optimum value of α depends, in a complicated way, on unknown parameters 
is unhelpful for the analysis of data” [3]. The principle of statistical model building based on the 
maximum likelihood estimate and the minimum information theoretic criterion estimate have 
been introduced by Akaike in order to explicitly formulate the problem of statistical 
identification as a problem of estimation and completely eliminate “the need of the subjective 
judgement required in the hypothesis testing procedure for the decision on the levels of 
significance” [2]. The well-known AIC [1,2] approximates discrimination between density 
functions of a true model and a candidate used for prediction and selects the model with minimal 
value of 
     (-2)  log(maximum likelihood)  + 2k,  (3) 
 
where the number k of independently adjusted parameters within the model is added to correct 
the downward bias [2]. The criterion provides an asymptotically efficient solution to the problem 



 

 

 

but suffers some serious drawbacks. In particular, it often selects models of very high dimension 
if these are included as candidates. Moreover, the AIC procedure is not consistent. On the other 
hand since the criterion involves σ², the one-step prediction variance, the identified model may 
possess certain optimality properties for one-step ahead predictions. However, if the goal is 
multi-step ahead predictions, then it is plausible that the criterion must be modified to reflect this 
goal [9]. 
 A filtered series or deterministic pattern (a signal extracted from a signal corrupted by 
noise) is expected to be very close to a true series and has to have the same order of AR 
components as a well-fitted AR model generated by the equation 
 
      zt = ∑∑∑∑p

j = 1 aj zt - j + εεεεt,    (4) 
 
where εt is a zero-mean white. In order to construct a linear filter L(xt) of order k  
 
      L(xt)  = ∑∑∑∑k

j = 0 cj xt - j     (5) 
 
representing a deterministic pattern of true series we associate xt = zt + et, where xt is a series of 
observed data and zt is a true series, with some certain model of AR(p) process, namely with a 
model where p = k. In general, the white noise disturbance term εt differs from the noise et = xt - 
zt, which emerged when the realisation xt was observed from an unknown true stochastic process 
zt, and includes also an unknown stochastic term (shock) δt: εt = et + δt. Hence the expression (4) 
can be transformed to 
 
     zt = ∑∑∑∑p

j = 1 aj zt - j + xt - zt + δδδδt 

or  
     zt - (1/2)δδδδt = (1/2)xt + (1/2) ∑∑∑∑p

j = 1 aj zt - j   (6) 
 
Definition of a filtered series yt as a deterministic pattern of the true series in the way [10] 

   yt - s =  {         (7) 
 
allows to rewrite (6) in the recursive form 
      yt = (1/2)xt + (1/2) ∑∑∑∑p

j = 1 aj yt - j   (8) 
 
Any recursive linear filter of order k 
      yt = Lr(xt)  =  αααα0 xt + ∑∑∑∑k

l=1 ααααl yt - l   (9) 
 
can be transformed [10] to the non-recursive form (5)1 by the transformation 
      c0 = αααα0 
      cl  =  ∑∑∑∑l

i = 1 ααααi cl - i     (10) 
 
for l = 1, ... , k, which set the dependency between coefficients cl of L(xt) and αl of Lr(xt). So in 
order to obtain coefficients cl  of  the smoothing linear filter L(xt) (5) one need to apply the 
transformation (10) to the recursive filter  Lr(xt) = yt , where k = p,  α0 = ½  and  αj = (1/2)aj. 
Since by construction L(xt) = Lr(xt) = yt  and  δt = 2 (zt - yt),  the estimate of the specification 
error εc can be decomposed as 
     εεεεt

hat = (xt - L(xt)) + (Xt
hat - L(xt)),   (11) 

                     
1 In general, a linear filter with non-recursive structure is more numerically stable. 

 zt - s - (1/2) δδδδt - s ,   s = 0 
 zt - s ,     s > 0 
 



 

 

 

 
where Xt

hat denotes estimate of zt by the well-fitted AR model (4) [10].  
 The PRIME (pattern residuals’ interdependence measure estimator [10]) criterion can 
not be viewed entirely as an information criterion. However, it incorporates a likelihood and a 
penalty term to take away some of the “natural growth” that absolute value of  log(likelihood) 
has for large orders. In other words, the criterion has the structure similar to (1)-(2). The 
criterion is based on the assumption that a stable multi-step ahead forecast requires the well-
identified plane created by points Xt, Xt

hat, and L(xt) in the n-dimensional space (n - sample 
size), where Xt

hat is an estimate by an AR model and L(xt) is filter constructed according to (4)-
(10). In other words, vectors  (L(xt) - Xt) and (L(xt) - Xt

hat)  should be orthogonal, if Xt
hat is the 

estimate by a well-fitted model [10]. The “orthogonality” assumption leads to the condition 
 
    ρρρρ = corr(L(x t) - Xt, L(xt) - Xt

hat) = 0,   
 (12) 
 
for correlation coefficient  ρ  between residuals  L(xt) - Xt

hat  and  L(xt) - Xt  constructed after 
ARMA modelling and data filtering. It is worth noting that the estimates of both residuals terms 
in right-hand side of the decomposition (11) have to be uncorrelated under the orthogonality 
assumption (12). 
 The PRIME procedure estimates expected log likelihood of the correlation coefficient ρ 
for each model and selects the model which attains the minimum expected log likelihood: 
 
 min El(ρρρρk)  = min { - (n - k)log (2ππππ) - (n - k)log(1 - ρρρρk²)/2 - (n - k) + k },  (13) 
 
where ρk is the maximum likelihood estimator of correlation coefficient in sample of n-k and the 
additional k corrects the bias analogously to (3). The final expression for the PRIME criterion 
[10] is obtained by inversion of (13): 
 
   max El(ρρρρ)  = max {(n - k) log[4ππππ²(1 - ρρρρk²)] + 2n - 4k}.  (14)  
 
It is clear that the maximum attains when ρk = 0. 
 
3. COMPUTATIONAL  LEARNING  ALGORITHM  AND  EXPERIM ENTAL  RESULTS. 
 
 The section describes a computational learning algorithm of the PRIME selection 
procedure, covers the results of Monte Carlo simulation which generate an empirical distribution 
of the proposed estimator and provide evidence of appropriate identification of data. It illustrates 
also the results obtained by multi-step ahead forecast for actual data. In order to provide evidence 
for the strength of the PRIME criterion two methods have been utilised. Firstly, the PRIME 
criterion was compared with AIC and SBC by a Monte Carlo simulation with 100 replications of 
the Gaussian AR(3) model with 200 observations. Secondly, multi-step ahead predictions of actual 
data were obtained by models selected by PRIME criterion and AIC and the results were 
compared. 
 A computational algorithm of the PRIME procedure [10] involves construction of a 
smoothing filter by the transformation (10) applied to AR coefficients for every candidate model. 
When both AR model and filtered series are obtained, the algorithm calculates ρk and PRIME 
value for a given order k. Finally, it selects the model orders corresponding to local maxima of 
(14). One potential benefit of the PRIME procedure is that obtained "smoothed" filter estimates of 
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the observed data do not have to be adapted for each step of prediction. The computational 
algorithm of  the Monte Carlo simulation has the following steps: 
 
Step 1. Generating   ARMA(3,0)  model:  X(T) = 0.9 X(T-1) - 0.7 X(T-2) + 0.4 X(T-3) + E(T),  
 where  E(T)  is  white  noise  drawn  from  a  standardised  normal  distribution. 
Step 2. Centring  the  generated  data X(T).                                   
Step 3. Specifying  the  order  k. 
Step 4. Running  the  200  observations  X(T)  through  ARIMA  procedure  with  the parameters: 
 AR  order  P = the  given  order  k;  MA order  Q = 0.                                            
 Storing  k  AR  coefficients,  the modelled  series  Xhat (T),  and the  test  statistics  (AIC,  SBC). 
Step 5. Construction  of  a  linear  filter  C(J), J = 1, ..., k + 1   by  the  transformation  (10)  applied  to  AR  
 coefficients  for  the  given  order  k. 
Step 6. Filtering  the  observed  data  X(T)  and  its  lagged  values  X(T-1) ... X(T-k)  by  the  C(J). 
 Pattern  L(T) extraction. 
Step 7. Construction  of  the  residuals  D1 = L(T) - X(T)  and  D2 = L(T) - Xhat (T).  
 Estimation  of  the  variances  of  D1  and  D2  and  the  covariance  between  them. 
 Estimation of  the correlation coefficient and calculation of   PRIME  value  for  the given order   k. 
Step 8. Storing  the  results  into  output  file.                            
Step 9. If  the  order  k  does  not  exceed  24  (the  margin  for  a  data  set  of   200  observations) then  
 return  to the  step 3  with   k = k + 1,  else  select  local  optima  for  the  AIC,  SBC, and  PRIME. 
 
 The steps 1 - 9 were repeated 100 times with the different seeds of random normal 
distribution for Monte Carlo simulation. The SAS Institute's statistical computer package was used 
as a simulation tool. The PRIME procedure selects the 3rd order by maximising (14). With growth 
of order k the PRIME value is steadily decreasing. The AIC demonstrates similar behaviour, 
although after correct selection of the 3rd order as a global minimum it indicates local minima for 
large k (Fig. 1). It is well known that AIC has a tendency to select longer lags than the true number 
of lags. SBC obviously does not have such fluctuations. That on the other hand might be the reason 
for slightly less predictive power for multi-step ahead forecast of SBC than AIC - in order to 
predict many steps ahead a model has to include low-frequency components (longer lags). Also the 
PRIME provides sharper results in indication of the global optimum than AIC and SBC.  
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Figure 1. Typical plots of the compared criteria dependent on model order (axis X). 

 
 The multi-step ahead forecasting for actual data1 has been obtained by two models. The 
basic model was selected by AIC procedure and the alternative one - by PRIME criterion. The 
results of the unadjusted time series (1969.01 - 1992.12) identification are summarised in the 
following 
 
      Table 1.  Growth Rate of the U.S. Civilian Labor Force (1969.01 - 1992.12). Unadjusted Data2. 

                     
1 the U.S. civilian labor force for the period: January, 1969 - October, 1993 (288 observations). The source of data is 
the U.S. Bureau of  Labor Statistics. 
2 the numbers represent the selected AR and MA orders of the identified ARMA model. 



 

 

 

 
 AR components MA components 
AIC 13, 17, 19, 24 6, 18, 24 
PRIME 2, 5, 10, 18, 24 6, 24 

 The analysis shows that the basic and the alternative models differ very much: PRIME 
procedure selected 5 AR lags and only one of them (24th) was indicated amongst 4 lags selected by 
AIC, although the sum (p + q) of AR and MA orders is the same - 7 for both the basic and the 
alternative models. In order to compare a predictive power of basic and alternative models multi-
step ahead post-sample (1993.01 - 1993.10) forecasts have been generated for each case and an h-
step mean squared error of prediction has been estimated (1 ≤  h ≤ 10). The comparison shows that 
the alternative model has a larger predictive power than the basic one: the h-step mean squared 
error of prediction was smaller uniformly for the alternative model except the 3rd step ahead. 
 The comparison between the PRIME criterion and well-known criteria (AIC, SBC) 
provides favourable evidence for the proposed criterion. The two utilised methods demonstrated 
that the PRIME procedure takes more into account longer lags if these are included as candidates 
than SBC does, although it does not have a tendency to overestimate model as AIC. Additional 
research is required in order to work out more rigorous approach to the orthogonality assumption. 
A derivation of a special procedure for a proper identification of MA components seems to be 
necessary as well. Nevertheless, the presented results show that the PRIME criterion can be used as 
an appropriate tool for learning (selection of) an AR model order. 
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